


Methods of Cut-Elimination



TRENDS IN LOGIC
Studia Logica Library

VOLUME 34

Managing Editor
Ryszard Wójcicki, Institute of Philosophy and Sociology,

Polish Academy of Sciences, Warsaw, Poland

Editors
Wieslaw Dziobiak, University of Puerto Rico at Mayagüez, USA

Melvin Fitting, City University of New York, USA
Vincent F. Hendricks, Department of Philosophy and Science Studies,

Roskilde University, Denmark
Daniele Mundici, Department of Mathematics “Ulisse Dini”,

University of Florence, Italy
Ewa Orłowska, National Institute of Telecommunications,

Warsaw, Poland
Krister Segerberg, Department of Philosophy, Uppsala University,

Sweden
Heinrich Wansing, Institute of Philosophy, Dresden University of Technology,

Germany

SCOPE OF THE SERIES

Trends in Logic is a bookseries covering essentially the same area as the jour-
nal Studia Logica – that is, contemporary formal logic and its applications and
relations to other disciplines. These include artificial intelligence, informatics,
cognitive science, philosophy of science, and the philosophy of language. How-
ever, this list is not exhaustive, moreover, the range of applications, comparisons
and sources of inspiration is open and evolves over time.

Volume Editor
Heinrich Wansing

For further volumes:
http://www.springer.com/series/6645



Matthias Baaz · Alexander Leitsch

Methods of Cut-Elimination

123



Matthias Baaz
Vienna University of Technology
Wiedner Hauptstraße 8-10
1040 Vienna
Austria
baaz@logic.at

Alexander Leitsch
Vienna University of Technology
Favoritenstraße 9
1040 Vienna
Austria
leitsch@logic.at

ISBN 978-94-007-0319-3
DOI 10.1007/978-94-007-0320-9
Springer Dordrecht Heidelberg London New York

c© Springer Science+Business Media B.V. 2011
No part of this work may be reproduced, stored in a retrieval system, or transmitted in any form or by
any means, electronic, mechanical, photocopying, microfilming, recording or otherwise, without written
permission from the Publisher, with the exception of any material supplied specifically for the purpose
of being entered and executed on a computer system, for exclusive use by the purchaser of the work.

Printed on acid-free paper

Springer is part of Springer Science+Business Media (www.springer.com)



Contents

1 Preface 1
1.1 The History of This Book . . . . . . . . . . . . . . . . . . . . 1
1.2 Potential Readers of This Book . . . . . . . . . . . . . . . . . 1
1.3 How to Read This Book . . . . . . . . . . . . . . . . . . . . . 2

2 Introduction 5

3 Preliminaries 9
3.1 Formulas and Sequents . . . . . . . . . . . . . . . . . . . . . . 9
3.2 The Calculus LK . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.3 Unification and Resolution . . . . . . . . . . . . . . . . . . . . 24

4 Complexity of Cut-Elimination 39
4.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.2 Proof Complexity and Herbrand Complexity . . . . . . . . . 44
4.3 The Proof Sequence of R. Statman . . . . . . . . . . . . . . . 51

5 Reduction and Elimination 63
5.1 Proof Reduction . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.2 The Hauptsatz . . . . . . . . . . . . . . . . . . . . . . . . . . 73
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Chapter 1

Preface

1.1 The History of This Book

This book comprises 10 years of research by Matthias Baaz and Alexan-
der Leitsch on the topic of cut-elimination. The aim of this research was
to consider computational aspects of cut-elimination, the most important
method for analyzing formal first-order proofs. During this period a new
method of cut-elimination, cut-elimination by resolution (CERES), has been
developed which is based on the refutations of formulas characterizing the
cut-structure of the proofs. This new method connects automated theorem
proving with classical proof theory, allowing the development of new meth-
ods and more efficient implementations; moreover, CERES opens a new view
on cut-elimination in general. This field of research is evolving quite fast
and we expect further results in the near future (in particular concerning
cut-elimination in higher-order logic and in nonclassical logics).

1.2 Potential Readers of This Book

This book is directed to graduate students and researchers in the field of
automated deduction and proof theory. The uniform approach, developed by
Alexander Leitsch, serves the purpose of importing mathematical techniques
from automated deduction to proof theory, to facilitate the implementation
and derivation of complexity bounds for basically indeterministic methods.
Matthias Baaz has been responsible for proof theoretic considerations and
for the extension of CERES to nonclassical logics.

M. Baaz, A. Leitsch, Methods of Cut-Elimination, Trends in Logic 34, 1
DOI 10.1007/978-94-007-0320-9 1, c© Springer Science+Business Media B.V. 2011



2 1 PREFACE

1.3 How to Read This Book

The book can be read from a computer-science or from a proof-theoretic
perspective as the diagram below indicates.
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Chapter 2

Introduction

Gottfried Wilhelm Leibniz called a proof analytic iff1 the proof is based
on concepts contained in the proven statement (praedicatum inest sub-
jecto [59]). His own example [60] shows that this notion is significant, as it
is connected to the distinction between inessential derivation steps (mostly
formulated as definitions) and derivation steps which may or may not be
based on concepts contained in the result:

(a) 4 = 2 + 2 (the result)

(b) 3 + 1 = 2 + 2 (by the definition 4 = 3 + 1)

(c) (2 + 1) + 1 = 2 + 2 (by the definition 3 = 2 + 1)

(d) 2 + (1 + 1) = 2 + 2 (by associativity)

(e) 2 + 2 = 2 + 2 (by the definition 2 = 1 + 1)

The interest in the notion of analytic proof and analytic provability is
twofold:

• First, the reduction of the concepts constituting a proof to the concepts
contained in the (desired) result is essential to construct a proof by an
analysis of the result (This was the main aim of Leibniz). Therefore
analytic proofs in a suitable definition are the core of any approach to
automated theorem proving.

• Second, analytic proofs allow control not only of the result but also the
means of the proof and admit the derivation of additional information

1If and only if.

M. Baaz, A. Leitsch, Methods of Cut-Elimination, Trends in Logic 34, 5
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6 2 INTRODUCTION

related to the result from the proof. In other words: a theorem with
an analytic proof can be strengthened by looking at the proof.

In mathematics, the obvious counterpart to the notion of analytic proof is
the notion of elementary proof. What elementary means, however, changes
in time (from avoiding arguments on complex numbers in the Prime Number
Theorem [37] to omitting arguments on p-adic numbers and more recently
ergodic theory). In a more modern expression analyticity relates to the
distiction between soft and hard analysis by Terence Tao [76].
David Hilbert introduced the concept of purity of methods (Reinheit der
Methode) as an emphasis on analytic provability (and not so much on an-
alytic proofs). He discussed for the first time whether, for a given mathe-
matical theory, all provable statements are in fact analytically provable (this
line of thought is already present in Grundlagen der Geometrie [50]).

The social value of mathematics (and of science in general) is connected to
the establishment of verified statement i.e. theorems which can be applied
without (using the) knowledge of its proofs. It is not necessary to understand
the proof of the central limit theorem for working with normal distributions.

This principle also applies within mathematics w.r.t. the intermediary state-
ments i.e. lemmata. In terms of propositional reasoning this is expressed by
the rule of modus ponens

A A→ B
B

which is the historically primal example of a cut rule. The presence of such
rules in a proof, however, might hide valuable information such as an implicit
constructive content.

The introduction of cut-free derivations in the sequent calculus LK (LJ)
in Gerhard Gentzen’s seminal papers Über das logische Schliessen I+II [38]
provided a stable notion of analytic proof for classical (intuitionistic) first-
order logic based on the subformula property. The structural rules represent
the obvious derivation steps not necessarily related to the result. Gentzen
was the first to actually prove, that everything derivable can be derived
analytically (the Hauptsatz).

In this book we focus on cut-elimination for classical logic from a procedural
point of view. In the tradition of proof theory, the emphasis is on cut-
free provability with restricted means, not on the actual elimination of cuts
from proofs. We develop a more radical form of cut-elimination using the
fact, that the cuts after cancellation of other parts of the proof can be
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considered as contradictions. The method (called CERES2 – cut-elimination
by resolution) works as follows:

• extract from the parts of the axioms, leading to cuts, a set of clauses
(in the sense of the resolution calculus) which is refutable. The set of
clauses can be represented by clause terms, which are algebraic objects.

• For every clause, there exists a cut-free part of the original proof (the
projection), which derives the original end sequent extended by the
clause.

• Refute the set of clauses using resolution, construct a ground resolu-
tion proof and augment the clauses with the associated (substitution
instances) of projections.

By the method CERES an essentially cut-free proof is obtained. The re-
maining atomic cuts are easily removable in the presence of logical axioms.
This is even not necessary as they do not interfere with the extraction of
desired information implicitly contained in proofs as Herbrand disjunctions,
interpolants etc. To apply CERES, it is necessary to reduce compound logical
axioms to atomic ones and to replace strong quantifiers in the end-sequent by
adequate Skolem functions without increasing the complexity of the proof.
The elimination of the Skolem functions from a cut-free proof is of at most
exponential expense.
CERES simulates the usual cut elimination methods of Gentzen and Schütte/-
Tait, here formulated nondeterministically. On the other hand there are
sequences of proofs, whose cut-free normal forms according to Gentzen and
Schütte/Tait grow nonelementarily w.r.t.3 the cut-free normal forms ac-
cording to CERES. The reason is, that usual cut-elimination methods are
local in the sense that only a small part of the proof is analyzed, namely
the derivation corresponding to the introduction of the uppermost logical
connective. As a consequence many types of redundancies in proofs are left
undetected leading to a bad computational behaviour.
The strong regularity properties of cut-free normal forms obtained by CERES
(the proofs are composed from the projections) together with the simulation
results (reductive methods can be simulated by CERES) allow the formulation
of negative results also for the traditional methods. For example no cut-
free proof, whose Herbrand disjunction is not composed from substitution

2http://www.logic.at/ceres
3With respect to.
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instances of the Herbrand disjunctions of the projections can be obtained
by Gentzen or Schütte/Tait cut-elimination.
As intended, CERES is used to extract structural information implicit in
proofs with cuts such as interpolants etc. It serves as a tool for the gener-
alization of proofs (justifying the Babylonian reasoning by examples). Fur-
thermore we demonstrate how to apply CERES to the analysis of mathemat-
ical proofs using two straightforward examples. CERES relates these proofs
with cuts to the spectrum of all cut-free proofs obtainable in a reason-
able way. By analyzing CERES itself, we establish easy-to-describe classes of
proofs, which admit fast (i.e. elementary) cut elimination. Possibilities and
limits of the extension of CERES-like methods to the realm of nonclassical,
especially intermediate logics are discussed using the example of first-order
Gödel-Dummett logic (i.e. the logic of linearly ordered Kripke structures
with constant domains).
We finally stress that the proximity of CERES to the resolution calculus facil-
itates its implementation (and thereby the implementation of the traditional
cut-elimination methods) using state-of-the-art automated theorem proving
frameworks. Furthermore, resolution strategies might be employed to ex-
press knowledge about cut formulas obvious to mathematicians but usually
algorithmically difficult to represent. This includes the difference between
the proved lemma (positive occurrence of the cut formula) and its applica-
tion (negative occurrence of the cut-formula).



Chapter 3

Preliminaries

3.1 Formulas and Sequents

In this chapter we present some basic concepts which will be needed through-
out the whole book. We assume that the the reader is familiar with the most
basic notions of predicate logic, like terms, formulas, substitutions and in-
terpretations.

We denote predicate symbols by P,Q,R, function symbols by f, g, h, con-
stant symbols by a, b, c. We distinguish a set of free variables Vf and a set
of bound variables Vb (both sets are assumed to be countably infinite).

Remark: The distinction between free and bound variables is vital to proof
transformations like cut-elimination, where whole proofs have to be instan-
tiated. 3

We use α, β for free variables and x, y, z for bound ones. Terms are defined
as usual with the restriction that they may not contain bound variables.

Definition 3.1.1 (semi-term, term) We define the set of semi-terms in-
ductively:

• bound and free variables are semi-terms,

• constants are semi-terms,

• if t1, . . . , tn are semi-terms and f is an n-place function symbol then
f(t1, . . . , tn) is a semi-term.

3

Semi-terms which do not contain bound variables are called terms.

M. Baaz, A. Leitsch, Methods of Cut-Elimination, Trends in Logic 34, 9
DOI 10.1007/978-94-007-0320-9 3, c© Springer Science+Business Media B.V. 2011



10 3 PRELIMINARIES

Example 3.1.1 f(α, β) is a term. f(x, β) is a semi-term. P (f(α, β)) is a
formula. 3

Replacement on positions play a central role in proof transformations. We
first introduce the concept of position for terms.

Definition 3.1.2 (position) We define the positions within semi-terms in-
ductively:

• If t is a variable or a constant symbol then ε is a position in t and
t.ε = t

• Let t = f(t1, . . . , tn) then ε is a position in t and t.ε = t. Let µ be a
position in a tj (for 1 ≤ j ≤ n), µ = (k1, . . . , kl) and tj .µ = s; then ν,
for ν = (j, k1, . . . , kl), is a position in t and t.ν = s.

3

Positions serve the purpose to locate sub-semi-terms in a semi-term and to
perform replacements on sub-semi-terms. A sub-semi-term s of t is just a
semi-term with t.ν = s for some position ν in t. Let t.ν = s; then t[r]ν is the
term t after replacement of s on position ν by r, in particular t[r]ν .ν = r.
Let P be a set of positions in t; then t[r]P is defined from t by replacing all
t.ν with ν ∈ P by r.

Example 3.1.2 Let t = f(f(α, β), a) be a term. Then

t.ε = t,

t.(1) = f(α, β),
t.(2) = a,

t.(1, 1) = α,

t.(1, 2) = β,

t[g(a)].(1, 1) = f(g(a), β).

3

Positions in formulas can be defined in the same way (the simplest way is
to consider all formulas as terms).

Definition 3.1.3 (substitution) A substitution is a mapping from Vf ∪Vb
to the set of semi-terms s.t. σ(v) 6= v for only finitely many v ∈ Vf ∪ Vb.
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If σ is a substitution with σ(xi) = ti for xi 6= ti (i = 1, . . . , n) and σ(v) = v
for v 6∈ {x1, . . . , xn} then we denote σ by {x1 ← t1, . . . , xn ← tn}. We call
the set {x1 ← t1, . . . , xn ← tn} the domain of σ and denote it by dom(σ).
Substitutions are written in postfix, i.e. we write Fσ instead of σ(F ). 3

Substitutions can be extended to terms, atoms and formulas in a homomor-
phic way.

Definition 3.1.4 A substitution σ is called more general than a substitu-
tion ϑ (σ ≤s ϑ) if there exists a substitution µ s.t. ϑ = σµ. 3

Example 3.1.3 Let ϑ = {x ← a, y ← a} and σ = {x ← y}. Then σµ = ϑ
for µ = {y ← a} and thus σ ≤s ϑ. Note that for the identical substitution
we get ∅ ≤s λ for all substitutions λ. 3

Definition 3.1.5 (semi-formula, formula) > and ⊥ are formulas.
If t1, . . . , tn are terms and P is an n-place predicate symbol then P (t1, . . . , tn)
is an (atomic) formula.

• If A is a formula then ¬A is a formula.

• If A,B are formulas then (A→ B), (A∧B) and (A∨B) are formulas.

• If A{x← α} is a formula then (∀x)A, (∃x)A are formulas.

Semi-formulas differ from formulas in containing free variables in Vb. 3

Example 3.1.4 P (f(α, β)) is a formula, and so is (∀x)P (f(x, β)). P (f(x, β))
is a semi-formula. 3

Definition 3.1.6 (logical complexity of formulas) If F is a formula in
PL then the complexity comp(F ) is the number of logical symbols occurring
in F . Formally we define

comp(F ) = 0 if F is an atomic formula,

comp(F ) = 1 + comp(A) + comp(B) if F ≡ A ◦B for ◦ ∈ {∧,∨,→},

comp(F ) = 1 + comp(A) if F ≡ ¬A or F ≡ (Qx)A for Q ∈ {∀,∃} and
x ∈ Vb.

3
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Gentzen’s famous calculus LK is based on so called sequents; sequents are
structures with sequences of formulas on the left and on the right hand side
of a symbol which does not belong to the syntax of formulas. We call this
symbol the sequent sign and denote it by `.

Definition 3.1.7 (sequent) Let Γ and ∆ be finite (possibly empty) se-
quences of formulas. Then the expression S: Γ ` ∆ is called a sequent. Γ is
called the antecedent of S and ∆ the consequent of S. 3

Let
1∧
i=1

Ai = A1,
n+1∧
i=1

Ai = An+1 ∧
n∧
i=1

Ai for n ≥ 1,

and analogous for
∨

.

Definition 3.1.8 (semantics of sequents) Semantically a sequent

S:A1, . . . , An ` B1, . . . , Bm

stands for

F (S):
n∧
i=1

Ai →
m∨
j=1

Bj .

In particular we defineM to be an interpretation of S ifM is an interpreta-
tion of F (S). If n = 0 (i.e. there are no formulas in the antecedent of S) we
assign > to

∧n
i=1Ai, if m = 0 we assign ⊥ to

∨m
j=1Bj . Note that the empty

sequent is represented by > → ⊥ which is equivalent to ⊥ and represents
falsum. We say that S is true in M if F (S) is true in M. S is called valid
if F (S) is valid. 3

Example 3.1.5

S: P (a), (∀x)(P (x)→ P (f(x))) ` P (f(a))

is a sequent. The corresponding formula

F (S): (P (a) ∧ (∀x)(P (x)→ P (f(x))))→ P (f(a))

is valid; so S is a valid sequent. 3

Definition 3.1.9 A sequent A1, . . . , An ` B1, . . . , Bm is called atomic if the
Ai, Bj are atomic formulas. 3
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Definition 3.1.10 (composition of sequents) If S = Γ ` ∆ and S′ =
Π ` Λ we define the composition of S and S ′ by S ◦S′, where S ◦S′ = Γ,Π `
∆,Λ. 3

Definition 3.1.11 Let Γ be a sequence of formulas. Then we write Γ− A
for Γ after deletion of all occurrences of A. Formally we define

(A1, . . . An)−A = (A2, . . . An)−A for A = A1,

= A1, ((A2, . . . An)−A) for A 6= A1,

ε−A = ε.

3

Definition 3.1.12 (permutation of sequents) Let S be the sequent
A1, . . . , An ` B1, . . . , Bm, π be a permutation of {1, . . . , n}, and π′ be a
permutation of {1, . . . ,m}. Then the sequent

S′:Aπ(1), . . . , Aπ(n) ` B1, . . . , Bm

is called a left permutation of S (based on π), and

S′′:A1, . . . , An ` Bπ′(1), . . . , Bπ′(m)

is called a right permutation of S (based on π′). A permutation of S is a left
permutation of a right permutation of S. 3

Definition 3.1.13 (subsequent) Let S, S′ be sequents. We define S′ v S
if there exists a sequent S ′′ s.t. S′ ◦ S′′ is a permutation of S and call S ′ a
subsequent of S. 3

Example 3.1.6 S′: P (b) ` Q(a) is a subsequent of

S: P (a), P (b), P (c) ` Q(a), Q(b).

S′′ has to be defined as P (a), P (c) ` Q(b). Then clearly

S ′ ◦ S′′ = P (b), P (a), P (c) ` Q(a), Q(b).

The left permutation (12) then gives S. 3

By definition of the semantics of sequents, every sequent is implied by all of
its subsequents. The empty sequent (which stands for falsum) implies every
sequent.
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Definition 3.1.14 Substitutions can be extended to sequents in an obvious
way. If S = A1, . . . , An ` B1, . . . , Bm and σ is a substitution then

Sσ = A1σ, . . . , Anσ ` B1σ, . . . , Bmσ.

3

Definition 3.1.15 (polarity) Let λ be an occurrence of a formula A in
B. If A ≡ B then λ is a positive occurrence in B. If B ≡ (C ∧ D), B ≡
(C ∨D), B ≡ (∀x)C or B ≡ (∃x)C and λ is a positive (negative) occurrence
of A in C (or in D respectively) then the corresponding occurrence λ′ of A
in B is positive (negative). If B ≡ (C → D) and λ is a positive (negative)
occurrence of A in D then the corresponding occurrence λ′ in B is positive
(negative); if, on the other hand, λ is a positive (negative) occurrence of A
in C then the corresponding occurrence λ′ of A in B is negative (positive).
If B ≡ ¬C and λ is a positive (negative) occurrence of A in C then the
corresponding occurrence λ′ of A in B is negative (positive). If there exists
a positive (negative) occurrence of a formula A in B we say that A is of
positive (negative) polarity in B. 3

Definition 3.1.16 (strong and weak quantifiers)
If (∀x) occurs positively (negatively) in B then (∀x) is called a strong (weak)
quantifier. If (∃x) occurs positively (negatively) in B then (∃x) is called a
weak (strong) quantifier. 3

Note that (Qx) may occur several times in a formula B; thus it may be
strong and weak at the same time. If confusion might arise we refer to the
specific position of (Qx) in B. In particular we may replace every formula
A by a logically equivalent “variant” A′ s.t. every (Qx) (for Q ∈ {∀,∃} and
x ∈ V ) occurs at most once in A′. In this case the term ”(Qx) is a strong
(weak) quantifier” has a unique meaning.

Definition 3.1.17 A sequent S is called weakly quantified if all quantifier
occurrences in S are weak. 3

3.2 The Calculus LK

Like most other calculi Gentzen’s LK is based on axioms and rules.

Definition 3.2.1 (axiom set) A (possibly infinite) set A of sequents is
called an axiom set if it is closed under substitution, i.e., for all S ∈ A and
for all substitutions θ we have Sθ ∈ A. If A consists only of atomic sequents
we speak about an atomic axiom set. 3
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Remark: The closure under substitution is required for proof transforma-
tions, in particular for cut-elimination. 3

Definition 3.2.2 (standard axiom set) Let AT be the smallest axiom
set containing all sequents of the form A ` A for arbitrary atomic formulas
A. AT is called the standard axiom set. 3

Definition 3.2.3 (LK) Basically we use Gentzen’s version of LK (see [38])
with the exception of the permutation rule. There are two groups of rules,
the logical and the structural ones. All rules with the exception of cut have
left and right versions; left versions are denoted by ξ: l, right versions by ξ: r.
Every logical rule introduces a logical operator on the left or on the right side
of a sequent. Structural rules serve the purpose of making logical inferences
possible (e.g. permutation) or to put proofs together (cut). A and B denote
formulas, Γ,∆,Π,Λ sequences of formulas. In the rules there are introducing
or auxiliary formulas (in the premises) and introduced or principal formulas
in the conclusion. We indicate these formulas for all rules. In particular
we mark the auxiliary formula occurrences by + and the principal ones by
?. We frequently say auxiliary (main) formula instead of auxiliary (main)
formula occurrence.

The logical rules:

• ∧-introduction:

A+,Γ ` ∆
(A ∧B)?,Γ ` ∆

∧: l1
B+,Γ ` ∆

(A ∧B)?,Γ ` ∆
∧: l2

Γ ` ∆, A+ Γ ` ∆, B+

Γ ` ∆, (A ∧B)? ∧: r

• ∨-introduction:

A+,Γ ` ∆ B+,Γ ` ∆
(A ∨B)?,Γ ` ∆ ∨: l

Γ ` ∆, A+

Γ ` ∆, (A ∨B)?
∨: r1

Γ ` ∆, B+

Γ ` ∆, (A ∨B)?
∨: r2

• →-introduction:

Γ ` ∆, A+ B+,Π ` Λ
(A→ B)?,Γ,Π ` ∆,Λ →: l

A+,Γ ` ∆, B+

Γ ` ∆, (A→ B)?
→: r

• ¬-introduction:

Γ ` ∆, A+

¬A?,Γ ` ∆ ¬: l
A+,Γ ` ∆
Γ ` ∆,¬A? ¬: r
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• ∀-introduction:
A{x← t}+,Γ ` ∆

(∀x)A?,Γ ` ∆ ∀: l

where t is an arbitrary term.

Γ ` ∆, A{x← α}+

Γ ` ∆, (∀x)A? ∀: r

where α is a free variable which may not occur in Γ,∆, A. α is called
an eigenvariable.

• The logical rules for ∃-introduction (the variable conditions for ∃ : l
are the same as those for ∀: r, and similarly for ∃ : r and ∀: l):

A{x← α}+,Γ ` ∆
(∃x)A?,Γ ` ∆ ∃: l

Γ ` ∆, A{x← t}+

Γ ` ∆, (∃x)A? ∃: r

The structural rules:

• permutation
S
S′

π: l S
S′′

π′: r

where S′ is a left permutation of S based on π, and S′′ is a right
permutation of S based on π′ . In (: lπ) : l all formulas on the left side
of S′ are principal formulas and all formulas on the left side of S are
auxiliary formulas; similarly for p(π) : r. Mostly we write the rules in
the form

S
S′

p: l S
S′′

p: r

when we not interested in specifying the particular permutation.

• weakening:
Γ ` ∆

Γ ` ∆, A?
w: r Γ ` ∆

A?,Γ ` ∆ w: l

• contraction:

A+, A+,Γ ` ∆
A?,Γ ` ∆ c: l

Γ ` ∆, A+, A+

Γ ` ∆, A?
c: r
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• The cut rule: Let us assume that A occurs in ∆ and in Π. Then we
define

Γ ` ∆ Π ` Λ
Γ,Π∗ ` ∆∗,Λ

cut(A)

where Π∗ is Π after deletion of at least one occurrence of A, and ∆∗

is ∆ after deletion of at least one occurrence of A. The formula A
is the auxiliary formula of cut(A) and there is no principal one. If
Π∗ = Π − A and ∆∗ = ∆ − A, i.e. we delete all occurrences of A in
Π and ∆ we speak about a mix. If A is not an atomic formula we call
the cut essential, and inessential if A is an atom.

The cut rule can be simulated by mix and other structural rules. In-
deed let ψ be the proof

(ψ1)
Γ ` ∆

(ψ2)
Π ` Λ

Γ,Π∗ ` ∆∗,Λ
cut(A)

Then the proof ψ′:

(ψ1)
Γ ` ∆

(ψ2)
Π ` Λ

Γ,Π−A ` ∆−A,Λ mix (A)

Γ,Π∗ ` ∆∗,Λ
w∗ + p∗

is a derivation of the same end sequent. The number of additional
weakenings is bounded by the number of occurrences of A in Π and
∆. At most two permutations are necessary to obtain the desired end
sequent.

Note that the version of cut we are defining here is more general than
the cut and mix rules in Gentzen’s original paper. If we delete only
one occurrence of A in Π and ∆ we obtain the cut rule (according to
Gentzen’s terminology); if we delete all occurrences in Π and ∆ we
get a mix (which corresponds to Gentzen’s terminology). As we are
dealing with classical logic only this version of cut does not lead to
problems and makes the analysis of cut-elimination more comfortable.

3

Definition 3.2.4 Let
S1 S2

S
ξ
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be a binary rule of LK and let S′, S′1, S
′
2 be instantiations of the schema

variables in S, S1, S2. Then (S′1, S
′
2, S

′) is called an instance of ξ. The
instance of a unary rule is defined analogously. 3

Example 3.2.1 Consider the rule

Γ ` ∆, A+ Γ ` ∆, B+

Γ ` ∆, (A ∧B)?
∧: r

Then

(∀x)P (x), (∀x)Q(x) ` P (a)+ (∀x)P (x), (∀x)Q(x) ` Q(b)+

(∀x)P (x), (∀x)Q(x) ` (P (a) ∧Q(b))?
∧: r

is an instance of ∧: r. 3

Definition 3.2.5 (LK-derivation) An LK-derivation is defined as a fi-
nite directed labeled tree where the nodes are labelled by sequents (via the
function Seq) and the edges by the corresponding rule applications. The
label of the root is called the end-sequent. Sequents occurring at the leaves
are called initial sequents or axioms. We give a formal definition:

• Let ν be a node and Seq(ν) = S for an arbitrary sequent S. Then ν
is an LK-derivation and ν is the root node (and also a leaf).

• Let ϕ be a derivation tree and ν be a leaf in ϕ. Let (S1, S2, S) be an
instance of the binary LK-rule ξ. We extend ϕ to ϕ′ by appending
the edges e1: (ν, µ1), e2: (ν, µ2) to ν s.t. Seq(µ1) = S1, Seq(µ2) = S2,
and the label of e1, e2 is ξ. Then ϕ′ is an LK-derivation with the same
root as ϕ. µ1, µ2 are leaves in ϕ′, but ν is not. ν is called a ξ-node in
ϕ′.

• Let ϕ be a derivation tree and ν be a leaf in ϕ. Let (S′, S) be an
instance of a unary LK-rule ξ. We extend ϕ to ϕ′ by appending the
edge e: (ν, µ) to ν s.t. Seq(µ) = S′, and the label of e is ξ. Then ϕ′ is
an LK-derivation with the same root as ϕ. µ is a leaf in ϕ′, but ν is
not. Again ν is called a ξ-node in ϕ′.

We write
(ψ)
S

to express that ψ is an LK- derivation with end sequent S. 3
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Definition 3.2.6 Let ϕ be an LK-derivation with initial sequent S and end
sequent S′ s.t. all edges are labelled by unary structural rules (these are all
structural rules with the exception of cut). Then we may represent ϕ by

S
S ′

s∗

Moreover, if the structural rules are only weakenings we may write w∗ in-
stead of s∗, for weakenings and permutations (w+p)∗, for arbitrary weaken-
ings and one permutation w∗+ p. This notation applies to any combination
of unary structural rules, where w stands for weakening, p for permutation
and c for contraction. 3

Example 3.2.2 Let ϕ be the LK-derivation

ν1:P (a) ` P (a)
ν2: (∀x)P (x) ` P (a) ∀: l

ν3:P (a) ` Q(a)
ν4:P (a) ` (∃x)Q(x) ∃: r

ν5: (∀x)P (x) ` (∃x)Q(x)
cut

ν6: ` (∀x)P (x)→ (∃x)Q(x)
→: r

The νi denote the nodes in ϕ. The leaf nodes are ν1 and ν3, the end node
is ν6. Seq(ν2) = (∀x)P (x) ` P (a). In practice the representation of nodes
is omitted in writing down LK-proofs. 3

Definition 3.2.7 (cut-complexity) Let ϕ be an LK-derivation with cuts
and C be the set of all cut-formulas occurring in ϕ . Then max{comp(A) |
A ∈ C} is called the cut-complexity of ϕ and is denoted by cutcomp(ϕ). If ϕ
is cut-free (i.e. C = ∅) we define cutcomp(ϕ) = −1 3

Example 3.2.3 Let ϕ be the LK-derivation in Example 3.2.2. Then

cutcomp(ϕ) = 0.

In fact the only cut formula in ϕ is P (a) which is atomic. 3

Definition 3.2.8 Let A be an axiom set. An LK-proof ϕ of S from A is an
LK-derivation of S with initial sequents in A. If A is the standard axiom
set we simply call ϕ a proof of S. The set of all LK-proofs from A is denoted
by ΦA. If the axiom set A is clear from the context we frequently write Φ.
For all i ≥ 0 we define:

ΦA
i = {ϕ | ϕ ∈ ΦA, cutcomp(ϕ) ≤ i}.

The set of cut-free proofs is denoted by ΦA
∅ . 3
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Example 3.2.4 Let A = {P (a) ` P (a), P (a) ` Q(a)}. Then A is an
axiom set (indeed there are no variables in the sequents of A). The LK-
derivation ϕ, defined in Example 3.2.2, is an LK-proof of Seq(ν6) from A,
i.e. ϕ ∈ ΦA. Moreover ϕ ∈ ΦA

0 . Note that A is not a subset of the standard
axiom set. 3

Definition 3.2.9 (path) Let π: µ1, . . . , µn be a sequence of nodes in an
LK-derivation ϕ s.t. for all i ∈ {1, . . . , n − 1} (µi, µi+1) is an edge in ϕ.
Then π is called a path from µ1 to µn in ϕ of length n − 1 (denoted by
lp(π) = n − 1). If n = 1 and π = µ1 then ψ is called a trivial path. π is
called a branch if µ1 is the root of ϕ and µn is a leaf in ϕ. We use the terms
predecessor and successor contrary to the direction of edges in the tree: if
there exists a path from µ1 to µ2 then µ2 is called a predecessor of µ1. The
successor relation is defined in a analogous way. E.g. every initial sequent
is a predecessor of the end sequent. 3

Example 3.2.5 Let ϕ =

ν1:P (a) ` P (a)
ν2: (∀x)P (x) ` P (a) ∀: l

ν3:P (a) ` Q(a)
ν4:P (a) ` (∃x)Q(x) ∃: r

ν5: (∀x)P (x) ` (∃x)Q(x)
cut

ν6: ` (∀x)P (x)→ (∃x)Q(x)
→: r

as in Example 3.2.2. ν6, ν5, ν2, ν1 is a path in ϕ which is also a branch. ν2

is a predecessor of ν6. ν1 is not a predecessor of ν4. 3

Definition 3.2.10 (subderivation) Let ϕ′ be the subtree of an LK-deri-
vation ϕ with root node ν (where ν is a node in ϕ). Then ϕ′ is called a
subderivation of ϕ and we write ϕ′ = ϕ.ν.
Let ρ be an (arbitrary) LK-derivation of Seq(ν). Then we write ϕ[ρ]ν for the
deduction ϕ after the replacement of the subderivation ϕ.ν by ρ on the node
ν in ϕ (under the restriction that ϕ.ν and ρ have the same end-sequent). 3

Example 3.2.6 Let ϕ =

ν1:P (a) ` P (a)
ν2: (∀x)P (x) ` P (a) ∀: l

ν3:P (a) ` Q(a)
ν4:P (a) ` (∃x)Q(x) ∃: r

ν5: (∀x)P (x) ` (∃x)Q(x)
cut

ν6: ` (∀x)P (x)→ (∃x)Q(x)
→: r

ϕ.ν4 =
ν3:P (a) ` Q(a)

ν4:P (a) ` (∃x)Q(x) ∃: r
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Let ρ =
ν8:P (a), P (a) ` Q(a)

ν9: P (a), P (a) ` (∃x)Q(x) ∃: r

ν10: P (a) ` (∃x)Q(x) c: l

Then ϕ[ρ]ν4 =

ν1:P (a) ` P (a)
ν2: (∀x)P (x) ` P (a) ∀: l

ν8:P (a), P (a) ` Q(a)
ν9: P (a), P (a) ` (∃x)Q(x) ∃: r

ν10: P (a) ` (∃x)Q(x) c: l

ν5: (∀x)P (x) ` (∃x)Q(x)
cut

ν6: ` (∀x)P (x)→ (∃x)Q(x)
→: r

Note that ϕ[ρ]ν4 is an LK-proof from the axiom set

{P (a) ` P (a); P (a), P (a) ` Q(a)}.

3

Definition 3.2.11 (depth) Let ϕ be an LK-derivation and ν be a node
in ϕ. Then the depth of ν (denoted by depth(ν)) is defined by the maximal
length of a path from ν to a leaf of ϕ.ν. The depth of any leaf in ϕ is zero.
3

Definition 3.2.12 (regularity) An LK-derivation ϕ is called regular if

• all eigenvariables of quantifier introductions ∀: r and ∃: l in ϕ are mu-
tually different.

• If an eigenvariable α occurs as an eigenvariable in a proof node ν then
α occurs only above ν in the proof tree.

3

There exists a straightforward transformation from LK-derivations into reg-
ular ones: just rename the eigenvariables in different subderivations. The ne-
cessity of renaming variables was the main motivation for changing Hilbert’s
linear format to the tree format of LK. From now on we assume, without
mentioning the fact explicitly, that all LK-derivations we consider are reg-
ular.
The formulas in sequents on the branch of a deduction tree are connected
by a so-called ancestor relation. Indeed if A occurs in a sequent S and A is
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marked as principal formula of a, let us say binary, inference on the sequents
S1, S2, then the auxiliary formulas in S1, S2 are immediate ancestors of A
(in S). If A occurs in S1 and is not an auxiliary formula of an inference then
A occurs also in S; in this case A in S1 is also an immediate ancestor of A
in S. The case of unary rules is analogous. General ancestors are defined
via reflexive and transitive closure of the relation.

Example 3.2.7 Instead of using special symbols for formula occurrences
we mark the occurrences of a formula in different sequents by numbers. Let
ϕ =

ν1:P (a)4 ` P (a)
ν2: (∀x)P (x)5 ` P (a)

∀: l
ν3:P (a) ` Q(a)1

ν4:P (a) ` (∃x)Q(x)2
∃: r

ν5: (∀x)P (x)6 ` (∃x)Q(x)3
cut

` (∀x)P (x)→ (∃x)Q(x)7
→: r

1 is ancestor of 2, 2 is ancestor of 3, 3 is ancestor of 7. 1 is ancestor of 3 and
of 7. 4 is ancestor of 5, 5 of 6 and 6 of 7. 4 is ancestor of 7, but not of 2. 3

Definition 3.2.13 (ancestor path) A sequence ᾱ: (α1, . . . , αn) for formula
occurrences αi in an LK-derivation ϕ is called an ancestor path in ϕ if for
all i ∈ {1, . . . , n− 1} αi is an immediate ancestor of αi+1. If n = 1 then α1

is called a (trivial) ancestor path. 3

Example 3.2.8 In Example 3.2.7 the sequence 4, 5, 6, 7 is an ancestor path.
3

Definition 3.2.14 Let Ω be a set of formula occurrences in an LK-derivation
ϕ and ν be a node in ϕ. Then S(ν,Ω) is the subsequent of Seq(ν) obtained
by deleting all formula occurrences which are not ancestors of occurrences
in Ω. 3

Example 3.2.9 Let ϕ =

ν1:P (a) ` P (a)
ν2: (∀x)P (x) ` P (a) ∀: l

ν3:P (a) ` Q(a)
ν4:P (a) ` (∃x)Q(x) ∃: r

ν5: (∀x)P (x) ` (∃x)Q(x)
cut

ν6: ` (∀x)P (x)→ (∃x)Q(x)
→: r

and α the left occurrence of the cut formula in ϕ, and β the right occurrence.
Let Ω = {α, β}. Then

S(ν1,Ω) = ` P (a),
S(ν3,Ω) = P (a) ` .
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3

Remark: If Ω consists just of the occurrences of all cut formulas which
occur “below” ν then S(ν,Ω) is the subsequent of Seq(ν) consisting of all
formulas which are ancestors of a cut. These subsequents are crucial for the
definition of the characteristic set of clauses and of the method CERES in
Chapter 6. 3

Definition 3.2.15 The length of a proof ϕ is defined by the number of
nodes in ϕ and is denoted by l(ϕ). 3

Definition 3.2.16 (cut-derivation) Let ψ be an LK-derivation of the
form

(ψ1)
Γ1 ` ∆1

(ψ2)
Γ2 ` ∆2

Γ1,Γ∗2 ` ∆∗
1,∆2

cut(A)

Then ψ is called a cut-derivation; note that ψ1 and ψ2 may contain cuts. If
the cut is a mix we speak about a mix-derivation. ψ is called essential if
comp(A) > 0 (i.e. if the cut is essential). 3

Definition 3.2.17 (rank, grade) Let ψ be a cut-derivation of the form

(ψ1)
Γ1 ` ∆1

(ψ2)
Γ2 ` ∆2

Γ1,Γ∗2 ` ∆∗
1,∆2

cut(A)

Then we define the grade of ψ as comp(A).
Let µ be the root node of ψ1 and ν be the root node of ψ2. An A-right
path in ψ1 is a path in ψ1 of the form µ, µ1, . . . , µn s.t. A occurs in the
consequents of all Seq(µi) (note that A clearly occurs in ∆1). Similarly an
A-left path in ψ2 is a path in ψ2 of the form ν, ν1, . . . , νm s.t. A occurs in
the antecedents of all Seq(νj). Let P1 be the set of all A-right paths in ψ1

and P2 be the set of all A-left paths in ψ2. Then we define the left-rank of
ψ (rankl(ψ)) and the right-rank of ψ (rankr(ψ)) as

rankl(ψ) = max{lp(π) | π ∈ P1}+ 1,
rankr(ψ) = max{lp(π) | π ∈ P2}+ 1.

The rank of ψ is the sum of right-rank and left-rank, i.e. rank(ψ) =
rankl(ψ) + rankr(ψ). 3
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Example 3.2.10 Let ϕ =

ν1:P (a) ` P (a)
ν2: (∀x)P (x) ` P (a) ∀: l

ν3:P (a) ` Q(a)
ν4:P (a) ` (∃x)Q(x) ∃: r

ν5: (∀x)P (x) ` (∃x)Q(x)
cut

ν6: ` (∀x)P (x)→ (∃x)Q(x)
→: r

Then the only cut-derivation in ϕ is ψ:

ν1:P (a) ` P (a)
ν2: (∀x)P (x) ` P (a) ∀: l

ν3:P (a) ` Q(a)
ν4:P (a) ` (∃x)Q(x) ∃: r

ν5: (∀x)P (x) ` (∃x)Q(x)
cut

The grade of ψ is 0 as the cut is atomic, rankl(ψ) = 2, rankr(ψ) = 2 and
rank(ψ) = 4. 3

3.3 Unification and Resolution

Definition 3.3.1 (unifier) Let A be a nonempty set of atoms and σ be
a substitution. σ is called a unifier of A if the set Aσ contains only one
element. σ is called a most general unifier (or m.g.u.) of A if σ is a unifier
of A and for all unifiers λ of A σ ≤s λ. 3

Sometimes we have to unify not only a single set of atoms but several sets
of atoms simultaneously. We call such a problem a simultaneous unification
problem.

Definition 3.3.2 Let W = (A1, . . . ,An) where the Ai are nonempty sets
of atoms for i = 1, . . . , n. A substitution ϑ is called a simultaneous unifier
of W if ϑ unifies all Ai. σ is called a most general simultaneous unifier of W
if σ is a simultaneous unifier of W and σ ≤s ϑ for all simultaneous unifiers
ϑ of W . 3

Most general unification was the key novel feature of the resolution principle
by J.A. Robinson in 1965 (see [69]). He proved that for all unifiable sets there
exists also a most general unifier (making the computation of other unifiers
superfluous). Because most general unification plays an important role in
the complexity analysis of CERES (Section 6.5) and in the generalization of
proofs (Section 8.3) we present unification in more detail; in particular we
define a unification algorithm UAL , prove the unification theorem and give
a complexity analysis of UAL. We largely follow the presentation in [61].
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Example 3.3.1 Let A = {P (x, f(y)), P (x, f(x)), P (x′, y′)}, and

σ = {y ← x, x′ ← x, y′ ← f(x)} and
σt = {x← t, y ← t, x′ ← t, y′ ← f(t)}

All substitutions σ, σt are unifiers of A. Moreover, we see that the unifier σ
plays an exceptional role. Indeed,

σ{x← t} = σt, i.e., σ ≤s σt.

It is easy to verify that for all unifying substitutions ϑ (including those with
dom(ϑ) − V (A) 6= ∅) we obtain σ ≤s ϑ. σ is more general than all other
unifiers of W , it is indeed “most” general. However, σ is not the only most
general unifier; for the unifier λ : {y ← x′, x← x′, y′ ← f(x′)} we get

λ ≤s σ, σ ≤s λ, and λ ≤s ϑ for all unifiers ϑ of A.

3

Example 3.3.2 Let

W = ({P (x), P (a)}, {P (y), P (f(x))}, {Q(x), Q(z)}).

Then σ = {x← a, y ← f(a), z ← a} is a simultaneous unifier of W ; it is also
a most general one. Indeed, {P (x), P (a)}σ = {P (a)}, {P (y), P (f(x))}σ =
{P (f(a))}, {Q(x), Q(z)}σ = {Q(a)}. Note that the union of all three sets
in W is not unifiable. 3

The question remains, whether there is always an m.g.u. of A in case A
is unifiable. We will give a positive answer and design an algorithm which
always computes an m.g.u. if A is unifiable and stops otherwise. Before we
define such an algorithm we show that the problem of unifying an arbitrary
finite set of two or more atoms (or of solving a simultaneous unification
problem) can be reduced to unifying a set {t1, t2} consisting of two terms
only.
Let A = {A1, . . . , An} be a set of atoms and n ≥ 2. Let {P1, . . . , Pm} be
the set of all predicate symbols appearing in W . For every Pi we introduce
a new function symbol fi (which is not contained in A) of the same arity.
Then we translate

Pi(Si1, . . . , S
i
ki

) into fi(Si1, . . . , S
i
ki

).

Let T be the set of all translated expressions.
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Clearly ϑ is a unifier of A iff ϑ is a unifier of T . Thus let T = {t1, . . . , tn} be
the set of terms corresponding to A and let f be an arbitrary n-ary function
symbol.
Then t1σ = . . . = tnσ iff f(t1, . . . , tn)σ = f(ti, . . . , ti)σ for some i ∈
{1, . . . , n}, and T is unifiable by unifier ϑ iff

{f(t1, . . . , tn), f(ti, . . . , ti)}

is unifiable by unifier ϑ.
Now let W = (A1, . . . ,Ak) be a simultaneous unification problem. First we
translate this problem into a simultaneous unification problem for sets of
terms

W ′ = (T1, . . . Tk).

Let Tj = {tj1, . . . , tjmj
} for j = 1, . . . , k. Then σ is an m.g.u. of W ′ iff σ

unifies the two terms s1, s2 for

s1 = g(f(t11, . . . , t
1
m1

), . . . , f(tk1, . . . , t
k
mk

)),

s2 = g(f(t1i1 , . . . , t
1
i1), . . . , f(tkik , . . . , t

k
ik

)),

for ij ∈ {1, . . . ,mi}.
This completes the reduction of the unification problem for W to a unifi-
cation problem of {t1, t2}, t1 and t2 being terms. The translation of the
unification problems to the unification of two terms is in fact linear. We
first define the measure of symbolic complexity in a general way:

Definition 3.3.3 Let X be a syntactic expression. Then ‖X‖ = number
of symbol occurrences in X. In particular we define for terms

‖t‖ = 1 for t ∈ CS ∪ V,
‖f(t1, . . . , tn)‖ = 1 + ‖t1‖+ · · ·+ ‖tn‖.

The definition of ‖A‖ for atoms is analogous. If W = {w1, . . . , wk} we define

‖W‖ =
k∑
i=1

‖wi‖.

‖W‖ for W = (w1, . . . , wn) is defined in the same way. 3

For the complexity of the translations of the unification problems we obtain
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Proposition 3.3.1 Let A be a unification problem of a set of atoms. Then
there exists an equivalent unification problem for two terms t1, t2 s.t.
‖{t1, t2}‖ ≤ 4 ∗ ‖A‖. If W is a simultaneous unification problem then there
exists an equivalent one for two terms s1, s2 s.t. ‖{s1, s2}‖ ≤ 5 ∗ ‖W‖.

Proof: If A = {A1, . . . , An} the translation to a problem T = {t1, . . . , tn}
does not increase the size of the problem. For

T ′ = {f(t1, . . . , tn), f(ti, . . . , ti)}

we select a ti s.t. ‖ti‖ is minimal. Then

‖T ′‖ ≤ 2 + 2 ∗ ‖T ‖ ≤ 4 ∗ ‖T ‖.

For the simultaneous unification problem we get a unification problem
{s1, s2} of the form

s1 = g(f(t11, . . . , t
1
m1

), . . . , f(tk1, . . . , t
k
mk

)),

s2 = g(f(t1i1 , . . . , t
1
i1), . . . , f(tkik , . . . , t

k
ik

)).

For an appropriate choice of the tjij we obtain

‖{s1, s2}‖ ≤ 2 ∗ (2 ∗ ‖W‖+ 1) ≤ 5 ∗ ‖W‖. 2

Example 3.3.3 A = {P (x, f(y)), P (x, f(x)), P (u, v)}.
We transfer the unification problem to a unification problem for two terms.

T = {h(x, f(y)), h(x, f(x)), h(u, v)} for h ∈ FS2.

Now let i ∈ FS3. We define

T ′ = {i(h(x, f(y)), h(x, f(x)), h(u, v)), i(h(x, f(y)), h(x, f(y), h(x, f(y))}.

Then
σ = {y ← x, u← x, v ← f(x)} (an m.g.u. of T )

is also an m.g.u. of T ′.
Indeed
T ′σ = {i(h(x, f(x)), h(x, f(x)), h(x, f(x)))}.

3

By the transformations described above it is justified to reduce unification to
“binary” unification. We now investigate the syntactical structures within
{t1, t2} which characterize unifiability. Let
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T = {f(t1, . . . , tn), f(s1, . . . , sn)}.

By elementary properties of substitutions we obtain

f(t1, . . . , tn)σ = f(t1σ, . . . , tnσ),
f(s1, . . . , sn)σ = f(s1σ, . . . , snσ).

Then T is unifiable iff there exists a substitution σ such that

s1σ = t1σ, . . . , snσ = tnσ.

We observe that the unifiability of T is equivalent to the simultaneous uni-
fication problem ({s1, t1}, . . . , {sn, tn}). The si or the ti may be again of
the form g(u1, . . . , um) and the property of decomposition holds recursively.
This leads to the following definition:

Definition 3.3.4 (corresponding pairs) Let t1, t2 be two terms. The set
of corresponding pairs CORR(t1, t2) is defined as follows:

1. (t1, t2) ∈ CORR(t1, t2)

2. If (s1, s2) ∈ CORR(t1, t2) such that s1 = f(r1, . . . , rn) and s2 =
f(w1, . . . , wn), where f ∈ FS, then (ri, wi) ∈ CORR(t1, t2) for all
i = 1, . . . , n.

3. Nothing else is in CORR(E1, E2).

A pair (s1, s2) ∈ CORR(t1, t2) is called irreducible if the leading symbols of
s1, s2 are different. 3

There are two different types of irreducible pairs. Take for example the pairs
(x, f(y)), (x, f(x)) and (f(x), g(a)). All these pairs are irreducible. But for
σ = {x ← f(y)} the pair (x, f(y))σ = (f(y), f(y)) is reducible and even
identical; thus there exists a substitution which removes the irreducibility
of (x, f(y)). We show now that no such substitutions exist for the pairs
(f(x), g(a)): For arbitrary substitutions λ we have the property

(f(x), g(a))λ = (f(xλ), g(a))

and thus (f(x), g(a))λ is irreducible for all λ.

Let us consider the pair (x, f(x)) and the substitution λ = {x ← f(y)}
then (x, f(x))λ = (f(y), f(f(y))); (f(y), f(f(y))) is reducible but reduction
yields (y, f(y)). Because, for all substitutions λ, xλ is properly contained in
f(x)λ the set {x, f(x)} is not unifiable.
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Definition 3.3.5 We call a pair of terms (t1, t2) unifiable if the set {t1, t2}
is unifiable. 3

In this terminology, (x, f(y)) is irreducible but unifiable, but (x, f(x)) and
(f(x), g(a)) are irreducible and nonunifiable. It is easy to realize that (t1, t2)
is only unifiable if all irreducible elements in CORR(t1, t2) are (separately)
unifiable; note that this property is necessary but not sufficient.

Example 3.3.4

t1 = f(x, f(x, y)),
t2 = f(f(u, u), v),

CORR(t1, t2) = {(t1, t2), (x, f(u, u)), (f(x, y), v)}.

We eliminate the irreducible pair (x, f(u, u)) by applying the substitution

σ1 = {x← f(u, u)}.

Applying σ1 we obtain (t1σ1, t2σ1) and

CORR(t1σ1, t2σ1) = {(f(f(u, u), f(f(u, u), y)), f(f(u, u), v)),
(f(u, u), f(u, u)), (f(f(u, u), y), v), (u, u)}.

In CORR(t1σ1, t2σ1) the only irreducible pair is (f(f(u, u), y), v) which can
be eliminated by the substitution σ2 = {v ← f(f(u, u), y)}.
Now it is easy to see that t1σ1σ2 = t2σ1σ2 and that CORR(t1σ1, σ2, t2σ1σ2)
consists of identical pairs only. σ1σ2 is clearly a unifier of {t1, t2} (it is even
the m.g.u.). For the unification above it was essential that all irreducible
pairs were unifiable. 3

For an algorithmic treatment of unification the reducible and identical cor-
responding pairs are irrelevant; it suffices to focus on irreducible pairs. We
are led to the following definition:

Definition 3.3.6 (difference set) The set of all irreducible pairs in
CORR(t1, t2) is called the difference set of (t1, t2) and is denoted by
DIFF(t1, t2). 3

Example 3.3.5 Let (t1, t2) = (f(x, f(x, y)), f(f(u, u), v)) as in Example
3.3.4. Then

DIFF(t1, t2) = {(x, f(u, u)), (f(x, y), v)}.
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By application of σ1 = {x← f(u, u)} we first obtain the pair (f(u, u), f(u, u))
which is in CORR(t1σ1, t2σ1), but not in DIFF(t1σ1, t2σ1). Thus we obtain
DIFF(t1σ1, t2σ1) = {(f(f(u, u), y), v)}. 3

We have already mentioned that {t1, t2} is unifiable only if all correspond-
ing pairs are unifiable. By definition of DIFF(t1, t2) we get the following
necessary condition for unifiability: For all pairs (s, t) ∈ DIFF(t1, t2), (s, t)
is unifiable. The following proposition shows that the unification problem
for (single) pairs in DIFF(t1, t2) is very simple.

Proposition 3.3.2 Let t1, t2 be terms and (s, t) be a pair in DIFF(t1, t2).
Then (s, t) is unifiable iff the following two conditions hold:

(a) s ∈ V or t ∈ V ,

(b) If s ∈ V (t ∈ V ) then s does not occur in t (t does not occur in s).

Proof: (s, t) is unifiable ⇒:
By definition of DIFF(t1, t2) the pair (s, t) is irreducible; because it is unifi-
able, s or t must be a variable (otherwise s and t are terms with different
head symbols and thus are not unifiable). Suppose now without loss of gen-
erality that s ∈ V . If s occurs in t then sλ (properly) occurs in tλ for all
λ ∈ SUBST; in this case (s, t) is not unifiable. We have shown that (a) and
(b) both hold.
(a), (b) ⇒
Suppose without loss of generality that s ∈ V . Define λ = {s ← t}; then
sλ = t and, because s does not occur in t, tλ = t. It follows that λ is a
unifier of (s, t). 2

The idea of the unification algorithm shown in Figure 3.1 is the following:
construct the difference set D. If there are nonunifiable pairs in D then
stop with failure; otherwise eliminate a pair (x, t) in D by the substitution
{x← t} and construct the next difference set.
Note that UAL is a nondeterministic algorithm, because the selection of a
unifiable pair (s, t) is nondeterministic. UAL can be transformed into differ-
ent deterministic (implementable) versions by choosing appropriate search
strategies. But even if the pairs (s, t) are selected from left to right (accord-
ing to their positions in (t1, t2)), both s and t may be variables and thus
{s ← t} and {t ← s} can both be used in extending the substitution ϑ.
UAL is more than a decision algorithm in the usual sense, because in case
of a positive answer (termination without failure) it also provides an m.g.u.
for {t1, t2}.
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algorithm UAL {input is a pair of terms (t1, t2)};
begin
ϑ← ε;
while DIFF(t1ϑ, t2ϑ) 6= ∅ do

if DIFF(t1ϑ, t2ϑ) contains a nonunifiable pair
then failure
else

select a unifiable pair (s, t) ∈ DIFF(t1ϑ, t2ϑ)
if s ∈ V
then α := s; β := t
else α := t;β := s
end if
ϑ := ϑ{α← β}

end if
end while
{ϑ is m.g.u.}

end.

Figure 3.1: Unification algorithm.

Theorem 3.3.1 (unification theorem) UAL is a decision algorithm for
the unifiability of two terms. In particular the following two properties hold:

(a) If {t1, t2} is not unifiable then UAL stops with failure.

(b) If {t1, t2} is unifiable then UAL stops and ϑ (the final substitution
constructed by UAL) is a most general unifier of {t1, t2}.

Proof:

(a) If (t1, t2) is not unifiable then for all substitutions λ t1λ 6= t2λ. Thus
for every ϑ defined in UAL we get DIFF(t1ϑ, t2ϑ) 6= ∅. In order to
prove termination we have to show that the while-loop is not an end-
less loop: In every execution of the while loop a new substitution ϑ is
defined as
ϑ = ϑ′{x ← t}, where ϑ′ is the substitution defined during the ex-
ecution before and (x, t) (or (t, x)) is a pair in DIFF(t1ϑ′, t2ϑ′) with
x ∈ V . Because x /∈ V (t) (otherwise UAL terminates with failure
before), the pair (t1ϑ, t2ϑ) does not contain x anymore; we conclude

|V ({(t1ϑ′, t2ϑ′)})| > |V ({(t1ϑ, t2ϑ)})|.
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It follows that the number of executions of the while-loop must be ≤ k
for k = |V ({t1, t2})|. We see that, whatever result is obtained, UAL
must terminate. Because UAL terminates and (by nonunifiability)
DIFF(t1ϑ, t2ϑ) 6= ∅ for all ϑ, it must stop with failure. *

(b) In the k-th execution of the while loop (provided termination with
failure does not take place) the k-th definition of ϑ via ϑ := ϑ{α← β}
is performed. We write ϑk for the value of ϑ defined in the k-th
execution.

Suppose now that η is an arbitrary unifier of {t1, t2}. We will show by
induction on k, that for all ϑk there exist substitutions λk such that
ϑkλk = η. We are now in a position to conclude our proof as follows:

Because UAL terminates (see part (a) of the proof), there exists a
number m such that the m-th execution of the while-loop is the last
one.

From ϑmλm = η we get ϑm ≤s η. Moreover ϑm must be a unifier:
Because the m-th execution is the last one, either DIFF(t1ϑm, t2ϑm) =
∅ or there is a nonunifiable pair (s, t) ∈ DIFF(t1ϑm, t2ϑm);

but the second alternative is impossible, as η = ϑmλm and λm is a
unifier of (t1ϑm, t2ϑm). Because ϑm is a unifier, η is an arbitrary
unifier and ϑm ≤s η, ϑm is an m.g.u. of {t1, t2} (note that m and ϑm
depend on (t1, t2) only, but λm depends on η).

Therefore it remains to show that the following statement A(k) holds
for all k ∈ N :

A(k): Let ϑk be the substitution defined in the k-th execution of
the while-loop. Then there exists a substitution λk such that
ϑkλk = η.

We proceed by induction on k:

A(0): ϑ0 = ε.
We choose ϑ0 = η and obtain ϑ0λ0 = η.

(IH) Suppose that A(k) holds.

If ϑk+1 is not defined by UAL (because it stops before) the antecedent
of A(k+ 1) is false and thus A(k+ 1) is true. So we may assume that
ϑk+1 is defined by UAL.
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Then ϑk+1 = ϑk{x ← t} where x ∈ V , t ∈ T and (x, t) ∈ DIFF(t1ϑk,
t2ϑk) or (t, x) ∈ DIFF(t1ϑk, t2ϑk).

By the induction hypothesis (IH) we know that there exists a λk such
that ϑkλk = η. Our aim is to find an appropriate substitution λk+1

such that ϑk+1λk+1 = η.

Because λk is a unifier of (t1ϑk, t2ϑk) it must unify the pair (x, t), i.e.,
xλk = tλk. Therefore λk must contain the element x← tλk. We define

λk+1 = λk − {x← tλk}.

The substitution λk+1 fulfils the property

(∗) {x← t}λk+1 = λk+1 ∪ {x← tλk}.

To prove (∗) it is sufficient to show that

v{x← t}λk+1 = v(λk+1 ∪ {x← tλk})

holds for all v ∈ dom(λk) (note that dom(λk+1) ⊆ dom(λk)). If v 6= x
then v{x← t} = v and v{x← t}λk+1 = vλk+1. If v = x then

x{x← t}λk+1 = tλk+1 and
x(λk+1 ∪ {x← tλk}) = tλk.

By definition of UAL, ϑk+1 is only defined if x 6∈ V (t). But x 6∈ V (t)
implies tλk+1 = tλk and

x{x← t}λk+1 = x(λk+1 ∪ {x← tλk}).

We see that (∗) holds.

We obtain

ϑkλk = ϑk(λk+1 ∪ {x← tλk}) = ϑk{x← t}λk+1 = ϑk+1λk+1.

This concludes the proof of A(k + 1). 2

Example 3.3.6 Let t1 = f(x, h(x, y), z) and t2 = f(u, v, g(v)). We com-
pute an m.g.u. of {t1, t2} by using UAL.

ϑ0 = ε.
DIFF(t1, t2) = {(x, u), (h(x, y), v), (z, g(v))}.

All pairs in DIFF(t1, t2) are unifiable.

ϑ1 = ϑ0{z ← g(v)} = {z ← g(v)}.

DIFF(t1ϑ1, t2ϑ1) = {(x, u), (h(x, y), v)}.
Again all pairs in the difference set are unifiable.
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ϑ2 = ϑ1{x← u} = {z ← g(v), x← u}
DIFF(t1ϑ2, t2ϑ2) = {(h(u, y), v)}.

As v does not occur in h(u, y) we continue and obtain

ϑ3 = ϑ2{v ← h(u, y)} = {z ← g(h(u, y)), x← u, v ← h(u, y)}

Now
DIFF(t1ϑ3, t2ϑ3) = ∅,

and (due to Theorem 3.3.1) ϑ3 is an m.g.u. of {t1, t2}. The expression
t1ϑ3(= t2ϑ3) obtained by unification is f(u, h(u, y), g(h(u, y))). If we replace
t2 by t′2 = f(v, v, g(v)) then we obtain

DIFF(t1, t′2) = {(x, v), (h(x, y), v), (z, g(v))}.

By defining ϑ′1 = {x← v} we get

DIFF(t1ϑ′1, t2ϑ
′
1) = {(h(v, y), v), (z, g(v))}.

Because the pair (h(v, y), v) is not unifiable we stop with failure. 3

UAL is exponential if the unified expression is constructed explicitly. Below
we show that the complexity of UAL is also at most exponential.

Theorem 3.3.2 Let T = {t1, t2} be a unifiable set of terms and σ be an
m.g.u. computed by UAL. Then

‖T σ‖ ≤ ‖T ‖ ∗ 2‖T ‖.

Proof: UAL unifies pairs of the difference set DIFF(t1, t2). In the beginning
the difference set is of the form

{(x1, t
1
1), . . . , (x1, t

1
k1), . . . , (xn, t

n
1 ), . . . , (xn, tnkn

)}.

As T is unifiable the terms tni do not contain xi. Now let us apply ϑ1: {x1 ←
t11}. Then DIFF(t1ϑ1, t2ϑ2) contains pairs of the following form:

• (xi, tij{x1 ← t11}) (for x1 ∈ V (tij)) or

• (xi, sij), or

• (yi, wij),

for i = 2 . . . , n; the sij are subterms of some t1j and the yi are variables
in T which appear in the terms t1j . Now assume that after k steps of the
algorithm you have irreducible pairs of the form
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• (xi, tij{xm ← tmrm} · · · {xk ← tkrk})

for i = k + 1, . . . , n and m ∈ {1, . . . ,m}. Then we apply the substitution

{xk+1 ← tk+1
1 }{xm ← tmrm

} · · · {xk ← tkrk
}

and get new irreducible pairs of the form

(?) (xi, t
i
j{xm ← tmrm

} · · · {xk ← tkrk
}{xk+1 ← tk+1

1 {xm ← tmrm
}) · · · {xk ← tkrk

}).

Repetition of substitutions of the form {xi ← ti} can be avoided as, by
unifiability, there is no cycle in the problem. By reordering the substitutions
appropriately we can thus drop multiple occurrences. Therefore (?) can be
rewritten to a form

(xi, tij{y1 ← s1} · · · {yk ← sk}{yk+1 ← sk+1})

where the si are terms in T . So if m is the number of steps in UAL the
m.g.u. σ = θm is of the form

{x1 ← s1, . . . , xn ← sn},
si = {xi1 ← ti1} · · · {xik ← tik ,

where the terms tij occur in the original problem T and, in particular,

‖ti1‖+ · · · ‖tik‖ ≤ ‖T ‖.

Therefore we have the problem of maximizing

‖si‖ ≤ ‖t1‖ ∗ · · · ∗ ‖tn‖

where ‖t1‖+ · · · ‖tn‖ ≤ ‖T ‖. It is easy to see that for all si

(I) ‖si‖ ≤ 2‖T ‖.

Let r = max{‖si‖ | i = 1, . . . , n}. Then clearly ‖T σ‖ ≤ ‖T ‖ ∗ r. Using (I)
we finally obtain

‖T σ‖ ≤ ‖T ‖ ∗ 2‖T ‖. 2

Definition 3.3.7 (clause) A clause is an atomic sequent. 3

Definition 3.3.8 (contraction normalization) Let C be a clause. A
contraction normalization of C is a clause D obtained from C by omitting
multiple occurrences of atoms in C+ and in C−. 3
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Definition 3.3.9 (factor) Let C be a clause and D be a nonempty sub-
clause of C+ or of C− and let σ be an m.g.u. of the atoms of D. Then a
contraction normalization of Cσ is called a factor of C. 3

Definition 3.3.10 (resolvent) Let C and D be clauses of the form

C = Γ ` ∆1, A1, . . . ,∆n, An,∆n+1,

D = Π1, B1, . . . ,Πm, Bm,Πm+1 ` Λ

s.t. C and D do not share variables and the set {A1, . . . , An, B1, . . . , Bm} is
unifiable by a most general unifier σ. Then the clause

R: Γσ,Π1σ, . . .Πm+1σ ` ∆1σ, . . . ,∆n+1σ,Λσ

is called a resolvent of C and D.
If m = 1 and Γ is empty we speak about a PRF-resolvent (Positive Re-
stricted Factoring). The (single) atom in {A1, . . . , An, B1, . . . , Bm}σ is called
the resolved atom. 3

Remark: There are several ways to define the concept of resolvent (see e.g.
[31, 61, 62]). We chose the original concept defined in [69] which combines
unification, contraction and cut in a single rule. 3

Definition 3.3.11 (p-resolvent) Let C = Γ ` ∆, Am and D = An,Π ` Λ
with n,m ≥ 1. Then the clause Γ,Π ` ∆,Λ is called a p-resolvent of C and
D. 3

Remark: The p-resolvents of C and D are just sequents obtained by ap-
plying the cut rule to C and D. Thus resolution of clauses is a cut combined
with most general unification. 3

In order to resolve two clauses C1, C2 we must ensure that C1 and C2 are
variable disjoint. This can always be achieved by renaming variables by
permutation of variables.

Definition 3.3.12 Let C be a clause and π be a permutation substitution
(i.e. π is a binary function V → V ). Then Cσ is called a variant of C. 3

Definition 3.3.13 (resolution deduction) A resolution deduction γ is a
labelled tree like an LK-derivation with the exception that it is (purely)
binary and all edges are labelled by the resolution rule. If we replace the
resolutions by p-resolutions we speak about a p-resolution derivation. If γ is
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a p-resolution deduction and all clauses are variable-free we call γ a ground
resolution deduction. Let C be a set of clauses. If all initial sequents (initial
clauses) in γ are variants of clauses in C and D is the clause labelling the
root, then γ is called a resolution derivation of D from C. If D = ` then γ
is called a resolution refutation of C. 3

Definition 3.3.14 (ground projection) Let γ′ be a ground resolution
deduction which is an instance of a resolution deduction γ. Then γ′ is
called a ground projection of γ. 3

Example 3.3.7 Let

C = {` P (x), P (a); P (y) ` P (f(y)); P (f(f(a))) `}.

Then the following derivation γ is a resolution refutation of C:

` P (x), P (a) P (y) ` P (f(y))
` P (f(a)) P (z) ` P (f(z))

` P (f(f(a))) P (f(f(a))) `
`

The following instantiation γ′ of γ

` P (a), P (a) P (a) ` P (f(a))
` P (f(a)) P (f(a)) ` P (f(f(a)))

` P (f(f(a))) P (f(f(a))) `
`

is a ground resolution refutation of C and a ground projection of γ .
3

Remark: A p-resolution derivation γ is an LK-derivation with atomic se-
quents, where the only rule in γ is cut. Paths, the ancestor relation and
ancestor paths for resolution derivations can be defined exactly like for LK-
derivations. 3





Chapter 4

Complexity of
Cut-Elimination

4.1 Preliminaries

Our aim is to compare different methods of cut-elimination. For this aim
we need logic-free axioms. The original formulation of LK by Gentzen also
served the purpose of simulating Hilbert-type calculi and deriving axiom
schemata within fixed proof length. Below we show that there exists a
polynomial transformation from an LK-proof with arbitrary axioms of type
A ` A to atomic ones.

Lemma 4.1.1 Let S be the sequent A ` A for an arbitrary formula A. Then
there exists a cut-free LK-proof π(A) of S from the standard axiom set AT
with l(π(A)) ≤ 4 ∗ comp(A) + 1.

Proof: We proceed by induction on comp(A).

(IB) comp(A) = 0: then A ` A is an axiom in AT and we simply define

π(A) = A ` A.

Obviously l(π(A)) = 4 ∗ comp(A) + 1 = 1.

(IH) assume that, for all formulas A with comp(A) ≤ k, there are cut-free
proofs π(A) of A ` A from AT s.t. l(π(A)) ≤ 4 ∗ comp(A) + 1.

Now let A be a formula with comp(A) = k + 1. We have to distinguish
several cases:

M. Baaz, A. Leitsch, Methods of Cut-Elimination, Trends in Logic 34, 39
DOI 10.1007/978-94-007-0320-9 4, c© Springer Science+Business Media B.V. 2011
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(a) A ≡ ¬B. Then comp(B) = k and, by (IH), there exists a proof π(B)
of B ` B from AT s.t. l(π(B)) ≤ 4 ∗ k + 1. We define π(A) as

(π(B))
B ` B
` B,¬B ¬: r

` ¬B,B
p: r

¬B ` ¬B ¬: l

and thus

l(π(A)) = l(π(B))+3 ≤ 4∗k+1+3 < 4∗(k+1)+1 = 4∗comp(A)+1.

(b) A ≡ B ∧C. Then comp(B) + comp(C) = k and, by (IH), there exists
proofs π(B) of B ` B from AT and π(C) of C ` C from AT s.t.

(I) l(π(B)) ≤ 4 ∗ comp(B) + 1, l(π(C)) ≤ 4 ∗ comp(C) + 1.

We define π(A) =

π(B)
B ` B

B ∧ C ` B ∧: l1

π(C)
C ` C

B ∧ C ` C ∧: l2

B ∧ C ` B ∧ C ∧: r

Then
l(π(A)) = l(π(B)) + l(π(C)) + 3 ≤(I) 4 ∗ comp(B) + 4 ∗ comp(C) + 5 =

4 ∗ (comp(B) + comp(C) + 1) + 1 = 4 ∗ comp(A) + 1.

(c) A ≡ B ∨ C. Symmetric to (b).

(d) A ≡ B → C. Then comp(B)+comp(C) = k and, by (IH), there exists
proofs π(B) of B ` B from AT and π(C) of C ` C from AT s.t.

(II) l(π(B)) ≤ 4 ∗ comp(B) + 1, l(π(C)) ≤ 4 ∗ comp(C) + 1.

We define π(A) =
(π(B))
B ` B

(π(C))
C ` C

B → C,B ` C →: l

B,B → C ` C p: l

B → C ` B → C
→: r

Then
l(π(A)) = l(π(B)) + l(π(C)) + 3 ≤(II) 4 ∗ comp(B) + 4 ∗ comp(C) + 5 ≤

4 ∗ (comp(B) + comp(C) + 1) + 1 = 4 ∗ comp(A) + 1.
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(e) A ≡ (∀x)B(x). Let α be a free variable not occurring in A; then comp(B(α))
= k and, by (IH), there exists a proof π(B(α)) of B(α) ` B(α) from AT s.t.

(III) l(π(B(α)) ≤ 4 ∗ k + 1.

We define π(A) =
(π(B(α)))
B(α) ` B(α)

(∀x)B(x) ` B(α) ∀: l

(∀x)B(x) ` (∀x)B(x) ∀: r

Then

l(π(A)) = l(π(B(α)))+2 ≤(III) 4 ∗ k+3 < 4 ∗ (k+1)+1 = 4 ∗ comp(A)+1.

(f) A ≡ (∃x)B(x). Symmetric to (e). 2

Statman’s proof sequence to be defined in Section 4.3 expresses proofs in
combinatory logic with equality being the only predicate symbol. In formal-
izing a proof in predicate logic with equality we have several choices: (1) we
add appropriate equality axioms to the antecedent of the end-sequents, (2)
we add atomic equality axioms to the leaves of the proofs, and (3) we ex-
tend LK by equational rules. We choose (2) because it is most appropriate
for complexity analysis.1 Alternative (3) would be closer to mathematical
reasoning, but we would have to extend the calculus LK; in Chapter 7 we
will explore alternative (3) as a tool to analyze real mathematical proofs.

Definition 4.1.1 We define an axiom system for equalityAe which contains
the standard axiom set AT and the following axioms:

• (ref) ` s = s for all terms s,

• (symm) s = t ` t = s for all terms s, t,

• (trans) s = t, t = r ` s = r for all terms s, t, r.

• (subst) For all atoms A and sets of positions Λ in A, and for all terms
s, t we add the axioms

s = t, A[s]Λ ` A[t]Λ.

1Note that, in [16] we chose alternative (1).



42 4 COMPLEXITY OF CUT-ELIMINATION

Note that the substitution axioms admit the replacement of the term s
by the term t either everywhere in the atoms, or only on specified places.
(subst) corresponds to the presence of inessential cut in Takeuti’s calculus
LKe [74]. A specific subset of (subst) are the axioms

s = t, A[x]{x← s} ` A[x]{x← t}.

which we also denote by s = t, A(s) ` A(t). 3

For non-atomic formulas A the principle s = t, A(s) ` A(t) is derivable from
Ae by proofs linear in comp(A).

Lemma 4.1.2 Let A(x) be an arbitrary formula (possibly) containing the
free variable x and s, t arbitrary terms. Then there exists a proof λ(A, s, t)
from Ae of s = t, A(s) ` A(t) with only atomic cuts s.t.

l(λ(A, s, t)) ≤ 11 ∗ comp(A) + 1.

Proof: We construct the proofs λ(A, s, t) by induction on comp(A).
(IB) Let A be an atom and s, t arbitrary terms. Then we define

λ(A, s, t) ≡ s = t, A(s) ` A(t).

Indeed, λ(A, s, t) is an axiom in Ae and thus a (cut-free) proof from Ae.
Moreover

l(λ(A, s, t)) = 1 = 11 ∗ comp(A) + 1.

(IH) Assume that for all A with comp(A) ≤ k and for all terms s, t we have
proofs λ(A, s, t) of s = t, A(s) ` A(t) from Ae with only atomic cuts and
l(λ(A, s, t)) ≤ 11 ∗ comp(A) + 1.
Now let A be a formula with comp(A) = k + 1 and s, t be arbitrary terms.
We have to distinguish the following cases:

(a) A ≡ ¬B. Then, by (IH) there exists a proof λ(B, t, s) of t = s,B(t) `
B(s) with only atomic cuts and l(λ(B, t, s)) ≤ 11 ∗ comp(B) + 1.

We define λ(A, s, t) =

symm
s = t ` t = s

(λ(B, t, s))
t = s,B(t) ` B(s)
¬B(s), t = s,B(t) ` ¬: l

B(t),¬B(s), t = s `
p1: l

¬B(s), t = s ` ¬B(t)
¬: r

t = s,¬B(s) ` ¬B(t)
p2: l

s = t,¬B(s) ` ¬B(t)
cut
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Then λ(A, s, t) is a proof from Ae with only atomic cuts and we have

l(λ(A, s, t)) = l(λ(B, t, s))+6 ≤ 11∗ comp(B)+7 < 11∗ comp(A)+1.

(b) A ≡ B ∧ C. Then comp(B) + comp(C) = k and, by (IH), we have
proofs λ(B, s, t), λ(C, s, t) from Ae with at most atomic cuts and

l(B, s, t) ≤ 11 ∗ comp(B) + 1, l(C, s, t) ≤ 11 ∗ comp(C) + 1.

We define λ(A, s, t) =

(λ(B, s, t))
s = t, B(s) ` B(t)

B(s), C(s), s = t ` B(t)
w: l + p: l

(λ(C, s, t))
s = t, C(s) ` C(t)

B(s), C(s), s = t ` C(t)
w: l + p: l

B(s), C(s), s = t ` B(t) ∧ C(t)
∧: r

B(s) ∧ C(s), C(s), s = t ` B(t) ∧ C(t) ∧: l

B(s) ∧C(s), B(s) ∧ C(s), s = t ` B(t) ∧ C(t)
p: l + ∧: l

B(s) ∧ C(s), s = t ` B(t) ∧C(t) c: l

s = t, B(s) ∧ C(s) ` B(t) ∧C(t)
p: l

s = t, (B ∧C)(s) ` (B ∧ C)(t)
(def)

Clearly λ(A, s, t) is a proof from Ae with at most atomic cuts and

l(λ(A, s, t)) = l(λ(B, s, t)) + l(λ(C, s, t)) + 10 ≤
11 ∗ comp(B) + 11 ∗ comp(C) + 12 =

11 ∗ (comp(B) + comp(C) + 1) + 1 = 11 ∗ comp(A) + 1.

(c) A ≡ B ∨ C: symmetric to (b).

(d) A ≡ B → C. Then comp(B) + comp(C) = k and, by (IH), we have
proofs λ(B, t, s), λ(C, s, t) from Ae with at most atomic cuts and

l(λ(B, t, s)) ≤ 11 ∗ comp(B) + 1, l(λ(C, s, t)) ≤ 11 ∗ comp(C) + 1.

We define λ(A, s, t) =

symm
s = t ` t = s

(λ(B, t, s))
t = s,B(t) ` B(s)

(λ(C, s, t))
s = t, C(s) ` C(t)
C(s), s = t ` C(t)

p: l

B(s)→ C(s), t = s,B(t), s = t ` C(t) →: l

t = s, s = t, B(s)→ C(s) ` B(t)→ C(t)
p: l+→: r

s = t, s = t, B(s)→ C(s) ` B(t)→ C(t)
cut

s = t, B(s)→ C(s) ` B(t)→ C(t) c: l

s = t, (B → C)(s) ` (B → C)(t)
(def)
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Then λ(A, s, t) is a proof from Ae with at most atomic cuts and

l(λ(A, s, t)) = l(λ(B, t, s)) + l(λ(C, s, t)) + 7 ≤
11 ∗ comp(B) + 11 ∗ comp(C) + 9 <

11 ∗ (comp(B) + comp(C) + 1) + 1 = 11 ∗ comp(A) + 1.

(e) A ≡ (∀x)B(x). Let A ≡ A(α). Then (∀x)B(x) ≡ (∀x)B(α, x). Let
β be a free variable not occurring in A(s), A(t). Then, by (IH), there
exists a proof λ(B(α, β), s, t) of s = t, B(s, β) ` B(t, β) from Ae with
at most atomic cuts and l(λ(B(α, β), s, t)) ≤ 11 ∗ comp(B(α, β)) + 1.
Note that comp(B(α, β)) = comp(B(α, x)) = k.

We define λ(A, s, t) =

(λ(B(α, β), s, t))
s = t, B(s, β) ` B(t, β)

s = t, (∀x)B(s, x) ` B(t, β)
p: l + ∀: l + p: l

s = t, (∀x)B(s, x) ` (∀x)B(t, x) ∀: r

s = t, ((∀x)B(α, x))(s) ` ((∀x)B(α, x))(t)
(def)

Clearly λ(A, s, t) is a proof from Ae with at most atomic cuts and

l(λ(A, s, t)) = l(λ(B(α, β), s, t)) + 4 ≤
11 ∗ comp(B(α, β)) + 5 < 11 ∗ comp(A) + 1.

(f) A ≡ (∃x)B(x): symmetric to (e). 2

4.2 Proof Complexity and Herbrand Complexity

The content of the area of proof complexity in propositional logic is the anal-
ysis of recursive relations between formulas and their proofs. As first-order
logic is undecidable there exists no recursive bound on the lengths of proofs.
Therefore, in predicate logic another measure which is independent of the
calculus is needed, which can be used as reference measure to compare proof
theoretic transformations. The most natural measure for the complexity of
formulas of sequents comes from Herbrand’s theorem, namely the minimal
size of a Herbrand disjunction (or more general of a Herbrand sequent).
This minimal size (the so-called Herbrand complexity) can be considered as
a kind of logical length of a first-order formula to which proof complexities
of various calculi can be related (see [15, 16]).
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Definition 4.2.1 Let S:A1, . . . , An ` B1, . . . , Bm be a weakly quantified
sequent. Let A−i , B

−
j be the formulas Ai, Bj after omission of the quantifier

occurrences. For every i, j let ~Ai, ~Bj be sequences of instances of A−i and
B−
j , respectively. Then any permutation of the sequent

S′: ~A1, . . . , ~An ` ~B1, . . . , ~Bm

is called an instantiation sequent of S. 3

Example 4.2.1 Let S = P (a), (∀x)(P (x) → P (f(x))) ` (∃y)P (f(f(y))).
Then

S′:P (a), P (a)→ P (f(a)) ` P (f(f(x))), P (f(f(a)))

is an instantiation sequent of S. 3

Definition 4.2.2 Let A be an axiom set ( see Definition 3.2.1). A sequent
S is called A-valid if A |= S. 3

Definition 4.2.3 (Herbrand sequent) Let A be an axiom set and let S
be a weakly quantified A-valid sequent. An instantiation sequent S′ of S
is called an A-Herbrand sequent of S if S′ is A-valid. If A is the standard
axiom set then S′ is called a Herbrand sequent of S. 3

Example 4.2.2 Let S = P (a), (∀x)(P (x) → P (f(x))) ` (∃y)P (f(f(y)))
be as in Example 4.2.1. Then

S′:P (a), P (a)→ P (f(a)) ` P (f(f(x))), P (f(f(a)))

is an instantiation sequent of S, but not a Herbrand sequent of S.

S′:P (a), P (a)→ P (f(a)), P (f(a))→ P (f(f(a))) ` P (f(f(a)))

is a Herbrand sequent of S. 3

Example 4.2.3 Let T be the set of all terms, A = Ae ∪ {e ◦ t = t | t ∈ T }
(for Ae see Definition 4.1.1), and

S = P (a), (∀x)(P (x)→ P (f(x))) ` P (f(e ◦ f(a))).

S is A-valid, but not valid (so there is no Herbrand-sequent of S). But

S′:P (a), P (a)→ P (f(a)), P (f(a))→ P (f(f(a))) ` P (f(e ◦ f(a)))

is an A-Herbrand sequent of S. 3
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As a consequence of Herbrand’s theorem [44] every valid weakly quantified
sequent has a Herbrand sequent. A semantic proof of this theorem requires
König’s lemma and thus a weak form of the axiom of choice. The com-
pleteness proofs in automated deduction are based on this semantic proof.
However, there exists a constructive method to obtain Herbrand sequents S′

from LK-proofs ϕ of S, provided the cut formulas in ϕ are quantifier-free.
These Herbrand sequents can be directly obtained from proofs of arbitrary
weakly quantified sequents; see [16] and for more efficient algorithms [79].
To simplify the construction of Herbrand sequents we restrict it to prenex
sequents only.

Definition 4.2.4 A sequent S:A1, . . . , An ` B1, . . . , Bm is called prenex if
all Ai, Bj are prenex formulas. 3

Remark: If S is prenex and weakly quantified then the Ai are universal
prenex forms and the Bj are existential prenex forms. 3

In his famous paper [38] G. Gentzen proved the so-called midsequent theorem
which yields a construction method for Herbrand sequents S′ of S from cut-
free proofs of S. Here we are not interested in specific normal forms of proofs
but only in the Herbrand sequent itself; for this reason we define another
more direct method for its construction (see also [79]).

Definition 4.2.5 Let ϕ be a proof of a prenex weakly quantified sequent S
and let A be a formula occurring at position µ in S. If A contains quantifiers
we define q(ϕ, µ) as a sequence of all ancestorsB ofA in ϕ s.t. B is quantifier-
free and is the auxiliary formula of a quantifier inference (i.e. we locate
the “maximal” non-quantified ancestors of A in ϕ). If such an ancestor B
does not exist (some quantified ancestors might have been introduced by
weakening) we define q(ϕ, µ) as the empty sequence. If A is quantifier-free
we define q(ϕ, µ) = A. 3

Definition 4.2.6 Let ϕ be a proof of a prenex weakly quantified sequent
S for S = A1, . . . , An ` B1, . . . , Bm, where the µi are the occurrences of Ai
and νj the occurrences of Bj in S. We define

S?(ϕ) = q(ϕ, µ1), . . . , q(ϕ, µn) ` q(ϕ, ν1), . . . , q(ϕ, νn).

From S?(ϕ) we construct an instantiation sequent H?(ϕ) by deleting dou-
ble occurrences of formulas in S?(ϕ) and then by ordering the remaining
formulas on both sides of the sequent lexicographically. Note that, by Defi-
nition 4.2.1, H?(ϕ) is indeed an instantiation sequent of S. 3
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Example 4.2.4 We give a proof ϕ ∈ ΦA
0 of S defined in Example 4.2.3 and

extract H?(ϕ) from ϕ.
Let ϕ =

P (a) ` P (a)

P (f(a)) ` P (f(a))
(ψ)

P (f(f(a))) ` P (f(e ◦ f(a)))
P (f(a))→ P (f(f(a))), P (f(a)) ` P (f(e ◦ f(a))) →: l

(∀x)(P (x)→ P (f(x))), P (f(a)) ` P (f(e ◦ f(a))) ∀: l

P (f(a)), (∀x)(P (x)→ P (f(x))) ` P (f(e ◦ f(a)))
p: l

P (a)→ P (f(a)), (∀x)(P (x)→ P (f(x))), P (a) ` P (f(e ◦ f(a))) →: l

(∀x)(P (x)→ P (f(x))), (∀x)(P (x)→ P (f(x))), P (a) ` P (f(e ◦ f(a))) ∀: l

(∀x)(P (x)→ P (f(x))), P (a) ` P (f(e ◦ f(a))) c: l

P (a), (∀x)(P (x)→ P (f(x))) ` P (f(e ◦ f(a)))
p: l

and ψ =

(ψ1)
` f(f(a)) = f(e ◦ f(a)) f(f(a)) = f(e ◦ f(a)), P (f(f(a))) ` P (f(e ◦ f(a)))

P (f(f(a))) ` P (f(e ◦ f(a)))
cut

ψ1 =

` f(a) = e ◦ f(a)
(ψ1,1)

f(a) = e ◦ f(a) ` f(f(a)) = f(e ◦ f(a))
` f(f(a)) = f(e ◦ f(a))

cut

ψ1,1 =

` f(f(a)) = f(f(a))

f(a) = e ◦ f(a), f(f(a)) = f(f(a)) ` f(f(a)) = f(e ◦ f(a))

f(f(a)) = f(f(a)), f(a) = e ◦ f(a) ` f(f(a)) = f(e ◦ f(a))
p: l

f(a) = e ◦ f(a) ` f(f(a)) = f(e ◦ f(a))
cut

We get

q(ϕ, µ1) = P (a),
q(ϕ, µ2) = P (a)→ P (f(a)), P (f(a))→ P (f(f(a))),
q(ϕ, ν1) = P (f(e ◦ f(a)))
S?(ϕ) = H?(ϕ) =

P (a), P (a)→ P (f(a)), P (f(a))→ P (f(f(a))) ` P (f(e ◦ f(a))).

3

The following theorem shows that the size of Herbrand sequents define a
lower bound for the size of cut-free proofs.
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Theorem 4.2.1 Let A be an axiom set and ϕ ∈ ΦA
0 be a proof of a prenex

weakly quantified sequent S. Then (1) H?(ϕ) is an A-Herbrand sequent of
S and
(2) ‖H?(ϕ)‖ ≤ ‖ϕ‖.

Proof: We prove (1) by induction on l(ϕ).

l(ϕ) = 1. Then the proof consists only of the root labeled by an axiom S
in A. By Definition 4.2.6 H?(ϕ) is constructed from S by omitting multiple
occurrences and then by ordering. So we have

S
H?(ϕ) s

∗

As S is (trivially) A-valid and the structural rules are sound H?(ϕ) is A-
valid, too.

(IH) Assume that the theorem holds for all proofs ϕ with l(ϕ) ≤ n.

Now let ϕ ∈ ΦA
0 and l(ϕ) = n+ 1. We distinguish several cases:

• The last inference in ϕ is a unary structural rule ξ. Then ϕ is of the
form

(ϕ′)
Γ ` ∆
Γ′ ` ∆′ ξ

Then, by (IH), H?(ϕ′) is an A-Herbrand sequent of Γ ` ∆ and thus is
A-valid. If ξ is a contraction- or a permutation rule then, by definition
of H?(ϕ), we have H?(ϕ) = H?(ϕ′) and so H?(ϕ) is A-valid. If ξ is a
weakening rule there are two cases: (1) the main formula A (occurring
on the position µ) is quantified; in this case q(ϕ, µ) = ∅ and H?(ϕ) =
H?(ϕ′). If A is not quantified thenH?(ϕ) can be obtained fromH?(ϕ′)
by weakening, contractions and permutations (which are all sound
rules); so H?(ϕ) is A-valid too.

• The last inference in ϕ is a unary propositional rule. We consider only
the rule ∨: r1; the proof for the other rules ∨: r2, ∧: l1, ∧: l2, ¬: l and
¬: r is completely analogous.

So ϕ is of the form
(ϕ′)

Γ ` ∆, (A)ν′
Γ ` ∆, (A ∨B)ν

∨: r1

As Γ ` ∆, A∨B is a prenex sequent A and A∨B must be quantifier-
free(!); therefore q(ϕ′, ν′) = A and q(ϕ, ν) = A ∨ B. Now let Γ∗ `
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∆∗, A be a permutation variant of H?(ϕ′); then Γ∗ ` ∆∗, A ∨ B is a
permutation variant of H?(ϕ). So we can obtain H?(ϕ) from H?(ϕ′)
by the following derivation:

H?(ϕ′)
Γ∗ ` ∆∗, A

s∗

Γ∗ ` ∆∗, A ∨B
∨: r1

H?(ϕ) s∗

All rules in the derivation above are sound. By (IH) H?(ϕ′) is A-valid
and so H?(ϕ) is A-valid, too.

• The last rule in ϕ is a quantifier rule (it must be either ∃: r or ∀: l as
S is weakly quantified). We only consider the case ∃: r, the proof for
∀: l is completely analogous. Hence ϕ is of the form

(ϕ′)
Γ ` ∆, (A{x← t})ν′

Γ ` ∆, ((∃x)A)ν
∃: r

By definition of q we have q(ϕ, ν) = q(ϕ′, ν′), and so H?(ϕ) = H?(ϕ′).
That H?(ϕ) is a Herbrand sequent thus follows immediately from the
induction hypothesis.

• The last rule is a binary logical rule. We only consider ∧: r, the cases
∨: l and →: l are analogous. So ϕ is of the form

(ϕ1)
Γ ` ∆, (A)ν1

(ϕ2)
Γ ` ∆, (B)ν2

Γ ` ∆, (A ∧B)ν
∧: r

As the end-sequent is prenex the formulas A and B do not contain
quantifiers. So q(ϕ1, ν1) = A, q(ϕ2, ν2) = B and q(ϕ, ν) = A∧B. Now
consider the sequents H?(ϕ1) and H?(ϕ2); H?(ϕ1) is a permutation
variant of a sequent Γ1 ` ∆1, A, H?(ϕ1) is a permutation variant of
a sequent Γ2 ` ∆2, B (note that, in general, Γ1, Γ2 and ∆1,∆2 are
different from each other). Therefore H?(ϕ) can be obtained by the
following derivation:

H?(ϕ1)
Γ1,Γ2 ` ∆1,∆2, A

s∗
H?(ϕ2)

Γ1,Γ2 ` ∆1,∆2, B
s∗

Γ1,Γ2 ` ∆1,∆2, A ∧B
∧: r

H?(ϕ) s∗
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By (IH) H?(ϕ1) and H?(ϕ2) are valid in A. As all rules in the deriva-
tion above are sound H?(ϕ) is valid in A.

• The last rule of ϕ is an atomic cut and ϕ is of the form

(ϕ1)
Γ ` ∆, A

(ϕ2)
A,Π ` Λ

Γ,Π ` ∆,Λ cut

AsA is atomic and thus quantifier-freeH?(ϕ1) is a permutation variant
of a sequent Γ∗ ` ∆∗, A and H?(ϕ2) a permutation variant of a sequent
A,Π∗ ` Λ∗. By definition of H?, H?(ϕ) is a structural variant of
Γ∗,Π∗ ` ∆∗,Λ∗. Therefore, H?(ϕ) can be obtained from H?(ϕ1) and
H?(ϕ2) as follows:

H?(ϕ1)
Γ∗ ` ∆∗, A

s∗
H?(ϕ2)

A,Π∗ ` Λ∗ s
∗

Γ∗,Π∗ ` ∆∗,Λ∗ cut

H?(ϕ) s∗

By (IH) H?(ϕ1),H?(ϕ2) are valid in A; as all rules in the derivation
above are sound H?(ϕ) is valid in A.

This concludes the proof of (1).
(2) is easy to show: by definition H?(ϕ) contains only formulas which also
appear in ϕ; for each occurrence of a formula A in H? there are one or more
occurrences of this formula in ϕ. Therefore ‖H?(ϕ)‖ ≤ ‖ϕ‖. 2

Definition 4.2.7 (Herbrand complexity) Let S be a weakly quantified
sequent which is valid in A. Then we define

HCA(S) = min{‖S∗‖ | S∗ is an A-Herbrand sequent of S}.

If S is not valid in A then HCA(S) is undefined. HCA(S) is called the A-
Herbrand complexity of S. If A is the standard axiom set then we write HC
instead of HCA and call HC(S) the Herbrand complexity of S. 3

Definition 4.2.8 (proof complexity) Let S be an arbitrary sequent and
A be an axiom set. We define

PCA(S) = min{‖ϕ‖ | ϕ ∈ ΦA and ϕ proves S}.

PCA(S) is called the proof complexity of S w.r.t. A.
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Let

PCA
0 (S) = min{‖ϕ‖ | ϕ ∈ ΦA

0 and ϕ proves S},
PCA

∅ (S) = min{‖ϕ‖ | ϕ ∈ ΦA
∅ and ϕ proves S}.

Then PCA
0 (S) (PCA

∅ ) denotes the proof complexity of S w.r.t. A if only
atomic cuts (no cuts at all) are admitted. If A is the standard axiom set we
write PC,PC0 and PC∅. 3

Note that the proof complexity does not just depend on the number of nodes
in the proof tree but on the symbol occurrences.

Proposition 4.2.1 For every sequent S and every axiom set we have
PCA(S) ≤ PCA

0 (S) ≤ PCA
∅ .

Proof: trivial. 2

Herbrand complexity defines a lower bound for proof complexity if only
cut-free proofs or proofs with at most atomic cuts are considered:

Theorem 4.2.2 Let S be a prenex weakly quantified sequent and A be an
axiom set. Then HCA(S) ≤ PCA

0 (S).

Proof: Let ϕ ∈ ΦA
0 be a proof of S. By Theorem 4.2.1 (2) we know

‖H?(ϕ)‖ ≤ ‖ϕ‖.

But

HCA(S) ≤ min{‖H?(ϕ)‖ | ϕ ∈ ΦA
0 } ≤ min{‖ϕ‖ | ϕ ∈ ΦA

0 , ϕ proves S}.

By definition of PCA
0 we thus obtain HCA(S) ≤ PCA

0 (S). 2

4.3 The Proof Sequence of R. Statman

Definition 4.3.1 Let e : IN2 → IN be the following function

e(0,m) = m

e(n+ 1,m) = 2e(n,m).

A function f : INk → INm for k,m ≥ 1 is called elementary if there exists
an n ∈ IN and a Turing machine T computing f s.t. the computing time
of T on input (l1, . . . , lk) is less than or equal to e(n, |(l1, . . . , lk)|) where | |
denotes the maximum norm on INk (see also [28]).
The function s : IN→ IN is defined as s(n) = e(n, 1) for n ∈ IN.
A function which is not elementary is called nonelementary. 3
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Remark: Note that the functions s and e are nonelementary. In general,
any function f which grows “too fast”, i.e. for which there exists no number
k s.t.

f(n) ≤ e(k, n),

is nonelementary. 3

In [72] R. Statman proved that there exists a sequence of short proofs γn of
sentences An s.t. the Herbrand complexity of An is inherently nonelemen-
tary in the length of the γn; in fact Statman did not explicitly address a
specific formal calculus, leaving the formalization of the proof sequence to
the reader. Independently V. Orevkov [67] proved the nonelementary com-
plexity of cut-elimination for function-free predicate logic without equality.
The proof sequences of Statman and Orevkov are different, but both encode
the principle of iterated exponentiation best described by P. Pudlak in [68].
We decided to choose Statman’s sequence for our complexity analysis of
cut-elimination methods, though Orevkov’s or Pudlak’s sequence would be
equally appropriate.
We first give a “mathematical” (or informal) description of Statman’s proof
sequence:

We have two basic axioms:

(Ax): (∀x)px = p(qx),
(AxT ): (∀x)(∀y)Txy = x(xy).

where T is a constant symbol defining the exponential combinator and p, q
are arbitrary constant symbols. As usual in combinatory logic we write stw
for (st)w. Formally we need a binary function symbol g and g(g(T, x), y) to
denote the term Txy. As g is not associative terms must be denoted with
care. For all terms s, t we define

s1t = st, sn+1t = s(snt).

So, e.g., x3y = x(x(xy)).
We first show that T is indeed the exponential combinator:

Proposition 4.3.1 Let x, y be variables. Then, for all i ≥ 1, Tixy = x2i
y.

Proof: By induction on i.
i = 1: immediately by definition of T and by x2y = x(xy).
(IH) Assume that Tixy = x2i

y for some i ≥ 1.
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Then

Ti+1xy = T(Tix)y =(AxT ) (Tix)(Tixy) =(IH) x
2i

(x2i
y) = x2i+1

y. 2

The iteration of the exponential operator T is defined as

T1 = T, Tn+1 = TnT.

Proposition 4.3.2 Let x, y be variables. Then Tnxy = xs(n)y for s in
Definition 4.3.1.

Proof: By induction on n.

(IB)T1xy = Txy = x2y = xs(1)y.

(IH) Assume Tnxy = xs(n)y. Then

Tn+1xy = TnTxy =(IH) Ts(n)xy.

By Proposition 4.3.1 we have

Ts(n)xy = x2s(n)
y = xs(n+1)y. 2

Now we prove the equation pq = p(Tnq) for some constants p, q. It is easy
to show that, for all k, pq = p(qkq). For k = 1 this follows directly from
(Ax). Assume that pq = p(qkq) is already derived; from (Ax) we obtain

p(qkq) = p(q(qkq)), p(q(qkq)) = p(qk+1q),

and, by transitivity of =, pq = p(qk+1q). This way we can derive pq =
p(qs(n)q) (in s(n) steps). By Proposition 4.3.2 we know that Tnqq = qs(n)q,
and so we obtain

En: pq = Tnqq

by using equational inference on the axioms Ax and AxT . This proof is
very simple, but also very long; indeed, we need more than s(n) equational
inferences to obtain the result. The following short proof of En from the
axioms Ax,AxT using lemmas is described in [72]. We define the sets

H1 = {y | for all x: px = p(yx)},
Hi+1 = {y | for all x in Hi: yx ∈ Hi}.

We show first that T ∈ Hi for i ≥ 2.
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Assume that y ∈ H1. Then px = p(yx) and p(yx) = p(y(yx)). So, by
transitivity and (AxT ), px = p(Tyx) for all x. In particular we obtain: for
all y ∈ H1 also Ty ∈ H1. By definition of H2 we obtain T ∈ H2.

Now let i ≥ 2 and assume z ∈ Hi. Then, by definition of Hi, for all
x ∈ Hi−1: zx ∈ Hi−1. So also z(zx) ∈ Hi−1, or Tzx ∈ Hi−1. This holds for
all x and therefore Tz ∈ Hi. We obtain

For all z ∈ Hi: Tz ∈ Hi.

By definition of Hi+1 we obtain T ∈ Hi+1.

So we have shown T ∈ Hi for i ≥ 2. In particular we get T ∈ Hn+1. Now
we prove that

(+) Ti ∈ Hn+2−i for 1 ≤ i ≤ n.

For i = 1 we already obtained the desired result. Assume now that Ti ∈
Hn+2−i for i < n. By definition of Hn+2−i this means

For all x ∈ Hn+1−i: Tix ∈ Hn+1−i.

But as T ∈ Hn+1−i we also get Ti+1 ∈ Hn+1−i, or Ti+1 ∈ Hn+2−(i+1). This
proves (+).

In particular (+) yields Tn ∈ H2. But Tn ∈ H2 means that, for all x ∈ H1,

(?) Tnx ∈ H1.

By (Ax) we get q ∈ H1, and (?) yields Tnq ∈ H1, which – by definition of
H1 – means

(∀x)px = p((Tnq)x.

We obtain En: pq = p(Tnq)q just by instantiation. This proof is much
shorter than the former one, but at the same time more complex. In fact
it uses the sets Hi and properties of the Hi as lemmas. Indeed, the first
one corresponds to a cut-free LK-proof (strictly speaking an LK-proof with
only atomic cuts), while the latter one heavily uses cut. The proof with cuts
is also less “explicit” as the term Tnq is not evaluated in the proof.

Definition 4.3.2 We formalize the informal proof sequence defined above
by the following sequence of LK-proofs γn from the axiom set Ae:
The end-sequents of γn (for n ≥ 1) are of the form

Sn: AxT , (∀x1)px1 = p(qx1) ` pq = p((Tnq)q),
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where
T1 ≡ T, Tn+1 ≡ TnT,
AxT = (∀y)(∀x)Tyx = y(yx).

Note that Tyx stands for (Ty)x.

For the cut formulas we need representations of the sets Hi defined above.
For i ≥ 1 we define

H1(y1) ≡ (∀x1)px1 = p(y1x1),
Hi+1(yi+1) ≡ (∀xi+1)(Hi(xi+1)→ Hi(yi+1xi+1)) for i ≥ 1.

We define γn for n ≥ 1 as

δn

AxT ` H2(Tn)
(ϕ1)

H2(Tn), H1(q) ` H1(Tnq)

AxT , H1(q) ` H1(Tnq)
cut

pq = p((Tnq)q) ` pq = p((Tnq)q)

H1(Tnq) ` pq = p((Tnq)q)
∀: l

AxT , H1(q) ` pq = p((Tnq)q)
cut

Note that, by definition of H1, H1(q) ≡ (∀x1)px1 = p(qx1).

We have to define the proof sequences δi and ϕi:
δ1 = ψn+1.
For 1 ≤ i < n we define δi+1 =

(δi)
AxT ` Hn−i+2(Ti)

(ψn−i+1)
AxT ` Hn−i+1(T)

(ϕi+1)
Hn−i+1(T), Hn−i+2(Ti) ` Hn−i+1(Ti+1)

AxT , Hn−i+2(Ti) ` Hn−i+1(Ti+1)
cut

AxT ,AxT ` Hn−i+1(Ti+1)
p+ cut

AxT ` Hn−i+1(Ti+1)
c: l

where the proofs ψj and ϕj will be defined below.

ϕ1 =
(π(H1(q)))

H1(q) ` H1(q)
(π(H1(Tnq)))

H1(Tnq) ` H1(Tnq)
H1(q)→ H1(Tnq),H1(q) ` H1(Tnq)

→: l

(∀x2)(H1(x2)→ H1(Tnx2)),H1(q) ` H1(Tnq)
∀: l

H2(Tn),H1(q) ` H1(Tnq)
(def)

where the π(A) are defined in Lemma 4.1.1

For 1 ≤ i < n we define
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ϕi+1 =

(π(Hn−i+1(T)))

Hn−i+1(T) ` Hn−i+1(T)

(π(Hn−i+1(Ti+1)))

Hn−i+1(Ti+1) ` Hn−i+1(Ti+1)

Hn−i+1(T) → Hn−i+1(Ti+1), Hn−i+1(T) ` Hn−i+1(Ti+1)
→: l

(∀xn−i+2)(Hn−i+1(xn−i+2) → Hn−i+1(Tixn−i+2)), Hn−i+1(T) ` Hn−i+1(Ti+1)
∀: l

Hn−i+2(Ti), Hn−i+1(T) ` Hn−i+1(Ti+1)
(def)

Hn−i+1(T), Hn−i+2(Ti) ` Hn−i+1(Ti+1)
p: l

It remains to define the proofs ψi for 2 ≤ i ≤ n:

ψ2 =
(ψ′2)

AxT , (∀x1)px1 = p(βx1) ` (∀x1)px1 = p((Tβ)x1)
AxT ,H1(β) ` H1(Tβ)

(def)

AxT ` H1(β)→ H1(Tβ)
→: r

AxT ` (∀x2)(H1(x2)→ H1(Tx2))
∀: r

AxT ` H2(T)
(def)

where ψ′2 =

(ψ
′′

2 )
Tβα = β(βα), pα = p(βα), p(βα) = p(β(βα)) ` pα = p((Tβ)α)
Tβα = β(βα), pα = p(βα), (∀x1)px1 = p(βx1) ` pα = p((Tβ)α)

∀: l + p

Tβα = β(βα), (∀x1)px1 = p(βx1), (∀x1)px1 = p(βx1) ` pα = p((Tβ)α)
∀: l + p

Tβα = β(βα), (∀x1)px1 = p(βx1) ` pα = p((Tβ)α)
c: l + p

(∀x)Tβx = β(βx), (∀x1)px1 = p(βx1) ` pα = p((Tβ)α) ∀: l

(∀y)(∀x)Tyx = y(yx), (∀x1)px1 = p(βx1) ` pα = p((Tβ)α)
∀: l

(∀y)(∀x)Tyx = y(yx), (∀x1)px1 = p(βx1) ` (∀x1)px1 = p((Tβ)x1)
∀: r

AxT , (∀x1)px1 = p(βx1) ` (∀x1)px1 = p((Tβ)x1)
(def)

and ψ
′′
2 =

((trans))
pα = p(βα), p(βα) = p(β(βα)) ` pα = p(β(βα)) ψ

(3)
2

Tβα = β(βα), pα = p(βα), p(βα) = p(β(βα)) ` pα = p((Tβ)α)
cut + p

and ψ(3)
2 =

(symm)
Tβα = β(βα) ` β(βα) = Tβα

(ψ
(4)
2 )

β(βα) = Tβα, pα = p(β(βα)) ` pα = p((Tβ)α)

pα = p(β(βα)),Tβα = β(βα) ` pα = p(Tβα)
cut
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ψ
(4)
2 =

ρ(β(βα),Tβα, p)
β(βα) = Tβα ` p(β(βα)) = p((Tβ)α) ψ

(5)
2

β(βα) = Tβα, pα = p(β(βα)) ` pα = p((Tβ)α)
cut

where ρ(s, t, p) =

ref
` ps = ps

subst
ps = ps, s = t ` ps = pt

p: l

s = t ` ps = pt
cut

and ψ(5)
2 =

trans
p(β(βα)) = p((Tβ)α), pα = p(β(βα)) ` pα = p((Tβ)α)

p: l

Now let us assume that ψi is already defined. Then we set
ψi+1 =

(ψ′i+1)
AxT ,Hi(β) ` Hi(Tβ)

AxT ` Hi(β)→ Hi(Tβ)
→: r

AxT ` (∀xi+1)(Hi(xi+1)→ Hi(Txi+1))
∀: r

AxT ` Hi+1(T)
(def)

where ψ′i+1 =

τ(Hi−1, (Tβ)α, β(βα), α, βα)
Hi−1(α),Tαβ = β(βα), Hi−1(α)→ Hi−1(βα), Hi−1(βα)→ Hi−1(β(βα)) ` Hi−1((Tβ)α)

Hi−1(α),Tαβ = β(βα), Hi−1(α)→ Hi−1(βα), Hi(β) ` Hi−1((Tβ)α)
∗

Hi−1(α),Tαβ = β(βα), Hi(β), Hi(β) ` Hi−1((Tβ)α)
∀: l+ p∗

Hi−1(α),Tαβ = β(βα), Hi(β) ` Hi−1((Tβ)α)
c: l+ p∗

Tαβ = β(βα), Hi(β) ` Hi−1(α)→ Hi−1((Tβ)α)
→: r

(∀y)(∀x)Tyx = y(yx), Hi(β) ` Hi−1(α)→ Hi−1((Tβ)α)
∀: l 2×

(∀y)(∀x)Tyx = y(yx), Hi(β) ` (∀xi)(Hi−1(xi)→ Hi−1((Tβ)xi))
∀: r

AxT , Hi(β) ` Hi(Tβ)
(def)

for τ(A, t, w, s1, s2) =

π(A(s1))
A(s1) ` A(s1)

α(A(s2))
A(s2) ` A(s2)

π(A(w))
A(w) ` A(w)

A(s2), A(s2)→ A(w) ` A(w)
→: l + p∗

A(s1), A(s1)→ A(s2), A(s2)→ A(w) ` A(w)
→: l + p∗

η

t = w,A(s1), A(s1)→ A(s2), A(s2)→ A(w) ` A(t)
cut + p∗
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for η =
(symm)

t = w ` w = t
λ(A,w, t)

w = t, A(w) ` A(t)
t = w,A(w) ` A(t)

cut

where the proofs π( ) are defined in Lemma 4.1.1 and λ( ) in Lemma 4.1.2.
3

Proposition 4.3.3 Let (γn)n∈IN be the sequence of proofs defined in Def-
inition 4.3.2. Then there exists a constant m s.t. ‖γn‖ ≤ 22∗n+m for all
n ≥ 1.

Proof: We first show that there exists a constant k s.t. for all n ≥ 1

l(γn) ≤ 2n+k.

The lengths of the proofs γn depend on the complexity of the formulas Hi

which appear as cuts in the proofs (note that the axioms are atomic). By
definition of the formulas Hi we have:

comp(H1) = 1,
comp(Hi+1) = 2 ∗ comp(Hi) + 2 for i ≥ 1.

In particular we get comp(Hi) < 2i+1 for all i ≥ 1
For the length of the sequence γn we get

l(γn) = l(δn) + l(ϕn) + 4.

where (by the Lemmas 4.1.1 and 4.1.2)

l(δ1) = l(ψn+1),

l(δi+1) = l(δi) + l(ψn−i+1) + l(ϕi+1) + 4,

l(ϕn) = 3 + 2 ∗ l(π(H1(q))) ≤ 3 + 2 ∗ (4 ∗ comp(H1(q)) + 1) = 13,

l(ϕi+1) = 4 + 2 ∗ π(Hn−i+1(T)) ≤
4 + 2 ∗ (4 ∗ comp(Hn−i+1(T) + 1)) < 2n−i+8.

l(ψ2) = s for some constant s,

l(ψi+1) = 2 + l(ψ′i+1) = 12 + l(τ(Hi−1,Tzα, z(zα), α, zα)) ≤
k1 + 2 ∗ l(π(Hi−1(α)) + l(λ(Hi−1, w, t)) ≤
k1 + 2 ∗ (4 ∗ comp(Hi−1(α)) + 1) + 11 ∗ comp(Hi−1) + 1 ≤
2i+k2 for constants k1, k2.
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Therefore
l(δi+1) ≤ l(δi) + 2n−i+k2 + 2n−i+8 + 4.

A solution of this recursive inequality is l(δn) ≤ 2n+k3 for a constant k3.
Putting things together we can define a constant k s.t.

l(γn) < 2n+k.

Moreover all sequents in the proofs γn contain at most 5 formulas; the logical
complexity of all formulas in γn is < 2n+2, and the maximal number of term
occurrences in atoms is ≤ r ∗ n for some constant r. Therefore there exists
a constant m s.t.

‖γn‖ ≤ 2n+k ∗ 5 ∗ 2n+2 ∗ r ∗ n ≤ 22∗n+m. 2

The following theorem shows that there exists no elementary bound on the
Herbrand complexity (w.r.t. Ae) of the Sn in terms of ‖γn‖. Therefore, the
Herbrand complexity of the Sn grows nonelementarily in the lengths of the
shortest proofs of the Sn.

Proposition 4.3.4 Let (Sn)n∈IN be the sequence of end-sequents of the proofs
γn defined in Definition 4.3.2. Then there exists a constant k s.t. for all
n ≥ 1: HCAe(Sn) >

1
ks(n).

Proof: In [72] R. Statman proved that the Herbrand complexity of the proof
sequence is greater than 1

2s(n). But our presentation differs from that in [72];
we introduced T as a new constant, while T is defined in [72] as T ≡
(SB)(CBI), where the standard combinators S,B,C are defined by the
formulas:

(S) (∀x)(∀y)(∀z)Sxyz = xz(yz),
(B) (∀x)(∀y)(∀z)Bxyx = x(yz),
(C) (∀x)(∀y)(∀z)Cxyz = xzy.

Now let S∗n be the sequent

(S), (B), (C),Ax ` pq = p((((SB)(CBI))nq)q).

From Statman’s result we know that HCAe(S
∗
n) >

1
2s(n). Let S be an Ae-

Herbrand sequent of Sn. We construct an Ae-Herbrand sequent S∗ of S∗n
s.t.

‖S∗‖ ≤ m‖S‖.
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for a constant m independent of n.
To this aim we replace all occurrences of terms Trs in S by the terms
(SB)((CB)I)rs. Afterwards, we add the equations

(SB)(CBI)r = (Br)(CBIr),
(Br)(CBIr)s = r(CBIrs),

CBIr = BrI

BrIs = r(Is),
Is = s

to the left hand side of the sequent. We thus obtain a sequent S∗ which is
indeed an instance sequent of S∗n. As S is equationally valid, S∗ is too, thus
S∗ is an Ae-Herbrand sequent of S∗n. Moreover the size of the whole sequent
is multiplied at most by a constant k, and so

‖S∗‖ ≤ k‖S‖.

But then
1
2
s(n) < HCAe(S

∗
n) ≤ ‖S∗‖ ≤ k‖S‖ and

By choosing m = 2 ∗ k we obtain

1
m
s(n) < HCAe(Sn). 2

Definition 4.3.3 Let x̄: (xn)n∈IN and ȳ: (yn)n∈IN be sequences of natural
numbers. We call x̄ elementary in ȳ if there exists a k ∈ IN s.t.

xn ≤ e(k, yn)

for all n ∈ IN. Otherwise we call x̄ nonelementary in ȳ. 3

Theorem 4.3.1 The sequence (HCAe(Sn))n∈IN is nonelementary in
(PCAe(Sn))n∈IN.

Proof: By Proposition 4.3.4 there exists a constant m s.t.

s(n)
m

< HCAe(Sn)

for n ≥ 1. Proposition 4.3.3 gives us

PCAe(Sn) ≤ 22∗n+k
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for a constant k independent of n.
Now let k ∈ IN. Then there exists a number r s.t.

e(k,PCAe(Sn)) < e(k + r, n) for all n.

But e(k + r, n) < s(n)
m almost everywhere. Putting things together we find:

for all k ∈ IN there exists a constant M s.t. for all n ≥M :

e(k,PCAe(Sn)) < HCAe(Sn);

but this means that (HCAe(Sn))n∈IN is nonelementary in (PCAe(Sn))n∈IN.
2

Corollary 4.3.1 The elimination of cuts on the sequence (Sn)n∈IN is nonele-
mentary, i.e. (PCAe

0 (Sn))n∈IN is nonelementary in (PCAe(Sn))n∈IN.

Proof: By Theorem 4.3.1 and HCAe(Sn) ≤ PCAe
0 (Sn), which follows from

Theorem 4.2.2. 2





Chapter 5

Reduction and Elimination

5.1 Proof Reduction

In Gentzen’s famous paper cut-elimination is a constructive method for prov-
ing the “Hauptsatz” which is used to constitute such important principles as
the existence of a mid-sequent and the decidability of propositional intuition-
istic logic. The idea of the Hauptsatz is connected to the elimination of ideal
objects in mathematical proofs according to Hilbert’s program. In this sense
LK (with the standard axiom set) is consistent because the empty sequent
is not cut-free derivable; any proof of a contradiction would need ideal (in-
direct) arguments. By shift of emphasis mathematicians began to focus on
the proof transformation by cut-elimination itself. In fact, cut-elimination
is an essential tool for making implicit contents of proofs explicit. It also
allows the construction of Herbrand disjunctions and interpolants for real
mathematical proofs. Furthermore elementary proofs can be obtained from
abstract ones; one of the most important examples from literature is the
transformation of the Fürstenberg–Weiss proof into the original (van der
Waerden’s) proof [40]. This transformation, however, is informal and there-
fore it is not evident that van der Waerden’s proof is the only elementary
proof corresponding to that of Fürstenberg and Weiss. In extremis any ele-
mentary proof could be a possible target proof of informal cut-elimination.

In this book we consider cut-elimination from a formal point of view. There-
fore it is necessary to formulate the cut-reduction and elimination methods
under consideration (Gentzen’s, Tait’s method, CERES) in a broad sense
to provide an adequate spectrum of target proofs and allow the formulation
of negative results, e.g. a specific cut-free proof (Herbrand sequent, inter-
polant) cannot be obtained from a given proof. Furthermore the formal

M. Baaz, A. Leitsch, Methods of Cut-Elimination, Trends in Logic 34, 63
DOI 10.1007/978-94-007-0320-9 5, c© Springer Science+Business Media B.V. 2011
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specification of cut-elimination is useful for computer implementations to
obtain additional information from proof by faithful experiments.
Let Φ = ΦA (see Definition 3.2.8) for an arbitrary but fixed axiom set A.

Definition 5.1.1 (proof reduction relation) Any binary relation on Φ
is called a proof reduction relation. 3

Remark: Let > be a proof reduction relation and ϕ > ψ. As Φ = ΦA, ϕ
and ψ are both LK-proofs from the same axiom set A. 3

Definition 5.1.2 (reduction sequence) Let > be a proof reduction re-
lation. A sequence γ:ϕ1, . . . ϕn is called a >-sequence if ϕi > ϕi+1 for all
i ∈ {1, . . . n− 1}. γ is also called a >-derivation of ϕn from ϕ1. 3

Definitions 5.1.1 and 5.1.2 are very general. Clearly we are interested in
specific reduction relations, particularly in transformations of proofs to Φ0.

Definition 5.1.3 (cut-elimination sequence) Let > be a proof reduc-
tion relation. Let γ:ϕ1, . . . , ϕn be a >-derivation s.t.

1. ϕ1, . . . , ϕn have all the same end-sequent,

2. ϕn ∈ Φ0.

Then γ is called a cut-elimination sequence of ϕ1 w.r.t. >. 3

Definition 5.1.4 (cut-elimination relation) The reduction relation >
is called a cut-elimination relation if on every ϕ ∈ Φ there exists a cut-
elimination sequence w.r.t. >. 3

Definition 5.1.5 (ACNF) Let ϕ = ϕ1 and ϕ1, . . . , ϕn be a cut-elimination
sequence of ϕ1 w.r.t. >. Then ϕn is called an ACNF (atomic cut normal
form) of ϕ. 3

Note that we did not require > to be terminating or confluent. However, all
cut-elimination relations we are investigating in this book are terminating,
but in general not confluent (so ACNFs are not unique).
Below we will define a set of rules defining a cut-elimination relation > which
can be extracted from Gentzen’s famous proof of cut-elimination in LK.
Gentzen’s method of cut-elimination is based on the transformation of up-
permost mix-derivations ψ in ϕ (with a single final cut only) into other LK-
proofs ψ′. The subproof ψ then is replaced by ψ′ in ϕ, i.e. ϕ[ψ]λ > ϕ[ψ′]λ,
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where ϕ.λ = ψ. We define the rules R below without the restriction of
ψ being an uppermost cut-derivation in ϕ, because we use R also for the
definition of other cut-elimination methods. On the other hand we require
the final cut in the cut-derivation to be a mix. We have seen in Chapter 3
that the restriction of cuts to mixes is inessential as every cut can easily be
transformed into a mix + some structural rules.

Definition 5.1.6 (the cut reduction rules R) Let ψ be an essential mix-
derivation. We define a set of rules R transforming ψ into an LK-proof ψ′.
For the sake of simplicity we assume that all cuts below are in fact mixes;
in particular we do not write “mix” but “cut” in all derivations. For the
names we assume that ψ =

(ρ)
Γ ` ∆

(σ)
Π ` Λ

Γ,Π∗ ` ∆∗,Λ cut

Moreover we assume that the proofs are regular.

The cases below are labelled by the numbers also used in Gentzen’s proof.
Basically we distinguish the cases rank(ψ) = 2 and rank(ψ) > 2 (see Defini-
tion 3.2.17).

3.11. rank(ψ) = 2.

3.113.1. the last inference in ρ is w : r:

(ρ′)
Γ ` ∆

Γ ` ∆, A
w : r (σ)

Π ` Λ
Γ,Π∗ ` ∆,Λ

cut(A)

transforms to
(ρ′)

Γ ` ∆
Γ,Π∗ ` ∆,Λ s∗

3.113.2. the last inference in ψ2 is w : l: symmetric to 3.113.1.

The last inferences in ρ, σ are logical ones and the cut-formula is the principal
formula of these inferences:
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3.113.31.

(ρ1)
Γ ` ∆, A

(ρ2)
Γ ` ∆, B

Γ ` ∆, A ∧B ∧: r

(σ′)
A,Π ` Λ

A ∧B,Π ` Λ ∧: l1

Γ,Π ` ∆,Λ
cut(A ∧B)

transforms to
(ρ1)

Γ ` ∆, A
(σ′)

A,Π ` Λ
Γ,Π∗ ` ∆∗,Λ

cut(A)

Γ,Π ` ∆,Λ s∗

For ∧: l2 the transformation is analogous.

3.113.32. The last inferences of ρ, σ are ∨: r1 (∨: r2) and ∨: l: symmetric
to 3.113.31.

3.113.33.

(ρ′{x← α})
Γ ` ∆, B{x← α}

Γ ` ∆, (∀x)B ∀: r

(σ′)
B{x← t},Π ` Λ

(∀x),Π ` Λ ∀: l

Γ,Π ` ∆,Λ
cut((∀x)B)

transforms to

(ρ′{x← t})
Γ ` ∆, B{x← t}

(σ′)
B(x/t),Π ` Λ

Γ,Π∗ ` ∆∗,Λ
cut(B{x← t})

Γ,Π ` ∆,Λ s∗

3.113.34. The last inferences in ρ, σ are ∃: r,∃: l: symmetric to 3.113.33.

3.113.35.
(ρ′)

A,Γ ` ∆
Γ ` ∆,¬A ¬: r

(σ′)
Π ` Λ, A
¬A,Π ` Λ ¬: l

Γ,Π ` ∆,Λ
cut(¬A)

reduces to
(σ′)

Π ` Λ, A
(ρ′)

A,Γ ` ∆
Π,Γ∗ ` Λ∗,∆

cut(A)

Γ,Π ` ∆,Λ s∗
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3.113.36.

(ρ′)
A,Γ ` ∆, B

Γ ` ∆, A→ B
→: r

(σ1)
Π1 ` Λ1, A

(σ2)
B,Π2 ` Λ2

A→ B,Π1,Π2 ` Λ1,Λ2
→: l

Γ,Π1,Π2 ` ∆,Λ1,Λ2
cut(A→ B)

reduces to

(σ1)
Π1 ` Λ1, A

(ρ′)
A,Γ ` ∆, B

(σ2)
B,Π2 ` Λ2

A,Γ,Π∗
2 ` ∆∗,Λ2

cut(B)

Π1,Γ+Π∗+
2 ` ∆∗,Λ+

1 ,Λ2

cut(A)

Γ,Π1,Π2 ` ∆,Λ1,Λ2
s∗

3.12. rank(ψ) > 2:

3.121. rankr(ψ) > 1:

3.121.1. The cut formula occurs in Γ.

(ρ)
Γ ` ∆

(σ)
Π ` Λ

Γ,Π∗ ` ∆∗,Λ
cut(A)

transforms to
(σ)

Π ` Λ
Γ,Π∗ ` ∆∗,Λ s∗

3.121.2. The cut formula does not occur in Γ.

3.121.21. Let ξ be one of the rules w: l, c: l or π: l; then

(ρ)
Γ ` ∆

(σ′)
Σ ` Λ
Π ` Λ

ξ

Γ,Π∗ ` ∆∗,Λ
cut(A)

transforms to
(ρ)

Γ ` ∆
(σ′)

Σ ` Λ
Γ,Σ∗ ` ∆∗,Λ

cut(A)

Γ,Π∗ ` ∆∗,Λ s∗

Note that the sequence of structural rules s∗ may be empty, i.e. it can be
skipped if the sequent does not change.

3.121.22. Let ξ be an arbitrary unary rule (different from c : l, w : l, p: l)
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and let C∗ be empty if C = A and C otherwise. The formulas B and C may
be equal or different or simply nonexisting (in case ξ is a right rule). Let us
assume that ψ is of the form

(ρ)
Γ ` ∆

(σ′)
B,Π ` Σ
C,Π ` Λ

ξ

Γ, C∗,Π∗ ` ∆∗,Λ
cut(A)

Let τ be the proof
(ρ)

Γ ` ∆
(σ′)

B,Π ` Σ
Γ, B∗,Π∗ ` ∆∗,Σ

cut(A)

Γ, B,Π∗ ` ∆∗,Σ s∗

Γ, C,Π∗ ` ∆∗,Λ
ξ + s∗

3.121.221. A 6= C, including the case that ξ is a right rule and B,C do
not exist at all: then ψ transforms to τ .

3.121.222. A = C and A 6= B: in this case C is the principal formula of ξ.
Then ψ transforms to

(ρ)
Γ ` ∆

(τ)
Γ, A,Π∗ ` ∆∗,Λ

Γ,Γ∗,Π∗ ` ∆∗,∆∗,Λ
cut(A)

Γ,Π∗ ` ∆∗,Λ s∗

3.121.223. A = B = C. Then Σ 6= Λ and ψ transforms to

(ρ)
Γ ` ∆

(σ′)
A,Π ` Σ

Γ,Π∗ ` ∆∗,Σ
cut(A)

Γ,Π∗ ` ∆∗,Λ
ξ

3.121.23. The last inference in σ is binary:

3.121.231. The case ∧: r. Here

(ρ)
Γ ` ∆

(σ1)
Π ` Λ, B

(σ2)
Π ` Λ, C

Π,` Λ, B ∧ C ∧: r

Γ,Π∗ ` ∆∗,Λ, B ∧ C cut(A)
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transforms to

(ρ)
Γ ` ∆

(σ1)
Π ` Λ, B

Γ,Π∗ ` ∆∗,Λ, B
cut(A)

(ρ)
Γ ` ∆

(σ2)
Π ` Λ, C

Γ,Π∗ ` ∆∗,Λ, C
cut(A)

Γ,Π∗ ` ∆∗,Λ, B ∧ C ∧: r

3.121.232. The case ∨: l. Then ψ is of the form

(ρ)
Γ ` ∆

(σ1)
B,Π ` Λ

(σ2)
C,Π ` Λ

B ∨ C,Π ` Λ ∨: l

Γ, (B ∨ C)∗,Π∗ ` ∆∗,Λ
cut(A)

Again (B ∨ C)∗ is empty if A = B ∨ C and B ∨ C otherwise.
We first define the τ as the regularization of the proof:

(ρ)
Γ ` ∆

(σ1)
B,Π ` Λ

B∗,Γ,Π∗ ` ∆∗,Λ
cut(A)

B,Γ,Π∗ ` ∆∗,Λ
ξ

(ρ)
Γ ` ∆

(σ2)
C,Π ` Λ

C∗,Γ,Π∗ ` ∆∗,Λ
cut(A)

C,Γ,Π∗ ` ∆∗,Λ
ξ

B ∨C,Γ,Π∗ ` ∆∗,Λ ∨: l

Note that, in case A = B or A = C, the inference ξ is w : l; otherwise ξ is
the identical transformation and can be dropped.
If (B ∨ C)∗ = B ∨ C then ψ transforms to τ .
If, on the other hand, (B∨C)∗ is empty (i.e. B∨C = A) then we transform
ψ to

(ρ)
Γ ` ∆ τ

Γ,Γ,Π∗ ` ∆∗,∆∗,Λ
cut(A)

Γ,Π∗ ` ∆∗,Λ s∗

3.121.233. The last inference in σ is →: l. Then ψ is of the form:

(ρ)
Γ ` ∆

(σ1)
Π1 ` Λ1, B

(σ2)
C,Π2 ` Λ2

B → C,Π1,Π2 ` Λ1,Λ2
→: l

Γ, (B → C)∗,Π∗
1,Π

∗
2 ` ∆∗,Λ1,Λ2

cut(A)

As in 3.121.232 (B → C)∗ = B → C for B → C 6= A and (B → C)∗ empty
otherwise.
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3.121.233.1. A occurs in Π1 and in Π2. Again we define a proof τ :

(ρ)
Γ ` ∆

(σ1)
Π1 ` Λ1, B

Γ,Π∗
1 ` ∆∗,Λ1, B

cut(A)

(ρ)
Γ ` ∆

(σ2)
C,Π2 ` Λ2

C∗,Γ,Π∗
2 ` ∆∗,Λ2

cut(A)

C,Γ,Π∗
2 ` ∆∗,Λ2

ξ

B → C,Γ,Π∗
1,Γ,Π

∗
2 ` ∆∗,Λ1,∆∗,Λ2

→: l

ξ is either weakening or the inference can be dropped. If (B → C)∗ = B → C
then, as in 3.121.232, ψ is transformed to τ + some unary structural rule
applications.
If (B → C)∗ is empty then we transform ψ to

(ρ)
Γ ` ∆ τ

Γ,Γ,Π∗
1,Γ,Π

∗
2 ` ∆,∆∗,Λ1,∆∗,Λ2

cut(A)

Γ,Π∗
1,Π

∗
2 ` ∆∗,Λ1,Λ2

s∗

3.121.233.2. A occurs in Π2, but not in Π1. As in 3.121.233.1 we define a
proof τ :

(σ1)
Π1 ` Λ1, B

(ρ)
Γ ` ∆

(σ2)
C,Π2 ` Λ2

C∗,Γ,Π∗
2 ` ∆∗,Λ2

cut(A)

C,Γ,Π∗
2 ` ∆∗,Λ2

ξ

B → C,Π1,Γ,Π∗
2 ` Λ1,∆∗,Λ2

→: l

Again we distinguish the cases B → C = A and B → C 6= A and define the
transformation of ψ exactly like in 3.121.233.1.

3.121.233.3. A occurs in Π1, but not in Π2: analogous to 3.121.233.2.

3.121.234. The last inference in σ is cut(B) for some formula B. Then ψ
is of the form

(ρ)
Γ ` ∆

(σ1)
Π1 ` Λ1

(σ2)
Π2 ` Λ2

Π1,Π2
+ ` Λ1

+,Λ2

cut(B)

Γ,Π1
∗,Π2

+∗ ` ∆∗,Λ1
+,Λ2

cut(A)

3.121.234.1. A occurs in Π1 and in Π2. Then ψ transforms to the regular-
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ization of

(ρ)
Γ ` ∆

(σ1)
Π1 ` Λ1

Γ,Π1
∗ ` ∆∗,Λ1

cut(A)

(ρ)
Γ ` ∆

(σ2)
Π2 ` Λ2

Γ,Π2
∗ ` ∆∗,Λ2

cut(A)

Γ,Π1
∗,Γ∗,Π2

+∗ ` ∆∗+,Λ1
+,∆∗,Λ2

cut(B)

Γ,Π1
∗,Π2

+∗ ` ∆∗,Λ1
+,Λ2

s∗

Note that, for A = B, we have Π2
∗+ = Π∗ and ∆∗+ = ∆∗; Π2

∗+ = Π2
+∗

holds in all cases.

3.121.234.2. A occurs in Π1, but not in Π2. In this case we have Π2
+∗ =

Π2
+ and we transform ψ to

(ρ)
Γ ` ∆

(σ1)
Π1 ` Λ1

Γ,Π1
∗ ` ∆∗,Λ1

cut(A) (σ2)
Π2 ` Λ2

Γ,Π1
∗,Π2

+ ` ∆∗+,Λ1
+,Λ2

cut(B)

Γ,Π1
∗,Π2

+ ` ∆∗,Λ1
+,Λ2

s∗

3.121.234.3. A is in Π2, but not in Π1: symmetric to 3.121.234.2.

3.122. rankr(ψ) = 1 and rankl(ψ) > 1: symmetric to 3.121.
3

Remark: You might have observed that there are missing numbers in the
rules between 3.11 and 3.113.1; this can be explained by the fact that we
do not eliminate atomic cuts and that our axioms need not be of the form
A ` A. On the other hand, case 3.121.234 does not occur in Gentzen’s
proof; but this case is necessary when reductions of cut-derivations with
several cuts have to be considered. 3

The rules in Definition 5.1.6 define a proof reduction relation >R in an
obvious way. Every subproof ψ of a proof ϕ can be replaced by a proof ψ′

if there exists a rule transforming ψ into ψ′. Strictly speaking we define the
compatible closure of >R.

Definition 5.1.7 Let ϕ ∈ Φ and ν be a node in ϕ with ϕ.ν = ψ. Now
assume that there exists a rule in R transforming ψ into ψ′. Then

ϕ >R ϕ[ψ′]ν .

3
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Proposition 5.1.1 >R is a proof reduction relation on ΦA.

Proof: We have to ensure that ϕ ∈ ΦA and ϕ >R χ implies χ ∈ ΦA. Only
in cases 3.113.33 and 3.113.34 of Definition 5.1.6 the initial sequents may
be changed. Indeed, initial sequents S may change to Sθ for θ = {x ← t}.
But, as A is an axiom set, S ∈ A implies Sθ ∈ A. Thus χ ∈ ΦA. 2

The relation >R is very liberal; indeed every cut-derivation on any position
can be replaced. It is easy to see that this flexibility makes the relation >R
nonterminating. This can be easily seen in looking at the rule 3.121.234.
Here cut(A) and cut(B) can be interchanged infinitely often leading to non-
termination. Note that there are other forms of nontermination as well.
Though we could show that >R is a cut-elimination relation we intend to
prove a stronger result, namely the existence of a terminating subrelation
> of >R which is also a cut-elimination relation. It is obvious that the
existence of such a > implies that also >R is a cut-elimination relation.
Gentzen’s proof of the “Hauptsatz” yields such a terminating relation >.
The main principle is to select an uppermost essential cut and to reduce it
by one of the rules in R. In mathematical practice Gentzen type reductions
appear in the transformation of non-elementary proofs in elementary ones
starting from the simplest nonelementary proof parts.

Definition 5.1.8 Let ϕ be an essential cut-derivation

ψ1 ψ2

S
cut

with ψ1, ψ2 ∈ Φ0. Then ϕ is called a simple cut-derivation. 3

Definition 5.1.9 Let ϕ ∈ Φ and ψ be a subproof of ϕ which is a simple
cut-derivation. Then ψ is called an uppermost cut-derivation in ϕ. 3

Definition 5.1.10 Let ϕ ∈ Φ and ν be a position in ϕ s.t. ϕ.ν is an
uppermost cut-derivation in ϕ. Suppose there exists a rule in R rewriting
ϕ.ν to ψ. Then ϕ >G ϕ[ψ]ν . 3

Gentzen’s proof is based on a specific use of a relation quite similar to
>G (note that we do not eliminate atomic cuts – except possibly in the
weakening rules) and on a double induction on rank and grade. Gentzen did
not define the corresponding relation explicitly but rather defined the proof
reductions in cases within the proof. This is not surprising, as the main
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aim of the cut-elimination theorem was to give a constructive proof of the
existence of cut-free LK-proofs. The abstraction to proof reduction rules
and their computational use make sense only in the more modern perspective
of computational proof theory and computer-aided proof transformation.

5.2 The Hauptsatz

Our first aim is to prove that >G is terminating. That >G is also a cut-
elimination relation then follows quite easily. In order to prove termination
we need some technical definitions and lemmas.

Proposition 5.2.1 Let ϕ be an LK-proof which is irreducible under >G.
Then ϕ ∈ Φ0.

Proof: Let us assume that ϕ 6∈ Φ0. Then there exist cut-derivations in ϕ.
Among those cut-derivations we select an uppermost one. But then one of
the cases in R apply and ϕ can be reduced by >G. 2

Definition 5.2.1 Let � be an arbitrary binary relation on a set M and
m ≥ 1. We define a relation �m of type Mm ×Mm by
(x1, . . . , xm) �m (y1, . . . , ym) iff
there exists an i ∈ {1, . . . ,m} s.t. xi � yi, but for all j ∈ {1, . . . ,m} with
j 6= i: yj = xj . 3

�m represents the principle of parallel reduction on Mm w.r.t. �. Indeed,
x1 �∗ y1, . . . , xm �∗ ym iff (x1, . . . , xm) �∗

m (y1, . . . , ym).

Lemma 5.2.1 Let � be a terminating relation on a set M . Then, for every
m ≥ 1, �m terminates on Mm.

Proof: Let x1, . . . , xr be a �m-derivation from x1 for x1 ∈ Mm. Let x1 =
(z1, . . . , zm) for zj ∈M . By assumption � terminates on all z1, . . . , zm. Let

ki = max{l(δ) | δ is a �−derivation from zi}

and p = max{k1, . . . , km}.
Then, by definition of �m, the maximal length of a derivation from x1 is
≤ m ∗ p. In particular r ≤ m ∗ p. Thus �m is terminating. 2
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Lemma 5.2.2 Let ϕ ∈ Φ s.t. ϕ is of the form

ψ1 ψ2

S
ξ

where ξ is a binary logical rule (or an atomic cut). Let us assume that >G
terminates on ψ1 and on ψ2. Then >G terminates on ϕ.

Proof: By Definition 5.1.6 rules in R are only applicable to cut-derivations.
Now let ϕ >∗G ϕ′; as the last inference ξ is not an essential cut, ϕ′ is of the
form

ψ′1 ψ′2
S

ξ

with ψ1 >
∗
G ψ

′
1 and ψ2 >

∗
G ψ

′
2. Clearly, by Definition 5.2.1

ϕ >∗ ϕ′ iff (ψ1, ψ2) >∗G2 (ψ′1, ψ
′
2).

By assumption >G terminates on ψ1, ψ2. Therefore, by Lemma 5.2.1, >G2

terminates on (ψ1, ψ2). Thus >G terminates on ϕ. 2

The following proposition gives us the main key for proving termination of
>G on Φ.

Proposition 5.2.2 Let ϕ be a simple cut-derivation. Then >G terminates
on ϕ.

Proof: Like Gentzen’s proof of the Hauptsatz also this one proceeds by
induction on rank and grade. But note that only cuts of logical complexity
> 0 are eliminated.
The proof is based on induction using the ordering

order(ϕ) = (grade(ϕ), rank(ϕ)),

where (k, l) < (k′, l′) if either k < k′ or k = k′ and l < l′.
(IB): order(ϕ) = (0,m) for arbitrary m.
Then the last cut is not essential and no >G-reduction is possible; this
contradicts the assumption that ϕ is simple.

(IH):
Let us assume that >G terminates on ϕ for all ϕ with order(ϕ) < (n+1,m).

We distinguish two cases (a) m = 2 and (b) m > 2.

case (a) m = 2:
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Now grade(ϕ) = n+ 1 for n ≥ 2 and rank(ϕ) = 2.
Now the cut-derivation splits up into one or more cut-derivations of lower
grade and (IH) can be applied. In cases 3.113.1, 3.113.2 the proof is trans-
formed to a Φ0-proof directly. We only show two typical cases, 3.113.33 and
3.113.36; the other cases are analogous.

3.113.33. The proof ϕ:

(ρ′{x← α})
Γ ` ∆, B{x← α}

Γ ` ∆, (∀x)B ∀: r

(σ′)
B{x← t},Π ` Λ

(∀x)B,Π ` Λ ∀: l

Γ,Π ` ∆,Λ
cut((∀x)B)

transforms to ϕ′:

(ρ′{x← t})
Γ ` ∆, B{x← t}

(σ′)
B{x← t},Π ` Λ

Γ,Π∗ ` ∆∗,Λ
cut(B{x← t})

Γ,Π ` ∆,Λ s∗

Now ϕ′ contains the cut-derivation ψ:

(ρ′(x/t))
Γ ` ∆, B(x/t)

(σ′)
B(x/t),Π ` Λ

Γ,Π∗ ` ∆∗,Λ
cut(B(x/t))

with grade(ψ) = n. By (IH) >G terminates on ψ. But then >G also ter-
minates on ϕ′ as all reductions on ϕ′ apply to the subproof ψ only (by
definition of >G only essential cut-derivations are reduced within ϕ′). As ϕ
only reduces to ϕ′ (in one step) >G terminates also on ϕ.

3.113.36. The proof ϕ:

(ρ′)
A,Γ ` ∆, B

Γ ` ∆, A→ B
→: r

(σ1)
Π1 ` Λ1, A

(σ2)
B,Π2 ` Λ2

A→ B,Π1,Π2 ` Λ1,Λ2
→: l

Γ,Π1,Π2 ` ∆,Λ1,Λ2
cut(A→ B)

reduces to ϕ′:

(σ1)
Π1 ` Λ1, A

(ρ′)
A,Γ ` ∆, B

(σ2)
B,Π2 ` Λ2

A,Γ,Π∗
2 ` ∆∗,Λ2

cut(B)

Π1,Γ+,Π∗+
2 ` Λ+

1 ,∆
∗,Λ2

cut(A)

Γ,Π1,Π2 ` ∆,Λ1,Λ2
s∗
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The (only) uppermost cut-derivation in ϕ′ is ψ:

(ρ′)
A,Γ ` ∆, B

(σ2)
B,Π2 ` Λ2

A,Γ,Π∗
2 ` ∆∗,Λ2

cut(B)

Clearly grade(ψ) ≤ n and by (IH) >G terminates on ψ with an LK-proof χ.
By Proposition 5.2.1 χ ∈ Φ0. Let µ be the position of ψ in ϕ′. Then termi-
nation on ψ in turn yields the proof ϕ′[χ]µ. Note that before termination of
>G on the subproof ψ no other reduction is possible! ϕ′[χ]µ also contains a
single essential cut-derivation, namely ψ′:

(σ1)
Π1 ` Λ1, A

χ
A,Γ,Π∗

2 ` ∆∗,Λ2

Γ+,Π1,Π∗+
2 ` ∆∗,Λ+

1 ,Λ2

cut(A)

Again grade(ψ′) ≤ n and by (IH) >G terminates on ψ′. But then >G also
terminates on ϕ′[χ]µ. Putting things together we obtain the termination of
>G on ϕ′. Note that, again, ϕ only reduces to ϕ′ and thus >G terminates
on ϕ.

case (b): m > 2:

As rank(ϕ) = m for m > 2 we have rankl(ϕ) > 1 or rankr(ϕ) > 1. We
consider only the case where rankr(ϕ) > 1. The other case is symmetric.
Now we have to use the rules which do not reduce the grade, but the rank of
cut-derivations. Among the different cases in the definition of R we select
3.121.222, 3.121.232 and 3.121.234. These cases are typical and, in some
sense, the most complicated ones (requiring a maximal number of additional
cuts). The other cases are either similar (e.g. 3.121.233) or simpler (e.g.,
for binary rules, 3.121.231).

3.121.222. Let ξ be an arbitrary unary rule (different from c : l, w : l) and
let A 6= B. Let us assume that ϕ is of the form

(ρ)
Γ ` ∆

(σ′)
B,Π ` Σ
A,Π ` Λ

ξ

Γ, C∗,Π∗ ` ∆∗,Λ
cut(A)

Let τ be the proof
(ρ)

Γ ` ∆
(σ′)

B,Π ` Λ
Γ, B,Π∗ ` ∆∗,Λ

cut(A)

Γ, A,Π∗ ` ∆∗,Λ
ξ + s∗
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Then ϕ transforms to ϕ′:

(ρ)
Γ ` ∆

(τ)
Γ, A,Π∗ ` ∆∗,Λ

Γ,Γ∗,Π∗ ` ∆∗,∆∗,Λ
cut(A)

Γ,Π∗ ` ∆∗,Λ s∗

By construction the uppermost essential cut-derivation within ϕ′ lies in τ .
Let us call it ψ:

(ρ)
Γ ` ∆

(σ′)
B,Π ` Λ

Γ, B,Π∗ ` ∆∗,Λ
cut(A)

As the cut has been shifted towards σ′ we have rankr(ψ) < rankr(ϕ),
rankl(ψ) = rankl(ϕ), so rank(ψ) < m and grade(ψ) = n + 1. Therefore,
according to (IH), >G terminates on ψ. As ψ is the only essential up-
permost cut-derivation in ϕ′ all reductions have to apply to ψ until it is
normalized to a proof χ. Thus after termination of >G on ψ we obtain the
proof ϕ′[χ]µ (where ϕ′.µ = ψ). By Proposition 5.2.1 χ ∈ Φ0. Therefore the
only essential cut-derivation in ϕ′[χ] is ψ′:

(ρ)
Γ ` ∆

(χ)
Γ, B,Π∗ ` ∆∗,Λ
Γ, A,Π∗ ` ∆∗,Λ

ξ + s∗

Γ,Γ∗,Π∗ ` ∆∗,∆∗,Λ
cut(A)

By construction rankr(ψ′) = 1, rankl(ψ′) = rankl(ϕ) and thus rank(ψ′) <
m, grade(ψ′) = n + 1 . By (IH), >G terminates on ψ′ and therefore termi-
nates on ϕ′.
By definition of R only the reduction of ϕ to ϕ′ is possible if rankr(ϕ) > 1
(even if also rankl(ϕ) > 1). Therefore >G also terminates on ϕ.

3.121.232. The case ∨: l. Then ϕ is of the form

(ρ)
Γ ` ∆

(σ1)
B,Π ` Λ

(σ2)
C,Π ` Λ

B ∨ C,Π ` Λ ∨: l

Γ, (B ∨ C)∗,Π∗ ` ∆∗,Λ
cut(A)

Again we consider the most interesting case where A = B ∨ C. Like above
we define a proof τ :

(ρ)
Γ ` ∆

(σ1)
B,Π ` Λ

B,Γ,Π∗ ` ∆∗,Λ
cut(B ∨ C)

(ρ)
Γ ` ∆

(σ2)
C,Π ` Λ

C,Γ,Π∗ ` ∆∗,Λ
cut(B ∨ C)

B ∨ C,Γ,Π∗ ` ∆∗,Λ ∨: l
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Then ϕ transforms to ϕ′:

(ρ)
Γ ` ∆ τ

Γ,Γ,Π∗ ` ∆∗,∆∗,Λ
cut(B ∨ C)

Γ,Π∗ ` ∆∗,Λ s∗

There are two uppermost essential cuts in ϕ′, both of them lying in τ . We
consider the corresponding cut-derivations ψ1:

(ρ)
Γ ` ∆

(σ1)
B,Π ` Λ

B,Γ,Π∗ ` ∆∗,Λ
cut(B ∨ C)

and ψ2:
(ρ)

Γ ` ∆
(σ2)

C,Π ` Λ
C,Γ,Π∗ ` ∆∗,Λ

cut(B ∨ C)

Let ψ be one of ψ1, ψ2. Then rankr(ψ) < rankr(ϕ) and rankl(ψ) = rankl(ϕ),
and therefore rank(ψ1), rank(ψ2) < m. So, by (IH), >G terminates on ψ1

(with χ1) and on ψ2 (with χ2). By Lemma 5.2.2 >G also terminates on τ
itself giving the result τ ′:

(χ1)
B,Γ,Π∗ ` ∆∗,Λ

(χ2)
C,Γ,Π∗ ` ∆∗,Λ

B ∨ C,Γ,Π∗ ` ∆∗,Λ ∨: l

By Proposition 5.2.1 τ ′ ∈ Φ0. Note that all reductions on ϕ′ have to act on
τ till all cuts of logical complexity > 0 are eliminated there. Now let µ be
the node with ϕ′.µ = τ . Then after termination on τ we obtain the proof
ϕ′[τ ′]µ. The only essential cut-derivation in ϕ′[τ ′]µ is ψ′:

(ρ)
Γ ` ∆ τ ′

Γ,Γ,Π∗ ` ∆∗,∆∗,Λ
cut(B ∨ C)

In ψ′ we have rankr(ψ′) = 1 and therefore rank(ψ′) < m. By (IH) >G
terminates on ψ′ and thus also on ϕ′. As, by definition of R, ϕ only reduces
to ϕ′, >G terminates on ϕ.

3.121.234. The case of cut. Here ϕ is of the form

(ρ)
Γ ` ∆

(σ1)
Π1 ` Λ1

(σ2)
Π2 ` Λ2

Π1,Π2
+ ` Λ1

+,Λ2

cut(B)

Γ,Π1
∗,Π2

+∗ ` ∆∗,Λ1
+,Λ2

cut(A)
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As ϕ is a simple (and essential) cut-derivation, the formula B is an atom and
A contains logical operators (in particular we have A 6= B). We consider the
most interesting case (3.121.234.1) where A occurs in Π1 and in Π2. Then
ϕ transforms to ϕ′ for ϕ′ =

(ρ)
Γ ` ∆

(σ1)
Π1 ` Λ1

Γ,Π1
∗ ` ∆∗,Λ1

cut(A)

(ρ)
Γ ` ∆

(σ2)
Π2 ` Λ2

Γ,Π2
∗ ` ∆∗,Λ2

cut(A)

Γ,Γ+,Π1
∗,Π2

+∗ ` ∆∗+,∆∗,Λ1
+,Λ2

cut(B)

Γ,Π1
∗,Π2

+∗ ` ∆∗,Λ1
+,Λ2

s∗

Above we write ∗ for the cut on A and + for the cut on B. There are two
uppermost (nonatomic) cuts in ϕ′; the corresponding cut-derivations are ψ1:

(ρ)
Γ ` ∆

(σ1)
Π1 ` Λ1

Γ,Π1
∗ ` ∆∗,Λ1

cut(A)

and ψ2:
(ρ)

Γ ` ∆
(σ2)

Π2 ` Λ2

Γ,Π2
∗ ` ∆∗,Λ2

cut(A)

Let ψ be one of ψ1, ψ2. Then rankr(ψ) < rankr(ϕ) and rankl(ψ) = rankl(ϕ),
and therefore rank(ψ1), rank(ψ2) < m. So, by (IH), >G terminates on ψ1

(with χ1) and on ψ2 (with χ2). By Lemma 5.2.1 >G2 terminates on (ψ1, ψ2).
But (as the atomic cut with B is irreducible under >G) then >G terminates
on ϕ′ with the result ϕ′′:

(χ1)
Γ,Π1

∗ ` ∆∗,Λ1

(χ2)
Γ,Π2

∗ ` ∆∗,Λ2

Γ,Γ+,Π1
∗,Π2

+∗ ` ∆∗+,∆∗,Λ1
+,Λ2

cut(B)

Γ,Π1
∗,Π2

+∗ ` ∆∗,Λ1
+,Λ2

s∗

But ϕ only reduces to ϕ′, thus >G terminates on ϕ. 2

Theorem 5.2.1 (termination of >G) >G terminates on all LK-proofs.

Proof: By induction on the number cutnr of nonatomic cuts in an LK-proof
ϕ.
If cutnr(ϕ) = 0 (i.e. ϕ ∈ Φ0) then there are no cut-derivations in ϕ and
thus no reductions under >G; thus >G trivially terminates on ϕ.
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(IH):
Let us assume that >G terminates on all ϕ ∈ Φ with cutnr(ϕ) ≤ k.
Now let ϕ be an LK-proof with cutnr(ϕ) = k+1. We distinguish two cases:

(a) There exists a subproof ψ of ϕ which is a cut-derivation and contains
all the cuts in ϕ.

In this case a unique lowermost cut exists which is the last inference
of ψ. In particular ψ is of the form

(ψ1)
S1

(ψ2)
S2

S
cut

where cutnr(ψ1) ≤ k and cutnr(ψ2) ≤ k. By (IH) >G terminates on
ψ1 and on ψ2. By Lemma 5.2.1 >G2 terminates on (ψ1, ψ2). According
to the definition of >G the lowermost cut in ψ can only be reduced if
there are no nonatomic cuts above. In particular this cut can only be
reduced if ψ1 and ψ2 are normalized. Let χ1 be a normal form of ψ1

and χ2 of ψ2 w.r.t. >G and let r be the total number of steps in the
normalization of (ψ1, ψ2). Then ψ >rG ψ

′ for ψ′ =

(χ1)
S1

(χ2)
S2

S
cut

But ψ′ is a simple cut-derivation and, by Proposition 5.2.2, >G ter-
minates on ψ′. Therefore >G terminates on ψ. According to the
definition of ψ all >G-reductions in ϕ take place within ψ; thus >G
terminates on ϕ.

(b) ϕ does not contain a unique lowermost cut.

Then let ψ1, . . . , ψm be all maximal cut-derivations in ϕ (i.e. cut-
derivations which are no proper subproofs of other cut-derivations in
ϕ). Then ϕ is of the form ϕ[ψ1, . . . , ψm]µ̄ where µ̄ is the vector of
positions of the ψj .

Clearly cutnr(ψj) ≤ k for all j ∈ {1, . . . ,m}. Thus, by (IH), >G termi-
nates on ψ1, . . . , ψm. By Lemma 5.2.1>Gm terminates on (ψ1, . . . , ψm).
It is obvious that the number of possible >G-reductions on ϕ coincides
with that on (ψ1, . . . , ψm). Therefore >G terminates on ϕ. To any nor-
mal form (ψ∗1, . . . , ψ

∗
m) of (ψ1, . . . , ψn) we obtain a normal form of ϕ

of the form ϕ[ψ∗1, . . . , ψ
∗
m]µ̄, and vice versa.
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2

Theorem 5.2.2 >G is a cut-elimination relation.

Proof: Let ϕ be an LK-proof of a sequent S. Then, by Theorem 5.2.1, >G
terminates on ϕ. Let γ: ϕ,ϕ1, . . . , ϕn be a corresponding >G-derivation (s.t.
ϕn is irreducible under >G) . By definition of >G all ϕj have the same end-
sequent S. By Proposition 5.2.1 ϕn ∈ Φ0. Therefore γ is a cut-elimination
sequence on ϕ. 2

Theorem 5.2.3 (the Hauptsatz) Let ϕ be an LK-proof of a sequent S.
Then there exists an LK-proof ψ of S s.t. ψ does not contain nonatomic
cuts.

Proof: Immediate by Theorem 5.2.2. 2

The Hauptsatz formulated in Theorem 5.2.3 does not fully coincide with
the original form in Gentzen’s paper [38]. In fact Gentzen used a slightly
different version of LK which made it possible to eliminate all (including the
atomic) cuts. The initial sequents in Gentzen’s original version of LK are
A ` A for arbitrary formulas A, instead of the form A1, . . . , An ` B1, . . . , Bm
for atoms Ai, Bj ; as a consequence cuts with axioms are absorbed. Gentzen’s
form of the initial sequents made the various simulations of calculi (LK,
natural deduction, Hilbert type) easier. In this book we do not consider such
simulations, but concentrate on cut-elimination in LK; to this aim it is more
appropriate to use logic-free initial sequents. But restricting the axiom sets
to the standard one (see Definition 3.2.2) would complicate mathematical
applications, where theory axioms can be used as initial sequents (e.g. take
the transitivity axiom P (x, y), P (y, z) ` P (x, z)). However we will show
that, for LK-proofs from the standard axiom set, all cuts can be eliminated.

Theorem 5.2.4 Let ϕ ∈ ΦAT for the standard axiom set AT and ϕ be a
proof of S. Then there exists a cut-free LK-proof of S.

Proof: By Theorem 5.2.3 there exists an LK-proof ψ of S with at most
atomic cuts. We eliminate these cuts by the rank reduction rules in R
applied to uppermost derivations of atomic cuts. So let χ be a subproof of
the form

(χ1)
Γ ` ∆, A

(χ2)
A,Π ` Λ

Γ,Π ` ∆,Λ
cut(A)
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where A is an atom and χ1, χ2 are cut-free. We proceed by induction on
rank(χ).

rank(χ) = 2:
Then either χ1 or χ2 or both are of the form A ` A or A is generated by
weakening. We consider two typical cases, the other ones are symmetric.
(a): χ =

(χ′1)
Γ ` ∆

Γ ` ∆, A
w : r (χ2)

A,Π ` Λ
Γ,Π ` ∆,Λ

cut(A)

Then χ reduces to τ :
(χ′1)

Γ ` ∆
Γ,Π ` ∆,Λ s∗

Clearly τ is cut-free.

(b): χ =

A ` A
(χ2)

A,Π ` Λ
A,Π ` Λ

cut(A)

In this case χ reduces to χ2; χ2 is cut-free by assumption.

rank(χ) > 2:
We assume rankr(χ) > 1 like in the definition of R. Now the rank reduction
proceeds exactly as in Proposition 5.2.2 (note that the complexity of the
cut-formulas does not play a role in the arguments). 2

Remark: Theorem 5.2.4 can be generalized to atomic axiom systems which
are closed under cut. The elimination of atomic cuts is (due to the rank
reduction rules) exponential. 3

Below we give an example of a cut-elimination sequence w.r.t. >G.

Example 5.2.1 Let ψ be the proof

P (y) ` P (y)
(∀x)P (x) ` P (y) ∀: l

(∀x)P (x) ` (∀x)P (x) ∀: r

Q(b) `
` ¬Q(b)

¬ : r

(∀x)P (x) ` ¬Q(b) w : l

(∀x)P (x) ` (∀x)P (x) ∧ ¬Q(b)
∧: r
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and ϕ =

ψ

P (b) ` P (a)
(∀x)P (x) ` P (a) ∀: l

(∀x)P (x) ∧ ¬Q(b) ` P (a) ∧: l

Q(b) `
` ¬Q(b)

¬ : r

` (∃x)¬Q(x) ∃: r

(∀x)P (x) ∧ ¬Q(b) ` (∃x)¬Q(x) w : l

(∀x)P (x) ∧ ¬Q(b) ` P (a) ∧ (∃x)¬Q(x)
∧: r

(∀x)P (x) ` P (a) ∧ (∃x)¬Q(x)
cut

Now ϕ itself is a simple cut-derivation with grade(ϕ) = 3, rankl(ϕ) =
1, rankr(ϕ) = 2 and so rank(ϕ) = 3. There is only one rule in R which is
applicable, the rank-reduction rule 3.121.231 (inducing so-called cross cuts).
The resulting LK-proof is ϕ1:

ψ

P (b) ` P (a)
(∀x)P (x) ` P (a) ∀: l

(∀x)P (x) ∧ ¬Q(b) ` P (a)
∧: l1

(∀x)P (x) ` P (a)
cut

ψ

Q(b) `
` ¬Q(b)

¬ : r

` (∃x)¬Q(x) ∃: r

(∀x)P (x) ∧ ¬Q(b) ` (∃x)¬Q(x) w : l

(∀x)P (x) ` (∃x)¬Q(x)
cut

(∀x)P (x) ` P (a) ∧ (∃x)¬Q(x)
∧: r

In ϕ1 there are two (simple) cut-derivations. We select the left one and call
it ψ1:

P (y) ` P (y)

(∀x)P (x) ` P (y)
∀: l

(∀x)P (x) ` (∀x)P (x)
∀: r

Q(b) `
` ¬Q(b)

¬ : r

(∀x)P (x) ` ¬Q(b)
w : l

(∀x)P (x) ` (∀x)P (x) ∧ ¬Q(b)
∧: r

P (b) ` P (a)

(∀x)P (x) ` P (a)
∀: l

(∀x)P (x) ∧ ¬Q(b) ` P (a)
∧: l1

(∀x)P (x) ` P (a)
cut

For ψ1 we have grade(ψ1) = 3, rankl(ψ1) = rankr(ψ1) = 1. Therefore case
3.113.31 applies and we obtain a proof ψ2:

P (y) ` P (y)
(∀x)P (x) ` P (y) ∀: l

(∀x)P (x) ` (∀x)P (x) ∀: r
P (b) ` P (a)

(∀x)P (x) ` P (a) ∀: l

(∀x)P (x) ` P (a)
cut
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By substituting ψ2 for ψ1 in ϕ1 we obtain the proof ϕ2:

ψ2

ψ

Q(b) `
` ¬Q(b)

¬ : r

` (∃x)¬Q(x) ∃: r

(∀x)P (x) ∧ ¬Q(b) ` (∃x)¬Q(x) w : l

(∀x)P (x) ` (∃x)¬Q(x)
cut

(∀x)P (x) ` P (a) ∧ (∃x)¬Q(x)
∧: r

Again there are two simple cut-derivations in ϕ2; this time we select the
right one and call it ψ3:

P (y) ` P (y)
(∀x)P (x) ` P (y) ∀: l

(∀x)P (x) ` (∀x)P (x) ∀: r

Q(b) `
` ¬Q(b)

¬ : r

(∀x)P (x) ` ¬Q(b) w : l

(∀x)P (x) ` (∀x)P (x) ∧ ¬Q(b)
∧: r

ψ′3
(∀x)P (x) ` (∃x)¬Q(x)

cut

where ψ′3 =
Q(b) `
` ¬Q(b)

¬ : r

` (∃x)¬Q(x) ∃: r

(∀x)P (x) ∧ ¬Q(b) ` (∃x)¬Q(x) w : l

For ψ3 we have grade(ψ3) = 3 and rankl(ψ3) = rankr(ψ3) = 1. So case
3.113.2 applies and we obtain a proof ψ4:

Q(b) `
` ¬Q(b)

¬ : r

` (∃x)¬Q(x) ∃: r

(∀x)P (x) ` (∃x)¬Q(x) w : l

By substituting ψ4 for ψ3 in ϕ2 we obtain the proof ϕ3:

P (y) ` P (y)
(∀x)P (x) ` P (y) ∀: l

(∀x)P (x) ` (∀x)P (x) ∀: r
P (b) ` P (a)

(∀x)P (x) ` P (a) ∀: l

(∀x)P (x) ` P (a)
cut

Q(b) `
` ¬Q(b)

¬ : r

` (∃x)¬Q(x) ∃: r

(∀x)P (x) ` (∃x)¬Q(x) w : l

(∀x)P (x) ` P (a) ∧ (∃x)¬Q(x)
∧: r
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In ϕ3 there is only a single cut-derivation which we call ψ5:

P (y) ` P (y)
(∀x)P (x) ` P (y) ∀: l

(∀x)P (x) ` (∀x)P (x) ∀: r
P (b) ` P (a)

(∀x)P (x) ` P (a) ∀: l

(∀x)P (x) ` P (a)
cut

Now grade(ψ5) = 1, rankl(ψ5) = rankr(ψ5) = 1. Therefore case 3.113.33
applies and ψ5 reduces to ψ6:

P (b) ` P (b)
(∀x)P (x) ` P (b) ∀: l P (b) ` P (a)

(∀x)P (x) ` P (a)
cut

Now we substitute ψ5 by ψ6 in ϕ3 and obtain ϕ4:

P (b) ` P (b)
(∀x)P (x) ` P (b) ∀: l P (b) ` P (a)

(∀x)P (x) ` P (a)
cut

Q(b) `
` ¬Q(b)

¬ : r

` (∃x)¬Q(x) ∃: r

(∀x)P (x) ` (∃x)¬Q(x) w : l

(∀x)P (x) ` P (a) ∧ (∃x)¬Q(x)
∧: r

ϕ4 is irreducible under >G because ϕ4 ∈ Φ0 (thus ϕ4 does not contain
cut-derivations). So we have obtained a “Gentzen”-normal form of ϕ. The
sequence ϕ,ϕ1, ϕ2, ϕ3, ϕ4 is a cut-elimination sequence on ϕ w.r.t. >G.

3

5.3 The Method of Tait and Schütte

The relation >G extracted from Gentzen’s original proof of cut-elimination
is characterized by selections of uppermost cuts in LK-proofs. Another way
to show the eliminability of cuts is to select a cut of maximal complexity;
this way was chosen by W. Tait [73] and K. Schütte [70] in the context of
infinitary proofs where Gentzen’s method fails. Again Tait and Schütte did
not define a computational method directly, but rather a method of proof.
Tait’s proof of cut-elimination does not even deal with usual variants of
LK. Thus we have to adapt this method of proof to our rewriting system
R. Another problem in formalizing this method within R is that rank-
reduction is not used in the proofs of Tait and Schütte (the reduction of
cuts is achieved by immediate pruning). But we will illustrate below that
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our reduction method (based on the relation >T ) is more fine-grained and
in fact simulates the methods directly extracted from the proofs of Tait and
Schütte.
To facilitate the arguments and definitions we introduce the following con-
cept:

Definition 5.3.1 Let ψ be a cut-derivation with A being the cut-formula
of the last inference. We call ψ strict if for all non-final cuts in ψ with cut
formulas B we have comp(B) < comp(A). 3

Definition 5.3.2 (cut-complexity) Let ϕ be a proof and A be a cut
formula in ϕ for which comp(A) is maximal. Then we say that the cut-
complexity of ϕ (denoted by cutcomp(A)) is comp(A). 3

Definition 5.3.3 Let ψ,ψ′ be cut-derivations in LK and ψ >R ψ′. Let ϕ
be an LK-proof and ϕ.ν = ψ for a node ν in ϕ. Then ϕ >T ϕ[ψ′]ν if the
following conditions are fulfilled:

(a) The final cut in ψ has maximal complexity in ϕ (i.e. its grade is the
cut-complexity of ϕ).

(b) ψ is strict.

3

We show below that every LK-proof which is irreducible under >T is in Φ0.
Thus every terminating >T -reduction chain leads to normalized proofs.

Proposition 5.3.1 Let ϕ be an LK-proof which is irreducible under >T .
Then ϕ ∈ Φ0.

Proof: Let ϕ be an LK-proof with ϕ 6∈ Φ0. We show that there exists a
proof ϕ′ s.t. ϕ >T ϕ′. Let k be the cut-complexity of ϕ; clearly k > 0 as
ϕ 6∈ Φ0. Then ϕ must contain a cut-derivation ψ s.t. the final cut is of
complexity k. If ψ is not strict then it contains a proper cut-derivation ψ′

which is strict and of cut-complexity k. As k > 0 there exists a proof ρ
with ψ′ >R ρ (this follows directly from the definition of R). Let ϕ.ν = ψ′.
Then, by definition of >T , ϕ >T ϕ[ρ]ν , i.e. ϕ is reducible under >T . 2

It is intuitively clear that the role of simple cut-derivations in >G is anal-
ogous to that of strict cut-derivations in >T . However the structure of the
reduction method >T requires another form of termination proof. This time
it is not the grade of a cut-derivation which is relevant to the induction ar-
gument but another measure we are going to define below.
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Definition 5.3.4 (weight) Let ϕ be an LK-proof. The number of occur-
rences of maximal cuts A in ϕ (i.e. comp(A) = cutcomp(ϕ)) is denoted by
nmc(ϕ). The weight of ϕ (denoted by weight(ϕ)) is defined by

weight(ϕ) = (cutcomp(ϕ), nmc(ϕ)).

weights are compared w.r.t. the usual tuple-ordering defined by:
(n,m) < (l, k) if either n < l, or if n = l and m < k. 3

Remark: Let ϕ be a strict cut-derivation. Then weight(ϕ) = (k, 1) for
some k ∈ IN. 3

Theorem 5.3.1 (termination of >T ) >T terminates on Φ.

Proof: We proceed by (double) induction on the weight of an LK-proof ϕ
with an inner induction on the rank (for strict proofs).
(IB-1):
Let weight(ϕ) = (0,m) for some number m.
Then there are only atomic cuts in ϕ and, according to the definition of R,
ϕ is irreducible under >T ; thus we obtain immediate termination.

(IH-1):
Let us assume that >T terminates on ϕ for all ϕ with weight(ϕ) < (n+1, 1).

Now let weight(ϕ) = (n+ 1, 1).
Then ϕ = ϕ[ψ]ν (for some node ν) where ψ is the (single) cut-derivation in
ϕ with cutcomp(ψ) = n+ 1.
We first show that >T terminates on ψ. Like in the case of >G we consider
the rank of ψ.

(IB-2) Let rank(ψ) = 2.
In this case the arguments are similar to the case of >G as the cut-derivation
splits up into one or more cut-derivations of lower weight and (IH-1) can
be applied. In cases 3.113.1, 3.113.2 the proof is transformed to a Φ0-proof
directly and thus to (IB-1). Like for >G we only show two typical cases,
3.113.33 and 3.113.36; the other cases are analogous.

3.113.33. The proof ψ:

(ρ′(x/y))
Γ ` ∆, B(x/y)

Γ ` ∆, (∀x)B(x) ∀: r

(σ′)
B(x/t),Π ` Λ

(∀x)B(x),Π ` Λ ∀: l

Γ,Π ` ∆,Λ
cut((∀x)B)
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transforms to ψ′:

(ρ′(x/t))
Γ ` ∆, B(x/t)

(σ′)
B(x/t),Π ` Λ

Γ,Π∗ ` ∆∗,Λ
cut(B(x/t))

Γ,Π ` ∆,Λ s∗

Now weight(ψ′) = (n, l) for some l ∈ IN. By (IH-1) >T terminates on ψ′.
As ψ, by strictness, only reduces to ψ′ (in one step) >T terminates also on
ψ.

3.113.36. The proof ψ:

(ρ′)
A,Γ ` ∆, B

Γ ` ∆, A→ B
→: r

(σ1)
Π1 ` Λ1, A

(σ2)
B,Π2 ` Λ2

A→ B,Π1,Π2 ` Λ1,Λ2
→: l

Γ,Π1,Π2 ` ∆,Λ1,Λ2
cut(A→ B)

reduces to ψ′:

(σ1)
Π1 ` Λ1, A

(ρ′)
A,Γ ` ∆, B

(σ2)
B,Π2 ` Λ2

A,Γ,Π∗
2 ` ∆∗,Λ2

cut(B)

Γ+,Π1,Π∗+
2 ` ∆∗,Λ+

1 ,Λ2

cut(A)

Γ,Π1,Π2 ` ∆,Λ1,Λ2
s∗

Again weight(ψ′) = (k, l) for some k ≤ n and arbitrary l. By (IH-1) >T
terminates on ψ′. As ψ only reduces to ψ′ >T terminates on ψ.

To complete the proof of the termination on ψ we have to show that >T
terminates on strict cut-derivations ψ with weight(ψ) = (n + 1, 1) with
arbitrary rank. So we define

(IH-2):
Let us assume that >T terminates on all strict cut-derivations ψ with
weight(ψ) = (n+ 1, 1) and rank(ψ) ≤ m, for some m ≥ 2.

Now let ψ be a proof with weight(ψ) = (n + 1, 1) and rank(ψ) = m + 1.
Then either rankl(ψ) > 1 or rankr(ψ) > 1 (of course both may be > 1). We
consider only the case where rankr(ψ) > 1.
Now we have to use the rules which do not reduce the grade, but rather
the rank of cut-derivations. Among the different cases in the definition of R
we (again) select 3.121.222, 3.121.232 and 3.121.234. Like for >G the other
cases are either similar (e.g. 3.121.233) or simpler (e.g., for binary rules,
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3.121.231).

3.121.222. Let ξ be an arbitrary unary rule (different from c : l, w : l) and
let A 6= B. Let us assume that ψ is of the form

(ρ)
Γ ` ∆

(σ′)
B,Π ` Σ
A,Π ` Λ

ξ

Γ,Π∗ ` ∆∗,Λ
cut(A)

Let τ be the proof
(ρ)

Γ ` ∆
(σ′)

B,Π ` Σ
Γ, B,Π∗ ` ∆∗,Σ

cut(A)

Γ, A,Π∗ ` ∆∗,Σ
ξ + s∗

Then ψ transforms to ψ′:

(ρ)
Γ ` ∆

(τ)
Γ, A,Π∗ ` ∆∗,Λ

Γ,Γ∗,Π∗ ` ∆∗,∆∗,Λ
cut(A)

Γ,Π∗ ` ∆∗,Λ s∗

The only strict subderivation in ψ′ lies in τ . Note that the second A-cut
derivation below contains another cut-derivation with the same formula A.
Let us call the strict subderivation χ:

(ρ)
Γ ` ∆

(σ′)
B,Π ` Σ

Γ, B,Π∗ ` ∆∗,Σ
cut(A)

As the cut has been shifted upwards in σ′ we have rankr(χ) < rankr(ψ),
rankl(χ) = rankl(ψ), so rank(χ) ≤ m and weight(χ) = (n+1, 1). Therefore,
according to (IH-2), >T terminates on χ. As χ is the uppermost maximal
cut-derivation derivation in ψ′ all >T -reductions have to apply to χ′ for
χ >∗R χ′ until we obtain a proof χ′ with weight(χ′) = (k, l) for some k ≤ n
and arbitrary l. After this transformation of χ to χ′ the only strict and
maximal cut-derivation in ψ′[χ′] is ψ′′:

(ρ)
Γ ` ∆

(χ)
Γ, B,Π∗ ` ∆∗,Σ
Γ, A,Π∗ ` ∆∗,Σ

ξ + s∗

Γ,Γ∗,Π∗ ` ∆∗,∆∗,Σ
cut(A)
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By construction rankr(ψ′′) = 1, rankl(ψ′′) = rankl(ψ) and thus rank(ψ′′) ≤
m, weight(ψ′′) = (n+ 1, 1) . By (IH-2), >T terminates on ψ′′ and therefore
terminates on ψ′.
By definition of R only the reduction of ψ to ψ′ is possible if rankr(ψ) > 1
(even if also rankl(ψ) > 1). Therefore >T also terminates on ψ.

3.121.232. The case ∨: l. Then ψ is of the form

(ρ)
Γ ` ∆

(σ1)
B,Π ` Λ

(σ2)
C,Π ` Λ

B ∨ C,Π ` Λ ∨: l

Γ, (B ∨ C)∗,Π∗ ` ∆∗,Λ
cut(A)

Again we consider the most interesting case where A = B ∨ C. Like above
we define a proof τ :

(ρ)
Γ ` ∆

(σ1)
B,Π ` Λ

B,Γ,Π∗ ` ∆∗,Λ
cut(B ∨ C)

(ρ)
Γ ` ∆

(σ2)
C,Π ` Λ

C,Γ,Π∗ ` ∆∗,Λ
cut(B ∨ C)

B ∨ C,Γ,Π∗ ` ∆∗,Λ ∨: l

Then ψ transforms to ψ′:

(ρ)
Γ ` ∆ τ

Γ,Γ,Π∗ ` ∆∗,∆∗,Λ
cut(B ∨ C)

Γ,Π∗ ` ∆∗,Λ s∗

There are three maximal cut-derivations in ψ′, two of them being strict.
The strict cut-derivations, let us denote them by χ1 and χ2, both lie in τ .
In particular we have χ1 =

(ρ)
Γ ` ∆

(σ1)
B,Π ` Λ

B,Γ,Π∗ ` ∆∗,Λ
cut(B ∨ C)

and χ2 =
(ρ)

Γ ` ∆
(σ2)

C,Π ` Λ
C,Γ,Π∗ ` ∆∗,Λ

cut(B ∨ C)

Let χ be one of χ1, χ2. Then rankr(χ) < rankr(ψ) and rankl(χ) = rankl(ψ),
hence rank(χ1), rank(χ2) ≤ m. So, by (IH-2), >T terminates on χ1 and on
χ2. (with χ2). By Lemma 5.2.1 the parallel relation >T2 also terminates
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on (χ1, χ2). Let ψ′.ν1 = χ1 and ψ′.ν2 = χ2. As long as the reductions
in ψ′ apply to subproofs χ′1, χ

′
2 which can be obtained by reduction from

χ1, χ2 we obtain a proof ψ′[χ′1, χ
′
2](ν1,ν2). Only if cutcomp(χ′1) < n+ 1 and

cutcomp(χ′2) < n+1 the lowermost maximal cut in ψ′ may be reduced. Thus,
by termination of >T2 on (χ1, χ2), ψ′ reduces to a proof ψ′[χ′1, χ

′
2](ν1,ν2) with

cutcomp(χ′1) < n+ 1 and cutcomp(χ′2) < n+ 1.

At this stage of reduction the only strict cut-derivation in ψ′[χ′] is ξ =

(ρ)
Γ ` ∆ τ ′

Γ,Γ,Π∗ ` ∆∗,∆∗,Λ
cut(B ∨ C)

for τ ′ = τ [χ′1, χ
′
2](µ1,µ2) (µ1, µ2 being the root nodes of χ1, χ2 in τ ). By

construction we have rankr(ξ) = 1 and therefore rank(ξ) ≤ m. So we obtain
weight(ξ) = (n+ 1, 1) and rank(ξ) ≤ m. By (IH-2) >T terminates on ξ and
thus also on ψ′. As, by definition of R, ψ only reduces to ψ′ and ψ′ reduces
only to ψ′[χ′], >T terminates on ψ.

3.121.234. The case of cut. Here ψ is of the form

(ρ)
Γ ` ∆

(σ1)
Π1 ` Λ1

(σ2)
Π2 ` Λ2

Π1,Π2
+ ` Λ1

+,Λ2

cut(B)

Γ,Π1
∗,Π2

+∗ ` ∆∗,Λ1
+,Λ2

cut(A)

As ψ is a strict cut-derivation we have comp(B) < comp(A) (in particular
A 6= B). We consider the most interesting case (3.121.234.1) where A occurs
in Π1 and in Π2. Then ψ transforms to ψ′ for ψ′ =

(ρ)
Γ ` ∆

(σ1)
Π1 ` Λ1

Γ,Π1
∗ ` ∆∗,Λ1

cut(A)

(ρ)
Γ ` ∆

(σ2)
Π2 ` Λ2

Γ,Π2
∗ ` ∆∗,Λ2

cut(A)

Γ,Π1
∗,Γ+,Π2

+∗ ` ∆∗+,Λ1
+,∆∗,Λ2

cut(B)

Γ,Π1
∗,Π2

+∗ ` ∆∗,Λ1
+,Λ2

s∗

There are two strict cut-derivations in ψ′, the derivations χ1 =

(ρ)
Γ ` ∆

(σ1)
Π1 ` Λ1

Γ,Π1
∗ ` ∆∗,Λ1

cut(A)
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and χ2 =
(ρ)

Γ ` ∆
(σ2)

Π2 ` Λ2

Γ,Π2
∗ ` ∆∗,Λ2

cut(A)

Let χ be one of χ1, χ2. Then rankr(χ) < rankr(ψ) and rankl(χ) = rankl(ψ),
and therefore rank(χ1), rank(χ2) ≤ m. Moreover weight(χ1) = weight(χ2) =
(n+ 1, 1). So, by (IH-2), >T terminates on χ1 and on χ2. By Lemma 5.2.1
>T2 terminates on (χ1, χ2). Let ψ′.ν1 = χ1 and ψ′.ν2 = χ2. Then the re-
duction proceeds on proofs χ′1, χ

′
2 reachable by >R from of χ1, χ2 until we

obtain a derivation ψ′′:ψ′[χ′1, χ
′
2](ν1,ν2) with

cutcomp(χ′1) ≤ comp(B) and cutcomp(χ′2) ≤ comp(B).

Then the only strict cut-derivation ξ in ψ′′ (ending with the cut on B) fulfils
weight(ξ) ≤ (n, l) for some l ∈ IN. In case comp(B) = 0 there is no strict
cut-derivation anymore. Therefore (IH-1) applies and >T terminates on ξ,
and thus on ψ′. But ψ only reduces to ψ′, thus >T terminates on ψ.

Remember that ϕ = ϕ[ψ]ν for weight(ϕ) = (n + 1, 1), where ψ is the only
strict cut-derivation in ϕ with weight(ψ) = (n+1, 1). We have shown above
that >T terminates on ψ. By definition of >T , reductions on ϕ must lead to
a proof ϕ′:ϕ[ψ′]ν with weight(ψ′) < (n+1, 1) (note that such a ψ′ is actually
obtained by termination of >T on ψ). But then also weight(ϕ′) < (n+ 1, 1)
and, by (IH-1), >T terminates on ϕ′. As arbitrary reductions on ϕ lead to
such a proof ϕ′, >T terminates on ϕ. So we have shown:

(IB-3) >T terminates on all ϕ with weight(ϕ) = (n+ 1, 1).

(IH-3) Let us assume that>T terminates on all ϕ with weight(ϕ) ≤ (n+1, k).

So let us assume that weight(ϕ) = (n + 1, k + 1). Then ϕ = ϕ[ψ1, . . . , ψl]ν̄ ,
where ψ1, . . . ψl (for l ≤ k + 1) are the strict cut-derivations in ϕ with
cutcomp(ψj) = n+ 1 and ν̄ is the vector (ν1, . . . , νl) with ϕ.νj = ψj .
By (IB3) >T terminates on ψj for j = 1, . . . k + 1; indeed, as the ψj are
strict we have weight(ψj) = (n + 1, 1). By Lemma 5.2.1 >Tk+1 terminates
on the vector (ψ1, . . . , ψl). Thus every sequence of reductions must lead to
a proof

ϕ′: ϕ[ψ′1, . . . , ψ
′
l]ν̄

where for some ψ′j weight(ψ′j) < (n+ 1, 1). But then

weight(ϕ′) = (n+ 1, k) < weight(ϕ).

By (IH-3) >T terminates on ϕ′. As every reduction sequence on ϕ leads to
such a proof ϕ′, >T terminates on ϕ.
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2

Theorem 5.3.2 >T is a cut-elimination relation.

Proof: Let ϕ ∈ Φ be a proof of a S. Then, by Theorem 5.3.1, >T terminates
on ϕ. Let γ: ϕ,ϕ1, . . . , ϕn be a corresponding >T -derivation (s.t. ϕn is
irreducible under >T ) . By definition of >T all ϕi have the end-sequent S.
By Proposition 5.3.1 ϕn ∈ Φ0. Therefore γ is a cut-elimination sequence on
ϕ. 2

In usual mathematics Tait–Schütte reductions occur when most complex de-
fined properties are replaced by their explicit definitions in order to provide
a better understanding of the proof. For example, in the concept hierarchy
integral – Riemann sum – limes, the integrals are eliminated first.

5.4 Complexity of Cut-Elimination Methods

In Chapter 4 we have shown that the problem of cut-elimination in LK-
proofs is nonelementary. That means there are sequences (ϕn)n∈IN of LK-
proofs where all cut-elimination sequences w.r.t. all cut-elimination rela-
tions are of nonelementary size. Thus, clearly, both >G and >T only define
nonelementary cut-elimination sequences on (ϕn)n∈IN. So is there a point in
further analyzing the complexity of methods? The answer is yes! Indeed,
though all methods define only long cut-elimination sequences on worst-case
examples they may strongly differ on other sequences. Moreover it may be
the case that one method is always at least as good as the other one. In par-
ticular two methods differ essentially if their difference on specific sequences
is of the complexity of cut-elimination itself. Below we develop a formal
framework for a mathematical comparison of cut-elimination relations.

Definition 5.4.1 (NE-improvement) Let η be a cut-elimination sequence.
We denote by ‖η‖ the number of all symbol occurrences in η (i.e. the sym-
bolic length of η). Let >x and >y be two cut-elimination relations (e.g.
>T and >G). We say that >x NE-improves >y (NE stands for nonelemen-
tarily) if there exists a sequence of LK-proofs (ϕn)n∈IN with the following
properties:

1. There exists a k ∈ IN s.t. for all n there exists a cut-elimination
sequence ηn on ϕn w.r.t. >x with ‖ηn‖ < e(k, ‖ϕn‖),

2. For all k ∈ IN there exists an m ∈ IN s.t. for all n with n > m and for
all cut-elimination sequences θ on ϕn w.r.t. >y: ‖θ‖ > e(k, ‖ϕn‖).
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3

Definition 5.4.2 Let >x and >y be two cut-elimination relations s.t. >x
NE-improves >y and >y NE-improves >x. Then >x and >y are called
incomparable. 3

Our aim is to prove that the method of Gentzen and the method of Tait–
Schütte NE-improve each other and thus are not comparable.
For the first speed-up theorem we need some auxiliary definitions and con-
structions.

Definition 5.4.3 Let A be an atom, A0 = A and Am+1 = ¬Am for all
m ≥ 0. Let π0 be the LK-proof A0 ` A0 and πm+1 =

(πm)
Am ` Am
Am+1, Am `

¬ : l

Am, Am+1 `
p : l

Am+1 ` Am+1
¬ : r

for all m ≥ 0. Furthermore, for all m ≥ 0 let τm be

(πm)
Am ` Am

(πm)
Am ` Am

Am ` Am
cut(Am)

3

Lemma 5.4.1 Let τm be the sequence in Definition 5.4.3. Then there exists
a cut-elimination sequence ξm on τm w.r.t. >T and constants c, k indepen-
dent of m s.t.

‖ξm‖ ≤ c+ k ∗m3

for all m.

Proof: We define a cut-elimination sequence ξ0 and give a definition of ξm+1

in terms of ξm.
If m = 0 then τ0 has only one atomic cut and we define ξ0 = τ0. Now let
us assume inductively that we have a cut elimination sequence ξm for the
proof τm.
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By Definition 5.4.3 τm+1 is of the form

(πm)
Am ` Am
Am, Am+1 `

¬l

Am, Am+1 `
p : l

Am+1 ` Am+1
¬r

(πm)
Am ` Am
Am+1, Am `

¬l

Am, Am+1 `
p : l

Am+1 ` Am+1
¬r

Am+1 ` Am+1
cut(Am+1)

τm+1 is a cut-derivation with a single cut where rankl(τm+1) = 1 and
rankr(τm+1) = 3. Therefore we have to apply the rank reduction rules
in Definition 5.1.6; in particular the rule 3.121.22 applies and the result is
the proof τ1

m+1:

(πm+1)
Am+1 ` Am+1

(πm)
Am ` Am
Am+1, Am ` ¬l

Am, Am+1 `
p : l

Am+1, Am `
cut(Am+1)

Am, Am+1 `
p : l

Am+1 ` Am+1
¬r

For the (single) cut-derivation τ1
m+1 in χ we have rankr(χ) = 2 and we may

apply the rank reduction rule 3.121.21 in Definition 5.1.6; the result is a
proof τ2

m+1:

(πm+1)
Am+1 ` Am+1

(πm)
Am ` Am
Am+1, Am ` ¬l

Am+1, Am `
cut(Am+1)

Am, Am+1 `
p : l

Am+1 ` Am+1
¬r

Now the rank of the cut-derivation in τ2
m+1 is 2 and we may apply the grade

reduction rule 3.113.35. The result is the proof τ3
m+1 with cut formula Am:

(πm)
Am ` Am

(πm)
Am ` Am
Am+1, Am `

¬ : l

Am, Am+1 `
p : l

Am, Am+1 `
cut(Am)

Am+1, Am `
p : l

Am, Am+1 `
p : l

Am+1 ` Am+1
¬ : r
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The new cut-derivation in τ3
m+1 has a right rank > 1 and, again, we apply

the rule 3.121.21 and obtain a proof τ4
m+1:

(πm)
Am ` Am

(πm)
Am ` Am
Am+1, Am ` ¬ : l

Am, Am+1 `
cut(Am)

Am+1, Am `
p : l

Am, Am+1 `
p : l

Am+1 ` Am+1
¬ : r

In τ4
m+1 the rank reduction rule 3.121.22 applies and we obtain τ5

m+1:

(πm)
Am ` Am

(πm)
Am ` Am

Am ` Am
cut(Am)

Am+1, Am ` ¬l

Am, Am+1 `
p : l

Am+1, Am `
p : l

Am, Am+1 `
p : l

Am+1 ` Am+1
¬ : r

But τ5
m+1 is just the proof

(τm)
Am ` Am
Am+1, Am ` ¬l

Am, Am+1 `
p : l

Am+1, Am `
p : l

Am, Am+1 `
p : l

Am+1 ` Am+1
¬ : r

By induction we have a cut-elimination sequence ξm on τm. The sequence
ξm can be transformed into a cut-elimination sequence ξ′m on τ5

m+1 in an
obvious manner. But then the sequence ξm+1:

τm+1, τ
1
m+1, . . . τ

4
m+1, ξ

′
m

is a cut-elimination sequence on τm+1 w.r.t. >T .
It is obvious that the length of the sequence ξm is 5 ∗m+ 1 for all m.
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Let us investigate the size of ξm. In the sequence τm+1, τ
1
m+1, . . . , τ

5
m+1 we

have ‖τ1
m+1‖ > ‖τm+1‖, but ‖τ im+1‖ ≤ ‖τm+1‖ for i = 2, 3, 4, 5 and even

‖τm+1, τ
1
m+1, . . . τ

4
m+1‖ ≤ 5 ∗ ‖τm+1‖

and
‖τ5
m+1‖ < ‖τm+1‖.

Therefore ‖ξm‖ ≤ 5 ∗m ∗ ‖τm‖+ ‖τm‖.
By Definition 5.4.3 we have (for some constant c with ‖A0‖ = c):

‖τm‖ = 2 ∗ (m+ c) + 2 ∗ ‖πm‖,
‖πm+1‖ ≤ 6 ∗ (m+ c+ 1) + ‖πm‖,
‖π0‖ = 2 ∗ c.

Therefore there exists constants d1, d2, c, k s.t.

‖τm‖ ≤ d1 + d2 ∗m2 and
‖ξm‖ ≤ c+ k ∗m3.

2

Theorem 5.4.1 >T NE-improves >G.

Proof: Let γn be Statman’s sequence defined in Chapter 4. We know
that the maximal complexity of cut formulas in γn is less than 2n+3. Let
g(n) = 2n+3 and the formulas A and Ai be as in Definition 5.4.3. Then
clearly comp(Ag(n)) = g(n) and thus comp(Ag(n)) is greater than the cut-
complexity of γn. We will integrate Ag(n) into a more complex formula,
making this formula the principal formula of a cut. For every n ∈ IN let ρn
be the LK-proof:

(πg(n))
Ag(n) ` Ag(n)

(γn)
∆ ` Dn

Ag(n),∆ ` Ag(n) ∧Dn
∧: r

(πg(n))
Ag(n) ` Ag(n) A ` A
Ag(n) → A,Ag(n) ` A

→: l

Ag(n), Ag(n) → A ` A p : l

Ag(n) ∧Dn, Ag(n) → A ` A ∧: l

Ag(n),∆, Ag(n) → A ` A cut

where the πm are the proofs from Definition 5.4.3 and Dn = p((Tnq)q),
∆ = Ax,AxT as defined in Section 4.3. From the proof of Lemma 5.4.1 we
know that ‖πm‖ ≤ c1 +c2 ∗m2 for constants c1, c2 and, by definition of g(n):

‖πg(n)‖ ≤ c1 + c2 ∗ 22∗n+6.
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By definition of γn the proofs γn and thus also the ρn contain (only) an
exponential number of sequents; thus there exist constants d1, d2 with

l(ρn) ≤ 2d1+d2∗n

where the size of each sequent is less or equal than 2d3∗n for some constant
d3 independent of n. Consequently there exists a constant d s.t.

‖ρn‖ ≤ 2d(n+1)

for all n.
We now construct a cut-elimination sequence on ρn based on >T . As
comp(Ag(n)) is greater than the cut-complexity of γn, and comp(Ag(n) ∧
Dn) > comp(Ag(n)), the most complex cut formula in ρn is Ag(n)∧Dn. This
formula is selected by >T and we obtain ρn >T ρ′n (via rule 3.113.31 in
Definition 5.1.6) for the proof ρ1

n:

(πg(n))
Ag(n) ` Ag(n)

(πg(n))
Ag(n) ` Ag(n) A ` A
Ag(n) → A,Ag(n) ` A

→: l

Ag(n), Ag(n) → A ` A p : l

Ag(n), Ag(n) → A ` A
cut(Ag(n))

Ag(n),∆, Ag(n) → A ` A s∗

ρ1
n contains only one single cut with cut formula Ag(n) and ‖ρ1

n‖ < ‖ρn‖.
The right-rank of the corresponding cut-derivation is greater than 1 and we
have to apply the rule 3.121.31. The result is the proof ρ2

n:

(πg(n))
Ag(n) ` Ag(n)

(πg(n))
Ag(n) ` Ag(n) A ` A
Ag(n) → A,Ag(n) ` A

→: l

Ag(n), Ag(n) → A ` A
cut(Ag(n))

Ag(n),∆, Ag(n) → A ` A s∗

Clearly ‖ρ2
n‖ < ‖ρn‖. Still the right rank of the (single) cut-derivation

in ρ2
n is greater than 1 and we apply 3.121.233.3 in Definition 5.1.6. The

corresponding result is the proof ρ3
n:

(πg(n))
Ag(n) ` Ag(n)

(πg(n))
Ag(n) ` Ag(n)

Ag(n) ` Ag(n)
cut(Ag(n)) A ` A

Ag(n) → A,Ag(n) ` A
→: l

Ag(n),∆, Ag(n) → A ` A s∗
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The (only) cut-derivation in ρ3
n is just the proof τg(n) defined in Defini-

tion 5.4.3. By Lemma 5.4.1 we know that there exists a cut-elimination
sequence ξg(n) based on >T with

‖ξg(n)‖ ≤ c+ k ∗ g(n)3.

By definition of g there exists a constant d with

‖ξg(n)‖ ≤ 2d∗(n+1)

for all n.
ξg(n) immediately defines a cut-elimination sequence ξ′g(n) on ρ3

n (with the
last two sequents unchanged) and

‖ξ′g(n)‖ ≤ 2d
′∗(n+1).

for a constant d′. Putting things together we obtain a constant r and a
cut-elimination sequence ζn on ρn s.t.

‖ζn‖ ≤ 2r∗(n+1) for all n ≥ 1.

In the second part of the proof we show that every cut-elimination sequence
on ρn based on the relation >G is of nonelementary length in n and thus
also in terms of ‖ρn‖.
Note that every cut in γn lies above the cut with cut formula Dn ∧ En.
Therefore, in Gentzen’s method, we have to eliminate all non-atomic cuts
in γn before eliminating the cut with Dn ∧ En. So every cut-elimination
sequence on ρn based on >G must contain a proof of the form

(πg(n))
Ag(n) ` Ag(n)

(γ∗n)
∆ ` Dn

Ag(n),∆ ` Ag(n) ∧Dn
∧: r

(πg(n))
Ag(n) ` Ag(n) A ` A
Ag(n) → A,Ag(n) ` A

→: l

Ag(n), Ag(n) → A ` A p : l

Ag(n) ∧Dn, Ag(n) → A ` A ∧: l

Ag(n),∆, Ag(n) → A ` A cut

where γ∗n ∈ Φ0. But according to Statman’s result we have l(γ∗n) >
s(n)

2 .
Clearly the length of γ∗n is a lower bound on the length of every cut-
elimination sequence on ρn based on >G. Thus for all cut-elimination se-
quences θ on ρn w.r.t. >G we obtain

‖θ‖ > s(n)
2
.

2
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A nonelementary speed-up is possible also the other way around. In this
case it is an advantage to select the cuts from upwards instead by formula
complexity.

Theorem 5.4.2 >G NE-improves >T .

Proof: Consider Statman’s sequence γn defined in Chapter 4. Locate the
uppermost proof δ1 in γn; note that δ1 is identical to ψn+1. In γn we first
replace the proof δ1 (or ψn+1) of Γ ` Hn+1(T) by the proof δ̂1 below (where
Q is an arbitrary atom):

(ω)
P ∧ ¬P `

P ∧ ¬P ` ¬Q w: r

(ψn+1)
AxT ` Hn+1(T)
¬Q,AxT ` Hn+1(T) w: l

P ∧ ¬P,AxT ` Hn+1(T)
cut

The subproof ω is a proof of P ∧ ¬P ` of constant length. Furthermore we
use the same inductive definition in defining δ̂k as that of δk in Chapter 4.
Finally we obtain a proof ϕn in place of γn. Note that ϕn differs from γn only
by an additional cut with cut-formula ¬Q for an atom Q and the formula
P ∧ ¬P in the antecedents of sequents. We obtain

(+) ‖ϕn‖ ≤ c+ 2 ∗ ‖γn‖ ≤ 2dn+r

for appropriate constants c, d and r.

Our aim is to define a cut-elimination sequence on ϕn w.r.t. >G which is
of elementary complexity. Let Sk be the end sequent of the proof δ̂k. We
first investigate cut-elimination on the proof δ̂k; the remaining two cuts are
eliminated in a similar way. To this aim we prove by induction on k:

(∗) There exists a cut-elimination sequence δ̂k,1, . . . , δ̂k,m of δ̂k w.r.t. >G
with the following properties:

(1) m ≤ l(δ̂k),

(2) ‖δ̂k,i‖ ≤ ‖δ̂k‖ for i = 1, . . . ,m,

(3) δ̂k,m is of the form
(ω)

P ∧ ¬P `
Sk

w∗ + p
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Induction basis k = 1:
In δ̂1 there is only one nonatomic cut (with the formula ¬Q) where the cut
formula is introduced by weakening. Thus by definition of >G, using the
rule 3.113.1, we get δ̂1 >G δ̂1,2 where δ̂1,2 is the proof

(ω)
P ∧ ¬P `

P ∧ ¬P,AxT ` Hn+1(T)
w∗ + p

Clearly 2 ≤ l(δ̂1) and ‖δ̂1,2‖ ≤ ‖δ̂1‖. Moreover δ̂1,2 is of the form (3). This
gives (∗) for k = 1.

(IH) Assume that (∗) holds for k.

By definition, δ̂k+1 is of the form

(ψn−k+1)
AxT ` Hn−k+1(T) ρk

P ∧ ¬P,AxT ` Hn−k+1(Tk+1)
cut

for ρk =

(δ̂k)
P ∧ ¬P,AxT ` Hn−k+2(Tk)

(ϕk+1)
Hn−k+2(Tk),Hn−k+1(T) ` Hn−k+1(Tk+1)

P ∧ ¬P,AxT ,Hn−k+1(T) ` Hn−k+1(Tk+1)
cut

By (IH) there exists a cut-elimination sequence δ̂k,1, . . . , δ̂k,m on δ̂k w.r.t.
>G fulfilling (1), (2) and (3). In particular we have ‖δ̂k,m‖ ≤ ‖δ̂k‖ and δ̂k,m
is of the form

(ω)
P ∧ ¬P `

Sk
w∗ + p

All formulas in Sk, except P ∧¬P , are introduced by weakening in δ̂k,m. In
particular this holds for the formula Hn−k+2(Tk) which is a cut formula in
δ̂k+1. After cut-elimination on δ̂k the proof ρk is transformed (via >G) into
a proof ρ̂k:

(δ̂k,m)
P ∧ ¬P,AxT ` Hn−k+2(Tk)

(ϕk+1)
Hn−k+2(Tk),Hn−k+1(T) ` Hn−k+1(Tk+1)

P ∧ ¬P,AxT ,Hn−k+1(T) ` Hn−k+1(Tk+1)
cut

Now the (only) non-atomic cut in ρ̂k is with the cut formula Hn−k+2(Tk)
which is introduced by w: r in δ̂k,m. By using iterated reduction of left-rank
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via the symmetric versions of 3.121.21 and 3.121.22 in Definition 5.1.6, the
cut is eliminated and the proof χn−k+1 “disappears” and the result is again
of the form

(ω)
P ∧ ¬P `

P ∧ ¬P,AxT ,Hn−k+1(T) ` Hn−k+1(Tk+1)
w∗ + p

The proof above is the result of a cut-elimination sequence ρ̂k,1, . . . , ρ̂k,p on
ρ̂k w.r.t. >G. But then also δk+1 is further reduced to a proof where ρ̂k is
replaced by ρ̂k,p; in this proof there is only one cut left (with the formula
Hn−k+1(T)) and we may play the “weakening game” once more. Finally we
obtain a proof δ̂k,r of the form

(ω)
P ∧ ¬P `

P ∧ ¬P,AxT ` Hn−k+1(Tk+1)
w∗ + p

The conditions (1) and (2) are obviously fulfilled. This eventually gives (∗).
After the reduction of ϕn to ϕn[δ̂n,s]λ, where λ is the position of δ̂n and δ̂n,s
is the result of a Gentzen cut-elimination sequence on δ̂n, there are only two
cuts left. Again these cuts are swallowed by the proofs beginning with ω
and followed by a sequence of weakenings plus a final permutation. Putting
things together we obtain a cut-elimination sequence

ηn : ϕn,1, . . . , ϕn,q

on ϕn w.r.t. >G with the properties:

(1) ‖ϕn,i‖ ≤ ‖ϕn‖ and

(2) q ≤ l(ϕn).

But then, by (+),

‖ηn‖ ≤ q‖ϕn‖ ≤ ‖ϕn‖2 ≤ 22(dn+r).

Therefore ηn is a cut-elimination sequence on ϕn w.r.t. >G of elementary
complexity.

For the other direction consider Tait’s reduction method on the sequence
ϕn. The cut formulas in ϕn fall into two categories;

• the new cut formula ¬Q with comp(¬Q) = 1 and
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• the old cut formulas from γn.

Now let η be an arbitrary cut-elimination sequence on ϕn w.r.t. >T . By
definition of >T only cuts with maximal cut formulas can be selected in a
reduction step w.r.t. >T . Therefore η contains a proof ψ with ϕn >∗T ψ and
cutcomp(ψ) = 2. As the new cut in ϕn with cut formula ¬Q is of complexity
1, it is still present in ψ.
A straightforward proof transformation gives a proof χ s.t. γn >∗T χ,
cutcomp(χ) = 2, and l(χ) < l(ψ) (in some sense the Tait procedure does not
“notice” the new cut). But every cut-free proof of γn has a length > s(n)

2
and cut-elimination of cuts with (fixed) complexity k is elementary [71].
More precisely there exists a k and a cut-elimination sequence θ on χ w.r.t.
>T s.t.

‖θ‖ ≤ e(k, l(χ)).

This is only possible if there is no elementary bound on l(χ) in terms of ‖ϕn‖
(otherwise we would get ACNFs of γn of length elementarily in ‖γn‖). But
then there is no elementary bound on l(ψ) in terms of ‖ϕn‖. Putting things
together we obtain that for every k and for every cut-elimination sequence
η on ϕn

‖η‖ > e(k, ‖ϕn‖) almost everywhere .

2

Theorem 5.4.2 shows that there exist cut elimination sequences ηn on ϕn
w.r.t. >G s.t. ‖ηn‖ is elementarily bounded in n; however this does not
mean that every cut-elimination sequence on ϕn w.r.t. >G is elementary. In
fact >G is highly “unstable” in its different deterministic versions. Consider
the subproof δ̂1 in the proof of Theorem 5.4.2:

(ω)
P ∧ ¬P `

P ∧ ¬P ` ¬Q w: r

(ψn+1)
AxT ` Hn+1(T)
¬Q,AxT ` Hn+1(T) w: l

P ∧ ¬P,AxT ` Hn+1(T)
cut

If, in >G, we focus on the weakening (w : l) in the right part of the cut and
apply rule 3.113.2 we obtain δ̂1 >G µ, where µ is the proof

(ψn+1)
AxT ` Hn+1(T)

P ∧ ¬P,AxT ` Hn+1(T) w: l
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But µ contains the whole proof ψn+1. In the course of cut-elimination ψn+1

is built into the produced proofs exactly as in the cut-elimination procedure
on γn itself. The resulting proof in Φ0 is in fact longer than γ∗n (the corre-
sponding cut-free proof of the n-th element of Statman’s sequence) and thus
is of nonelementary length! This tells us that there are different determin-
istic versions α1 and α2 of >G s.t. α1 gives a nonelementary speed-up of α2

on the input set (ϕn)n∈IN.
In the introduction of additional cuts into Statman’s proof sequence we use
the weakening rule. Similar constructions can be carried out in versions of
the Gentzen calculus without weakening. What we need is just a sequence
of short LK-proofs of valid sequents containing “simple” redundant (in our
case atomic) formulas on both sides serving as cut formulas. Note that LK
without any redundancy (working with minimally valid sequents only) is not
complete.

Remark: Though >G and >T are incomparable it is easy to define a new
cut-elimination relation which NE-improves both >G and >T . Just define
>GT = >G ∪ >T . In fact, for any elimination order, we can find a method
which NE-improves the former ones. 3



Chapter 6

Cut-Elimination by
Resolution

6.1 General Remarks

In Chapter 5 we analyzed methods which eliminate cuts by stepwise re-
duction of cut-complexity. These methods always identify the uppermost
logical operator in the cut-formula and either eliminate it directly (grade re-
duction) or indirectly (rank reduction). Here it is typical that, during grade
reduction, the cut formulas are “peeled” from outside. These methods are
local in the sense that only a small part of the whole proof is analyzed,
namely the derivation corresponding to the introduction of the uppermost
logical operator. As a consequence many types of redundancy in proofs are
left undetected in these reductive methods, leading to bad computational
behavior.
In [18] we defined a method of cut-elimination which is based on an analysis
of all cut-derivations in LK-proofs. The interplay of binary rules which
produce ancestors of cut formulas and those which do not, defines a structure
which can be represented as a set of clauses or as a clause term. This set
of clauses is always unsatisfiable and admits a resolution refutation. The
refutation thus obtained may serve as a skeleton of an LK-proof of the
original sequent with only atomic cuts. The cut-free proof itself is obtained
by replacing clauses in the resolution tree by so-called proof projections
of the original proof. Though this method, cut-elimination by resolution,
radically differs from Gentzen’s reduction method defined in Chapter 5, it
simulates all methods based on the Gentzen rules (see [20]) as will be shown
in Section 6.8.

M. Baaz, A. Leitsch, Methods of Cut-Elimination, Trends in Logic 34, 105
DOI 10.1007/978-94-007-0320-9 6, c© Springer Science+Business Media B.V. 2011
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In contrast to Gentzen’s method, cut-elimination by resolution requires the
proof to be Skolemized. After cut-elimination the derivation can be trans-
formed into another of the original (un-Skolemized) sequent. If the end-
sequent is prenex then there exists a polynomial transformation into the
original sequent.
Below we define structural Skolemization and the Skolemization of proofs
and give some technical definitions.

6.2 Skolemization of Proofs

Originally Skolemization was considered a model theoretic method to re-
place quantifiers by function symbols. The soundness thereby depends on
the application of the axiom of choice. The Skolem functions can be inter-
preted as functions over standard models. Historically such functions are
connected to the necessity to calculate with objects after their existence has
been established. In the proof theoretic context Skolemization is a trans-
formation on first-order formulas which removes all strong quantifiers. This
means that the correct choice of functions as Skolem functions depends on
the ability to derive the obtained results without them. Thus special empha-
sis has to be laid on the elimination of Skolem functions within reasonable
complexity bounds as already addressed in Hilbert and Bernays [51].
There are different types of Skolemizations which may strongly differ in the
proof complexity of the transformed formula (see [16]). Below we define
the structural Skolemization operator sk , which represents the immediate
version of Skolemization.

Definition 6.2.1 (Skolemization) sk is a function which maps closed for-
mulas into closed formulas; it is defined in the following way:

sk(F ) = F if F does not contain strong quantifiers.

Otherwise assume that (Qy) is the first strong quantifier in F (in a tree
ordering) which is in the scope of the weak quantifiers (Q1x1), . . . , (Qnxn)
(appearing in this order). Let f be an n-ary function symbol not occurring
in F (f is a constant symbol for n = 0). Then sk(F ) is defined inductively
as

sk(F ) = sk(F(Qy){y ← f(x1, . . . , xn)}).

where F(Qy) is F after omission of (Qy). sk(F ) is called the (structural)
Skolemization of F . 3
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In model theory and automated deduction the definition of Skolemization
mostly is dual to Definition 6.2.1, i.e. in case of prenex forms the existen-
tial quantifiers are eliminated instead of the universal ones. We call this
kind of Skolemization refutational Skolemization. The dual kind of Skolem-
ization (elimination of universal quantifiers) is frequently called “Herbran-
dization” [54]. The Skolemization of sequents, defined below, yields a more
general framework covering both concepts.

Definition 6.2.2 (Skolemization of sequents) Let S be the sequent
A1, . . . , An ` B1, . . . , Bm consisting of closed formulas only and

sk((A1 ∧ . . .∧An)→ (B1 ∨ . . .∨Bm)) = (A′1 ∧ . . .∧A′n)→ (B′
1 ∨ . . .∨B′

m).

Then the sequent
S′: A′1, . . . , A

′
n ` B′

1, . . . , B
′
m

is called the Skolemization of S. 3

Example 6.2.1 Let S be the sequent (∀x)(∃y)P (x, y) ` (∀x)(∃y)P (x, y).
Then the Skolemization of S is S′ : (∀x)P (x, f(x)) ` (∃y)P (c, y) for a one-
place function symbol f and a constant symbol c. Note that the Skolem-
ization of the left-hand-side of the sequent corresponds to the refutational
Skolemization concept for formulas. 3

By a Skolemized proof we mean a proof of the Skolemized end sequent.
Also proofs with cuts can be Skolemized, but the cut formulas themselves
cannot. Only the strong quantifiers which are ancestors of the end sequent
are eliminated. Skolemization does not increase the length of proofs. To
measure proof length in a way which is reasonably independent of different
structural versions of LK we choose the number of logical inferences and
cuts.

Definition 6.2.3 Let ϕ be an arbitrary LK-proof. By ‖ϕ‖l we denote the
number of logical inferences and cuts in ϕ. Unary structural rules are not
counted. 3

Proposition 6.2.1 Let ϕ be an LK-proof of S from an atomic axiom set
A. Then there exists a proof sk(ϕ) of sk(S) (the structural Skolemization of
S) from A s.t. ‖sk(ϕ)‖l ≤ ‖ϕ‖l.
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Proof: The transformation of ϕ to sk(ϕ) is based on a technique described
in [16], Lemma 4. There, however, it was applied to specific forms of cut-free
proofs only. The extension to proofs containing cuts is not very difficult; for
this purpose the method has to be restricted to formulas having successors
in the end sequent S. In particular Skolemization has to be avoided on all
occurrences of cut formulas. Below we present a transformation defined in
[17].

Let us locate an innermost occurrence of a strong quantifier in a formula of
the end-sequent S. Assume, e.g., that µ is such an occurrence which is a
positive occurrence of (∀x)A(x). Then there are the following possibilities
for the introduction of (∀x)A(x) in ϕ. In all cases (b)–(e) (∀x)A(x) occurs
as a subformula in C.

(a)

Γ ` ∆, A(α)
Γ ` ∆, (∀x)A(x) ∀ : r

(b)

Γ ` ∆, B
Γ ` ∆, B ∨ C ∨ : r

(c)

B,Γ ` ∆
B ∧ C,Γ ` ∆ ∧ : l

(d)

Γ ` ∆
Γ ` ∆, C

w : r

(e)

Γ ` ∆
C,Γ ` ∆ w : l

The most interesting case is (a). The cases (b)–(e) can be handled in a very
similar way. We first describe (a):

We locate the proof segment ψ(α) ending in Γ ` ∆, A(α). Let ρ[(∀x)A(x)]
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be the path connecting Γ ` ∆, (∀x)A(x) with S. We locate all introduc-
tions of weak quantifiers (Qiyi) on ρ[(∀x)A(x)] which dominate the occur-
rence of (∀x)A(x); each of these introductions eliminates a term ti. Let
t1, . . . , tn be all of these terms. Then we introduce a new function sym-
bol fµ of arity n and replace ψ(α) by ψ(fµ(t1, . . . , tn)), which is a proof of
Γ ` ∆, A(fµ(t1, . . . , tn)).
Note that α is an eigenvariable and Γ ` ∆ is left unchanged by this sub-
stitution. By observing appropriate regularity conditions no eigenvariable
conditions are violated in ψ(fµ(t1, . . . , tn)).
Next we skip the ∀: r-introduction of a) and replace

ρ[(∀x)A(x)] by ρ[A(fµ(t1, . . . , tn))].

Note that, on ρ[A(fµ(t1, . . . , tn))], the terms t1, . . . , tn are eliminated suc-
cessively. The intermediate occurrences of A(. . .) are thus of the form

A(fµ(y1, . . . , yk, tk+1, . . . , tn)).

The occurrence of (∀x)A(x) in the end sequent is thus transformed to
A(f(y1, . . . , yn)), which is precisely the Skolemized occurrence of (∀x)A(x)
in S.
Note that, by this transformation, contractions are not disturbed as the
function symbol is labeled by µ.
The case of a formula (∃x)A(x) occurring negatively in S is completely
analogous.

We now turn to (b):
Let ρ[B∨C] be the path connecting Γ ` ∆, B∨C with the end sequent. Let
y1, . . . , ym be the weak quantifiers in C dominating (∀x)A(x) and t1, . . . , tn
be the terms eliminated by weak quantifiers on the path down from B ∨ C
to the end-sequent. Then we define

C ′ = C[A(fµ(t1, . . . , tn, y1, . . . , ym)]λ

where λ is the occurrence of (∀x)A(x) in C and we replace ρ[B ∨ C] by
ρ[B ∨ C ′].
We iterate this transformation until there is no strong quantifier left in the
end-sequent.

Note that the cut formulas can merely be instantiated by these transfor-
mations; if the cuts are closed they simply remain unchanged. Moreover
we can avoid any conflict with eigenvariable conditions by performing an
appropriate renaming in advance.
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The transformation drops quantifier-introductions and performs term sub-
stitution; none of these can lead to an increase in the number of logical
inferences (instead we may obtain a strict decrease). Therefore if sk(ϕ) is
the final proof of the sequent sk(S) then sk(ϕ) is a proof from A (note that,
by definition, axiom sets are closed under substitution and the axioms are
quantifier-free), and

‖sk(ϕ)‖l ≤ ‖ϕ‖l. 2

Example 6.2.2 Let ϕ =

P (c, α) ` P (c, α) Q(α) ` Q(α)
P (c, α), P (c, α)→ Q(α) ` Q(α)

→: l + p: l

P (c, α)→ Q(α), (∀x)P (c, x) ` Q(α)
∀: l + p: l

P (c, α)→ Q(α), (∀x)P (c, x) ` (∃y)Q(y) ∃: r

(∃y)(P (c, y)→ Q(y)), (∀x)P (c, x) ` (∃y)Q(y) ∃: l

(∀x)(∃y)(P (x, y)→ Q(y)), (∀x)P (c, x) ` (∃y)Q(y) ∀: l

Then sk(ϕ) =

P (c, f(c)) ` P (c, f(c)) Q(f(c)) ` Q(f(c))
P (c, f(c)), P (c, f(c))→ Q(f(c)) ` Q(f(c))

→: l + p: l

P (c, f(c))→ Q(f(c)), (∀x)P (c, x) ` Q(f(c))
∀: l + p: l

P (c, f(c))→ Q(f(c)), (∀x)P (c, x) ` (∃y)Q(y) ∃: r

(∀x)(P (x, f(x))→ Q(f(x))), (∀x)P (c, x) ` (∃y)Q(y) ∀: l

Note that ‖ϕ‖l = 5 and ‖sk(ϕ)‖l = 4. 3

We have seen in Proposition 6.2.1 that Skolemization of proofs require ax-
ioms to be atomic (or at least quantifier-free). Indeed the standard axiom
set with axioms A ` A for arbitrary A is not closed under Skolemization.
On the other hand the axioms need not be of the form A ` A. Therefore
the Skolemization method works for all proofs with atomic axioms. By the
transformation π(A) for formulas A defined in Chapter 4 we may transform
proofs from axioms of the form A ` A into proofs from the standard axiom
set, and this transformation is linear (Lemma 4.1.1).

Definition 6.2.4 Let Φs be the set of all LK-derivations with Skolemized
end sequents. Φs

∅ is the set of all cut-free proofs in Φs and, for all i ≥ 0, Φs
i

is the set of all proofs in Φs with cut-complexity ≤ i . 3

On Skolemized proofs cut-elimination means (for us) to transform a deriva-
tion in Φs into a derivation in Φs

0. If it is possible to eliminate the remaining
atomic cuts we do it as a postprocessing step.



6.3. CLAUSE TERMS 111

6.3 Clause Terms

The information present in the axioms refuted by the cuts will be represented
by a set of clauses (note that clauses are just atomic sequents). Every proof
ϕ with cuts can be transformed into a proof ϕ′ of the empty sequent by
skipping inferences going into the end-sequent. The axioms of this refutation
ϕ′ can be compactly represented by clause terms.

Definition 6.3.1 (clause term) Clause terms are {⊕,⊗}-terms over clause
sets. More formally:

• (Finite) sets of clauses are clause terms.

• If X,Y are clause terms then X ⊕ Y is a clause term.

• If X,Y are clause terms then X ⊗ Y is a clause term.

3

Definition 6.3.2 (semantics of clause terms) We define a mapping | |
from clause terms to sets of clauses in the following way:

|C| = C for a set of clauses C,
|X ⊕ Y | = |X| ∪ |Y |,
|X ⊗ Y | = |X| × |Y |,

where C × D = {C ◦D | C ∈ C, D ∈ D}. 3

We define clause terms to be equivalent if the corresponding sets of clauses
are equal, i.e. X ∼ Y iff |X| = |Y |.
Clause terms are binary trees whose nodes are finite sets of clauses (instead
of constants or variables). Therefore term occurrences are defined in the
same way as for ordinary terms. When speaking about occurrences in clause
terms we only consider nodes in this term tree, but not occurrences inside
the leaves, i.e. within the sets of clauses on the leaves. In contrast we
consider the internal structure of leaves in the concept of substitution:

Definition 6.3.3 Let θ be a substitution. We define the application of θ
to clause terms as follows:

Xθ = Cθ if X = C for a set of clauses C,
(X ⊕ Y )θ = Xθ ⊕ Y θ,
(X ⊗ Y )θ = Xθ ⊗ Y θ.

3
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There are four binary relations on clause terms which will play a important
role in the proof of our main result on cut-reduction.

Definition 6.3.4 Let X,Y be clause terms. We define

X ⊆ Y iff |X| ⊆ |Y | (i.e. iff |X| is a subclause of |Y |),

X v Y iff for all C ∈ |Y | there exists a D ∈ |X| s.t. D v C,

X ≤s Y iff there exists a substitution θ with Xθ = Y . 1

3

Remark: If Y ⊆ X then X v Y . Indeed, assume that |Y | ⊆ |X| (every
clause in |Y | is also a clause in |X|); then, for every C ∈ |Y |, there exists a
D ∈ |X| (namely C itself) s.t. D v C. 3

The operators ⊕ and ⊗ are compatible with the relations ⊆ and v. This is
formally proved in the following lemmas.

Lemma 6.3.1 Let X,Y, Z be clause terms and X ⊆ Y . Then

(1) X ⊕ Z ⊆ Y ⊕ Z,

(2) Z ⊕X ⊆ Z ⊕ Y ,

(3) X ⊗ Z ⊆ Y ⊗ Z,

(4) Z ⊗X ⊆ Z ⊗ Y .

Proof: (2) follows from (1) because ⊕ is commutative, i.e. X ⊕Z ∼ Z ⊕X.
The cases (3) and (4) are analogous. Thus we only prove (1) and (3).

(1) |X ⊕ Z| = |X| ∪ |Z| ⊆ |Y | ∪ |Z| = |Y ⊕ Z|.

(3) Let C ∈ |X⊗Z|. Then there exist clauses D,E with D ∈ |X|, E ∈ |Z|
and C = D ◦ E. Clearly D is also in |Y | and thus C ∈ |Y ⊗ Z|. 2

Lemma 6.3.2 Let X,Y, Z be clause terms and X v Y . Then

(1) X ⊕ Z v Y ⊕ Z,

(2) Z ⊕X v Z ⊕ Y ,
1Note that ≤s is defined directly on the syntax of clause terms, and not via the seman-

tics.
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(3) X ⊗ Z v Y ⊗ Z,

(4) Z ⊗X v Z ⊗ Y .

Proof: (1) and (2) are trivial, (3) and (4) are analogous. Thus we only prove
(4):
Let C ∈ |Z ⊗ Y |. Then C ∈ |Z| × |Y | and there exist D ∈ |Z| and E ∈ |Y |
s.t. C = D ◦ E. By definition of v there exists an E′ ∈ |X| with E′ v E.
This implies D ◦E′ ∈ |Z ⊗X| and D ◦E′ v D ◦E. So Z ⊗X v Z ⊗ Y . 2

We are now able to show that replacing subterms in a clause term preserves
the relations ⊆ and v.

Lemma 6.3.3 Let λ be an occurrence in a clause term X and Y � X.λ for
�∈ {⊆,v}. Then X[Y ]λ � X.

Proof: We proceed by induction on the term-complexity (i.e. number of
nodes) of X.
IfX is a set of clauses then λ is the top position andX.λ = X. Consequently
X[Y ]λ = Y and thus X[Y ]λ � X.
Let X be X1 �X2 for � ∈ {⊕,⊗}. If λ is the top position in X then the
lemma trivially holds. Thus we may assume that λ is a position in X1 or
in X2. We consider the case that λ is in X1 (the other one is completely
symmetric): then there exists a position µ in X1 s.t. X.λ = X1.µ. By
induction hypothesis we get X1[Y ]µ � X1. By the Lemmas 6.3.1 and 6.3.2
we obtain

X1[Y ]µ �X2 � X1 �X2.

But
X1[Y ]µ �X2 = (X1 �X2)[Y ]λ = X[Y ]λ

and therefore X[Y ]λ � X. 2

We will see in Section 6.8 that the relations ⊆,v and ≤s are preserved under
cut-reduction steps. Together they define a relation �:

Definition 6.3.5 Let X and Y two clause terms. We define X � Y if (at
least) one of the following properties is fulfilled:

(a) Y ⊆ X or

(b) X v Y or
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(c) X ≤s Y .

3

Now we are in possession of the machinery to define the characteristic clause
term of an LK-derivation.

6.4 The Method CERES

Below we introduce a method of cut-elimination which essentially uses only
the semantic information of the refutability of the cuts after the rest of the
proof has been deleted.

Definition 6.4.1 (characteristic term) Let ϕ be an LK-derivation of S
and let Ω be the set of all occurrences of cut formulas in ϕ. We define the
characteristic (clause) term Θ(ϕ) inductively via Θ(ϕ)/ν for occurrences of
sequents ν in ϕ:

Let ν be the occurrence of an initial sequent in ϕ. Then Θ(ϕ)/ν = {S(ν,Ω)}
(see Definition 3.2.14).

Let us assume that the clause terms Θ(ϕ)/ν are already constructed for all
sequent occurrences ν in ϕ with depth(ν) ≤ k. Now let ν be an occurrence
with depth(ν) = k + 1. We distinguish the following cases:

(a) ν is the conclusion of µ, i.e. a unary rule applied to µ gives ν. Here
we simply define Θ(ϕ)/ν = Θ(ϕ)/µ.

(b) ν is the consequent of µ1 and µ2, i.e. a binary rule ξ applied to µ1 and
µ2 gives ν.

(b1) The occurrences of the auxiliary formulas of ξ are ancestors of Ω,
thus the formulas occur in S(µ1,Ω), S(µ2,Ω). Then Θ(ϕ)/ν =
Θ(ϕ)/µ1 ⊕Θ(ϕ)/µ2.

(b2) The occurrences of the auxiliary formulas of ξ are not ancestors
of Ω. In this case we define Θ(ϕ)/ν = Θ(ϕ)/µ1 ⊗Θ(ϕ)/µ2.

Note that, in a binary inference, either the occurrences of both auxiliary
formulas are ancestors of Ω or none of them.
Finally the characteristic term Θ(ϕ) is defined as Θ(ϕ)/ν where ν is the
occurrence of the end-sequent. 3
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Remark: If ϕ is a cut-free proof then there are no occurrences of cut
formulas in ϕ and Θ(ϕ) is a term defined by ⊗ and {`} only. The property
itself of a proof ϕ being cut-free could be defined in an extended sense by
|Θ(ϕ)| = {`}. 3

Definition 6.4.2 (characteristic clause set) Let ϕ be an LK-derivation
and Θ(ϕ) be the characteristic term of ϕ. Then CL(ϕ), for CL(ϕ) = |Θ(ϕ)|,
is called the characteristic clause set of ϕ. 3

Example 6.4.1 Let ϕ be the derivation (for α, β free variables, a a constant
symbol)

ϕ1 ϕ2

(∀x)(¬P (x) ∨Q(x)) ` (∃y)Q(y)
cut

where ϕ1 is the LK-derivation:

P (α)? ` Q(α)?, P (α)
¬P (α), P (α)? ` Q(α)?

¬ : r
Q(α), P (α)? ` Q(α)?

P (α)?,¬P (α) ∨Q(α) ` Q(α)?
∨ : l + p : l

¬P (α) ∨Q(α) ` Q(α)?,¬P (α)?
¬ : r

¬P (α) ∨Q(α) ` Q(α)?, (¬P (α) ∨Q(α))?
∨ : r

¬P (α) ∨Q(α) ` (¬P (α) ∨Q(α))?, (¬P (α) ∨Q(α))?
p : r + ∨ : r

¬P (α) ∨Q(α) ` (¬P (α) ∨Q(α))?
c : r

¬P (α) ∨Q(α) ` (∃y)(¬P (α) ∨Q(y))? ∃ : r

(∀x)(¬P (x) ∨Q(x)) ` (∃y)(¬P (α) ∨Q(y))? ∀ : l

(∀x)(¬P (x) ∨Q(x)) ` (∀x)(∃y)(¬P (x) ∨Q(y))? ∀ : r

and ϕ2 is:

` Q(β), P (a)?

¬P (a)? ` Q(β) ¬ : l
Q(β)? ` Q(β)

(¬P (a) ∨Q(β))? ` Q(β) ∨ : l

(¬P (a) ∨Q(β))? ` (∃y)Q(y) ∃ : r

(∃y)(¬P (a) ∨Q(y))? ` (∃y)Q(y) ∃ : l

(∀x)(∃y)(¬P (x) ∨Q(y))? ` (∃y)Q(y) ∀ : l

Let Ω be the set of the two occurrences of the cut formula in ϕ. The ancestors
of Ω are marked by ?. We compute the characteristic clause term Θ(ϕ):

From the ?-marks in ϕ we first get the clause terms corresponding to the
initial sequents:

X1 = {P (α) ` Q(α)}, X2 = {P (α) ` Q(α)}, X3 = {` P (a)}, X4 = {Q(β) `}.
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The leftmost-uppermost inference in ϕ1 is unary and thus the clause termX1

corresponding to the conclusion does not change. The first binary inference
in ϕ1 (it is ∨ : l) takes place on non-ancestors of Ω – the auxiliary formulas
of the inference are not marked by ?. Consequently we obtain the term

X1 ⊗X2 = Y1 = {P (α) ` Q(α)} ⊗ {P (α) ` Q(α)}.

The following inferences in ϕ1 are all unary and so we obtain

Θ(ϕ)/ν1 = Y1

for ν1 being the position of the end sequent of ϕ1 in ϕ.
Again the uppermost-leftmost inference in ϕ2 is unary and thus X3 does not
change. The first binary inference in ϕ2 takes place on ancestors of Ω (the
auxiliary formulas are ?-ed) and we have to apply the ⊕ to X3, X4. So we
get

Y2 = {` P (a)} ⊕ {Q(β) `}.

Like in ϕ1 all remaining inferences in ϕ2 are unary leaving the clause term
unchanged. Let ν2 be the occurrence of the end-sequent of ϕ2 in ϕ. Then
the corresponding clause term is

Θ(ϕ)/ν2 = Y2.

The last inference (cut) in ϕ takes place on ancestors of Ω and we have to
apply ⊕ again. This eventually yields the characteristic term

Θ(ϕ) = Y1 ⊕ Y2 =
({P (α) ` Q(α)} ⊗ {P (α) ` Q(α)})⊕ ({` P (a)} ⊕ {Q(β) `}).

For the characteristic clause set we obtain

CL(ϕ) = |Θ(ϕ)| = {P (α), P (α) ` Q(α), Q(α); ` P (a); Q(β) `}.

3

It is easy to verify that the set of characteristic clauses CL(ϕ) constructed
in the example above is unsatisfiable. This is not merely a coincidence, but
a general principle expressed in the next proposition. For the proof we need
the technical notion of context product which allows to extend a proof on
all nodes by a clause.
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Definition 6.4.3 (context product) Let C be a sequent and ϕ be an
LK-derivation s.t. no free variable in C occurs as eigenvariable in ϕ. We
define the left context product C ? ϕ of C and ϕ (which gives a proof of
C ◦ S) inductively:

• If ϕ consists only of the root node ν and Seq(ν) = S then C ? ϕ is a
proof consisting only of a node µ s.t. Seq(µ) = C ◦ S.

• assume that ϕ is of the form

(ϕ′)
S ′

S
ξ

where ξ is a unary rule. Assume also that C ? ϕ′ is already defined
and is an LK-derivation of C ◦ S ′. Then we define C ? ϕ as:

C ? ϕ′

C ◦ S′
S ′′

p∗

S′′′
ξ

C ◦ S p∗

Note that for performing the rule ξ on C ◦S′ instead on S′ we have to
permute the sequent C ◦ S ′ first in order to make the rule applicable.
If ξ is a right rule no additional permutation is required. C ? ϕ is
well defined also for the rules ∀: r and ∀: l as C does not contain free
variables which are eigenvariables in ϕ.

• Assume that ϕ is of the form

(ϕ1)
S1

(ϕ2)
S2

S
ξ

and C ? ϕ1 is a proof of C ◦ S1, C ? ϕ2 is a proof of C ◦ S2. Then we
define the proof C ? ϕ as

(C ? ϕ1)
C ◦ S1

S′1
p∗

(C ? ϕ2)
C ◦ S2

S′2
p∗

S′
ξ

C ◦ S s∗

Note that, if ξ is the cut rule, restoring the context after applica-
tion of ξ might require weakening; otherwise s∗ stands for structural
derivations consisting of permutations and contractions.
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The right context product ϕ ? C is defined in the same way. 3

Example 6.4.2 Let ϕ be the proof

R(a) ` R(a) Q(a) ` Q(a)
R(a)→ Q(a), R(a) ` Q(a) →: l

(∀x)(R(x)→ Q(x)), R(a) ` Q(a) ∀: l

and C = P (y) ` Q(y). Then the context product C ? ϕ is

P (y), R(a) ` Q(y), R(a)
R(a), P (y) ` Q(y), R(a)

p: l
P (y), Q(a) ` Q(y), Q(a)
Q(a), P (y) ` Q(y), Q(a)

p: l

R(a)→ Q(a), R(a), P (y), P (y) ` Q(y), Q(y), Q(a) →: l

P (y), R(a)→ Q(a), R(a) ` Q(y), Q(a) s∗

R(a)→ Q(a), P (y), R(a) ` Q(y), Q(a)
p: l

(∀x)(R(x)→ Q(x)), P (y), R(a) ` Q(y), Q(a) ∀: l

P (y), (∀x)(R(x)→ Q(x)), R(a) ` Q(y), Q(a)
p: l

3

Proposition 6.4.1 Let ϕ be a regular LK-proof of a closed sequent and
ϕ ∈ Φs. Then CL(ϕ) is unsatisfiable.

Proof: Let Θ(ϕ) be the characteristic term (see Definition 6.4.1); for every
node ν in ϕ we set Cν = Θ(ϕ)/ν. Let Ω be the set of all occurrences of cut
formulas in ϕ.
We prove by induction on the derivation that, for all nodes ν in ϕ,

(*) S(ν,Ω) (see Definition 3.2.14) is LK-derivable from Cν .
If ν0 is the root node of ϕ then, clearly, S(ν0,Ω) = {`}, as in the end sequent
there are no ancestors of cuts. So ` is LK-derivable from CL(ϕ). As LK is
sound, the set of clauses CL(ϕ) is unsatisfiable. So it remains to prove (*).

If ν is a leaf in ϕ then, by definition of Θ(ϕ)/ν, Cν = S(ν,Ω). Therefore
S(ν,Ω) itself is the LK-derivation of S(ν,Ω) from Cν .

(1) The node ν is a conclusion of a unary inference, i.e. ϕ.ν =

(ϕ.µ)
Seq(µ)
Seq(ν)

ξ

By induction hypothesis there exists an LK-derivation ψ(µ) of S(µ,Ω)
from Cµ. By definition of the characteristic term we have Cν = Cµ. Our
aim is to extend ψ(µ) to a derivation ψ(ν) of S(ν,Ω) from Cν .



6.4. THE METHOD CERES 119

(1a) The principal formula of ξ is not an Ω-ancestor. Then S(µ,Ω) =
S(ν,Ω) and we define ψ(ν) = ψ(µ).

(1b) The principal formula of ξ is an Ω-ancestor. Then we define
ψ(ν) =

(ψ(µ))
S(µ,Ω)
S(ν,Ω)

ξ + p∗

where p∗ symbolizes a sequence of permutations (at most 4 are
needed). Clearly ψ(ν) is an LK-derivation of S(ν,Ω) from Cν .

(2) ν is a consequence of a binary inference. Then ϕ.ν =

(ϕ.µ1)
Seq(µ1)

(ϕ.µ2)
Seq(µ2)

Seq(ν)
ξ

By induction hypothesis there exist LK-derivations

ψ(µ1) of S(µ1,Ω) from Cµ1 and

ψ(µ2) of S(µ2,Ω) from Cµ2 .

(2a) The principal formula of ξ is not an Ω-ancestor. Then, by defini-
tion of the characteristic clause set

Cν = Cµ1 × Cµ2 .

We construct an LK-derivation of S(ν,Ω) from Cν :
Define, for every C ∈ Cµ1 , the derivation C ? ψ(µ2). Note that
this left context product is defined as C does not contain free
variables which are eigenvariables in ψ(µ2); indeed, ϕ is regular
and, as the end-sequent is closed, every free variable in C is also
an eigenvariable in the proof. C ?ψ(µ2) is a proof of C ◦S(µ2,Ω)
from {C} × Cµ2 which is a subset of Cµ1 × Cµ2 ; so C ? ψ(µ2) is a
proof of C ◦ S(µ2,Ω) from Cµ1 × Cµ2 .
Now consider the derivation ψ1:ψ(µ1)?S(µ2,Ω) (ψ1 is well defined
by the regularity conditions); the initial sequents of ψ1 are of the
form C ◦ S(µ2,Ω) for C ∈ Cµ1 . Replace every initial sequent
in ψ1 by the derivation C ? ψ(µ2). The result is a proof χ of
S(µ1,Ω) ◦ S(µ2,Ω) from Cµ1 × Cµ2 .
We define ψ(ν) = χ. But Cν = Cµ1×Cµ2 and S(ν,Ω) = S(µ1,Ω)◦
S(µ2,Ω); therefore ψ(ν) is a derivation of S(ν,Ω) from Cν .
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(2b) The principal formula of ξ is an Ω-ancestor. Then, by definition
of the characteristic clause term,

Cν = Cµ1 ∪ Cµ2 .

We just define ψ(ν) =

(ψ(µ1))
S(µ1,Ω)

(ψ(µ2))
S(µ2,Ω)

S(ν,Ω)
ξ + s∗

Clearly ψ(ν) is an LK-derivation of S(ν,Ω) from Cν . 2

Let ϕ ∈ Φs be a deduction of S: Γ ` ∆ and CL(ϕ) be the characteristic
clause set of ϕ. Then CL(ϕ) is unsatisfiable and, by the completeness of
resolution (see [61, 69]), there exists a resolution refutation γ of CL(ϕ). By
applying a ground projection to γ we obtain a ground resolution refutation
γ′ of CL(ϕ); by our definition of resolution, γ′ is also an LK-deduction of `
from (ground instances of) CL(ϕ). This deduction γ′ may serve as a skeleton
of an Φs

0-proof ψ of Γ ` ∆ itself. The construction of ψ from γ′ is based
on projections replacing ϕ by cut-free deductions ϕ(C) of P̄ ,Γ ` ∆, Q̄ for
clauses C : P̄ ` Q̄ in CL(ϕ). Roughly speaking, the projections of the proof
ϕ are obtained by skipping all the inferences leading to a cut. As a “residue”
we obtain a characteristic clause in the end sequent. Thus a projection is
a cut-free derivation of the end sequent S + some atomic formulas. For
the application of projections it is vital to have a Skolemized end sequent,
otherwise eigenvariable conditions could be violated.
For the definition of projection we define a technical notion:

Definition 6.4.4 Let ϕ be an LK-proof, ν a node in ϕ and Ω a set of
formula occurrences in ϕ. Then we define S̄(ν,Ω) by

Seq(ν) = S(ν,Ω) ◦ S̄(ν,Ω).

S̄(ν,Ω) is just the subsequent of Seq(ν) consisting of the non-ancestors of
Ω, i.e. of the ancestors of the end-sequent. 3

Lemma 6.4.1 Let ϕ be a deduction in Φs of a sequent S from an axiom set
A and let C be a clause in CL(ϕ). Then there exists a deduction ϕ[C] ∈ Φs

∅
of C ◦ S from A and

‖ϕ[C]‖l ≤ ‖ϕ‖l.
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Proof: We construct, for every node ν and for every C ∈ Cν , a cut-free proof
ϕν [C] of C ◦ S̄(ν,Ω) from A where Ω is the set of all occurrences of cut
formulas in ϕ. Moreover we show that ‖ϕν [C]‖l ≤ ‖ϕ.ν‖l. Then, as there
are no ancestors of Ω in the end sequent, ϕν0 [C] (for the root node ν0 is a
cut-free proof of C ◦ S from A and ‖ϕ[C]‖l ≤ ‖ϕ‖l for ϕ[C] = ϕν0 [C].

We proceed by induction on the derivation.

(a) ν is a leaf. Then by definition of the characteristic clause set Cν =
{S(ν,Ω)}. By Definition 6.4.4 we have Seq(ν) = S(ν,Ω) ◦ S̄(ν,Ω). So
we simply define

ϕν [C] = ν.

Clearly ‖ϕν [C]‖l = ‖ϕ.ν‖l = 0. Moreover Seq(ν) is an axiom in A.

(b) Let ϕν be of the form
(ϕ.µ)
Seq(µ)
Seq(ν)

ξ

By induction hypothesis we have for all C ∈ Cµ a cut-free proof ϕµ[C]
of C ◦ S̄(µ,Ω) from A and ‖ϕµ[C]‖l ≤ ‖ϕ.µ‖l. As ξ is a unary rule we
have Cν = Cµ.

(b1) The principal formula of ξ occurs in S(ν,Ω). Then clearly S̄(ν,Ω) =
S̄(µ,Ω) and we simply define

ϕν [C] = ϕµ[C].

clearly ϕν [C] is a cut-free derivation of C ◦ S̄(µ,Ω) from A for
which we obtain

‖ϕν [C]‖l ≤ ‖ϕ.µ‖l ≤ ‖ϕ.ν‖l.

(b2) The principal formula of ξ does not occur in S(ν,Ω) (i.e. it occurs
in S̄(ν,Ω)). Then we define ϕν [C] =

(ϕµ[C])
C ◦ S̄(µ,Ω)
C ◦ S̄(ν,Ω)

ξ + p∗

Clearly ϕν [C] is a cut-free derivation of C ◦ S̄(ν,Ω) from A.
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If ξ is a nonlogical inference then

‖ϕ.ν‖l = ‖ϕ.µ‖l and
‖ϕν [C]‖l = ‖ϕµ[C]‖l.

so ‖ϕν [C]‖l ≤ ‖ϕ.ν‖l.
If ξ is a logical inference then

‖ϕ.ν‖l = ‖ϕ.µ‖l + 1 and
‖ϕν [C]‖l = ‖ϕµ[C]‖l + 1.

Again we get ‖ϕν [C]‖l ≤ ‖ϕ.ν‖l.
Note that ϕν [C] is well-defined as no eigenvariable conditions
are violated. Indeed, there are only weak quantifiers in the end
sequent! Thus ξ can neither be ∀ : r nor ∃ : l.

(c) ϕ.ν is of the form
(ϕ.µ1)
Seq(µ1)

(ϕ.µ2)
Seq(µ2)

Seq(ν)
ξ

By induction hypothesis we have for every C ∈ Cµi a cut-free proof
ϕµi [C] of C ◦ S̄(µi,Ω) from A and

‖ϕµi [C]‖l ≤ ‖ϕ.µi‖l.

(c1) The auxiliary formulas of ξ occur in S(µi,Ω). Then, by definition
of the characteristic clause set

Cν = Cµ1 ∪ Cµ2 .

Now let C ∈ Cµ1 . Then we define ϕν [C] =

(ϕµ1 [C])
C ◦ S̄(µ1,Ω)
C ◦ S̄(ν,Ω)

w∗ + p∗

and for C ∈ Cµ2 we define ϕν [C] =

(ϕµ2 [C])
C ◦ S̄(µ2,Ω)
C ◦ S̄(ν,Ω)

w∗ + p∗

In both cases ϕν [C] is a cut-free proof of C ◦ S̄(ν,Ω) from A and

‖ϕν [C]‖l ≤ ‖ϕµi [C]‖l ≤ ‖ϕ.µi‖l ≤ ‖ϕ.ν‖l.
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(c2) The auxiliary formulas of ξ occur in S̄(µi,Ω). By definition of
the characteristic clause set we have

Cν = Cµ1 × Cµ2 .

So let C ∈ Cν . Then there exist D1 ∈ Cµ1 and D2 ∈ Cµ2 with
D1 ◦D2 = C. So we define

(ϕµ1 [D1])
D1 ◦ S̄(µ1,Ω)

S′1
p∗

(ϕµ2 [D2])
D2 ◦ S̄(µ2,Ω)

S ′2
p∗

D1 ◦D2 ◦ S̄(ν,Ω)
ξ + s∗

ξ must be a logical inference, as in the case of cut the auxiliary
formulas must occur in S(µ1,Ω), S(µ2,Ω). Therefore

‖ϕν [C]‖l = ‖ϕµ1 [C]‖l + ‖ϕµ1 [C]‖l + 1

so, by induction hypothesis,

‖ϕν [C]‖l ≤ ‖ϕ.µ1‖l + ‖ϕ.µ1‖l + 1

But
‖ϕ.ν‖l = ‖ϕ.µ1‖l + ‖ϕ.µ1‖l + 1.

2

Definition 6.4.5 (projection) Let ϕ be a proof in Φs and C ∈ CL(ϕ).
Then the LK-proof ϕ[C], defined in Lemma 6.4.1, is called the projection
of ϕ w.r.t. C. Let σ be an arbitrary substitution; then ϕ[Cσ] is defined
as ϕ[C]σ and is also called the projection of ϕ w.r.t. Cσ (i.e. instances of
projections are also projections). 3

Remark: Note that projections of the form ϕ[C]σ are always well defined as
(1) the end-sequent of ϕ is closed and (2) ϕ[C] contains only weak quantifiers,
and thus no eigenvariable condition can be violated. 3

The construction of ϕ[C] for a C ∈ CL(ϕ) is illustrated below.

Example 6.4.3 Let ϕ be the proof of the sequent

S : (∀x)(¬P (x) ∨Q(x)) ` (∃y)Q(y)
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as defined in Example 6.4.1. We have shown that

CL(ϕ) = {P (α), P (α) ` Q(α), Q(α); ` P (a); Q(β) `}.

We now define ϕ[C1], the projection of ϕ to C1:P (α), P (α) ` Q(α), Q(α).
The problem can be reduced to a projection in ϕ1 because the last inference
in ϕ is a cut and

Θ(ϕ)/ν1 = {P (α), P (α) ` Q(α), Q(α)}.

By skipping all inferences in ϕ1 leading to the cut formulas we obtain the
deduction

P (α) ` P (α), Q(α)
¬P (α), P (α) ` Q(α)

p: r + ¬: l
Q(α), P (α) ` Q(α)

P (α),¬P (α) ∨Q(α) ` Q(α)
∨: l + p: l

P (α), (∀x)(¬P (x) ∨Q(x)) ` Q(α)
∀: l + p: l

In order to obtain the end sequent we only need an additional weakening
and ϕ[C1] =

P (α) ` P (α), Q(α)
¬P (α), P (α) ` Q(α)

¬: l + p: r
Q(α), P (α) ` Q(α)

P (α),¬P (α) ∨Q(α) ` Q(α)
∨: l + p: l

P (α), (∀x)(¬P (x) ∨Q(x)) ` Q(α)
∀: l + p: l

P (α), (∀x)(¬P (x) ∨Q(x)) ` Q(α), (∃y)Q(y)
w: r

For C2 = ` P (a) we obtain the projection ϕ[C2]:

` P (a), Q(β)
` P (a), (∃y)Q(y) ∃: r

(∀x)(¬P (x) ∨Q(x)) ` P (a), (∃y)Q(y) w: l

Similarly we obtain ϕ[C3]:

Q(β) ` Q(β)
Q(β) ` (∃y)Q(y) ∃: r

Q(β), (∀x)(¬P (x) ∨Q(x)) ` (∃y)Q(y)
w: l + p: l

3
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We have seen that, in the projections, only inferences on non-ancestors of
cuts are performed. If the auxiliary formulas of a binary rule are ancestors
of cuts we have to apply weakening in order to obtain the required formulas
from the second premise.

Definition 6.4.6 Let ϕ be a proof of a closed sequent S and ϕ ∈ Φs. We
define a set

PES(ϕ) = {S ◦ Cσ | C ∈ CL(ϕ), σ a substitution}

which contains all end sequents of projections w.r.t. ϕ. 3

Example 6.4.4 Let ϕ be the proof of

S: (∀x)(P (x)→ Q(x)) ` (∃y)Q(y)

as defined in Examples 6.4.1 and 6.4.3. Then

CL(ϕ) = {C1 : P (α), P (α) ` Q(α), Q(α); C2 : ` P (a); C3 : Q(v) `}.

First we define a resolution refutation δ of CL(ϕ):

` P (a) P (α), P (α) ` Q(α), Q(α)
` Q(a), Q(a) R

Q(β) `
` R

From δ we define a ground resolution refutation γ:

` P (a) P (a), P (a) ` Q(a), Q(a)
` Q(a), Q(a)

cut
Q(a) `

` cut

The ground substitution defining the ground projection is

σ : {α← a, β ← a}.

Let
χ1 = ϕ[C1σ], χ2 = ϕ[C2σ] and χ3 = ϕ[C3σ]

for the projections ϕ[C1], ϕ[C2] and ϕ[C3] defined in Example 6.4.3. More-
over let us write B for (∀x)(P (x) → Q(x)) and C for (∃y)(P (a) → Q(y)).
So the end-sequent is B ` C.
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Then ϕ(γ), the CERES normal form of ϕ w.r.t. γ is

(χ2)
B ` C,P (a)

(χ1)
B,P (a) ` C,Q(a)

B,B ` C,C,Q(a)
cut

B ` C,Q(a) c∗
(χ3)

B,Q(a) ` C
B,B ` C,C cut

B ` C c∗

3

Finally we give the general definition of CERES (cut-elimination by resolu-
tion) as a whole. As an input we take proofs ϕ in Φs.

• construct CL(ϕ),

• compute the projections,

• construct a resolution refutation γ of CL(ϕ),

• compute a ground resolution refutation γ′ from γ,

• construct ϕ(γ′).

Theorem 6.4.1 CERES is a cut-elimination method, i.e., for every proof ϕ
of a sequent S in Φs CERES produces a proof ψ of S s.t. ψ ∈ Φs

0.

Proof: By Proposition 6.4.1 CL(ϕ) is unsatisfiable. By the completeness of
the resolution principle there exists a resolution refutation γ of CL(ϕ). By
Lemma 6.4.1 there exists a projection of ϕ[C] to every clause in C ∈ CL(ϕ).
We compute the corresponding instances of ϕ[C ′] of ϕ[C] corresponding to
the instances C ′ appearing in the ground projection γ′ of γ. Finally replace
every occurrence of a C ′ in a leaf of γ′ by ϕ[C ′]. The resulting proof ϕ(γ′)
is a proof with only atomic cuts of S. 2

The proof constructed by the CERES-method is a specific type of proof in Φs

which contains parts of the original proofs in form of projections; we call
this type of proof a CERES normal form.

Definition 6.4.7 (CERES normal form) Let ϕ be a proof of S s.t. ϕ ∈ Φs

and let γ be a ground resolution refutation of the (unsatisfiable) set of clauses
CL(ϕ); note that γ is also a proof in Φs (from CL(ϕ)). We first construct
γ′:S ? γ; γ′ is an LK-derivation of S from PES(ϕ). Now define ϕ(γ′) by
replacing all initial clauses C ◦S in γ′ by the projections ϕ[C]. By definition,
ϕ(γ′) is an LK-proof of S in Φs

0 and is called the CERES-normal form of ϕ
w.r.t. γ. 3
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6.5 The Complexity of CERES

We have shown in Section 4.3 that cut-elimination is intrinsically nonele-
mentary. Therefore also CERES, applied to Statman’s sequence, produces a
nonelementary blowup w.r.t. to the size of the input proof. The question
remains what is the main source of complexity in CERES and which of the
CERES parts behave nonelementarily on a worst-case sequence. We show
first that the size of the characteristic clause set is not the main source of
complexity. It is “merely” exponential in the size of the input proof.

Lemma 6.5.1 Let t be a clause term then ‖|t|‖ ≤ 2‖t‖ (the symbolic size of
set of clauses defined by a clause term is at most exponential in that of the
term).

Proof: We proceed by induction on o(t), the number of occurrences of ⊕
and ⊗ in t.
(IB): o(t) = 0: then |t| = t = { C} for a clause C and

‖|t|‖ = ‖C‖ = ‖t‖ < 2‖t‖.

(IH) Let us assume that for all clause terms t with o(t) ≤ n we have ‖|t|‖ ≤
2‖t‖.
Now let t be a term s.t. o(t) = n+ 1. We distinguish two cases:

(a) t = t1 ⊕ t2. Then o(t1), o(t2) ≤ n and, by (IH),

‖|t1|‖ ≤ 2‖t1‖, ‖|t2|‖ ≤ 2‖t2‖.

Therefore we get, by |t1 ⊕ t2| = |t1| ∪ |t2|,

‖|t|‖ ≤ ‖|t1|‖+ ‖|t2|‖ ≤ 2‖t1‖ + 2‖t2‖ < 2‖t‖.

(b) t = t1 ⊗ t2. Again we get o(t1), o(t2) ≤ n and, by (IH),

‖|t1|‖ ≤ 2‖t1‖, ‖|t2|‖ ≤ 2‖t2‖.

But here we have

|t1 ⊗ t2| = {C1 ◦ C2 | C1 ∈ |t1|, C2 ∈ |t2|}.

Hence
‖|t|‖ ≤ ‖|t1|‖ ∗ ‖|t2|‖ ≤(IH) 2‖t1‖ ∗ 2‖t2‖ < 2‖t‖.
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This concludes the induction proof. 2

Proposition 6.5.1 For every ϕ ∈ Φs ‖CL(ϕ)‖ ≤ 2‖ϕ‖.

Proof: CL(ϕ) = |Θ(ϕ). So, by Lemma 6.5.1,

‖CL(ϕ)‖ ≤ 2‖Θ(ϕ)‖.

Obviously ‖Θ(ϕ)‖ ≤ ‖ϕ‖ and therefore

‖CL(ϕ)‖ ≤ 2‖ϕ‖. 2

The essential source of complexity in the CERES-method is the length of the
resolution refutation γ of CL(ϕ). Computing the global m.g.u. σ and a
p-resolution refutation γ′: γσ from γ is at most exponential in ‖γ‖.
For measuring the complexity of p-resolution refutations (ground resolution
refutations) w.r.t. resolution refutations we need some auxiliary concepts.

Definition 6.5.1 (pre-resolvent) Let C and D be clauses of the form

C = Γ ` ∆1, A1, . . . ,∆n, An,∆n+1,

D = Π1, B1, . . . ,Πm, Bm,Πm+1 ` Λ

s.t. C and D do not share variables and the atoms A1, . . . , An, B1, . . . , Bm
share the same predicate symbol. Then the clause

R: Γ,Π1, . . .Πm+1 ` ∆1, . . . ,∆n+1,Λ

is called a pre-resolvent of C and D. If there exists a m.g.u. σ of

W : {A1, . . . , An, B1, . . . , Bm}

then (by Definition 3.3.10) Rσ is a resolvent of C and D. In this case we
call Rσ a resolvent corresponding to R. The set W is called the unification
problem of (C,D,R). 3

Remark: Pre-resolution is clearly unsound. It makes sense only if there
exists a corresponding resolvent. The idea of pre-resolution is close to lazy
unification (see, e.g. [41]). 3

Definition 6.5.2 (pre-resolution derivation) A pre-resolution deduction
γ is a labelled tree γ like a resolution tree where resolutions are replaced
by pre-resolutions. A pre-resolution refutation is a pre-resolution deduction
of `. Let W1, . . . ,Wk be the unification problems of the pre-resolvents in
γ. Then the simultaneous unification problem W : (W1, . . . ,Wn) (see Defi-
nition 3.3.2) is called the unification problem of γ. If σ is a simultaneous
unifier of W then σ is called the total m.g.u. of γ. 3
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Example 6.5.1 Let γ =

` P (x)
P (f(y)), P (f(a)) ` Q(y) Q(z) `

P (f(y)), P (f(a)) `
`

γ is a pre-resolution refutation. The unification problem of γ is

W = ({P (x), P (f(y), P (f(a))}, {Q(y), Q(z)}).

The simultaneous unifier

σ = {x← f(a), y ← a, z ← a}

is the total m.g.u. of γ. 3

Proposition 6.5.2 Let γ be a pre-resolution refutation of a clause set C
and σ be the total m.g.u. of γ. Them γσ is a p-resolution refutation of C.

Proof: σ solves all unification problems of γ simultaneously. After applica-
tion of σ to the simultaneous unification problems all atoms in this problems
are equal and so the pre-resolutions become p-resolutions; the pre-resolution
tree becomes a p-resolution tree. 2

Corollary 6.5.1 Let γ be a pre-resolution refutation of a clause set C, σ
be the total m.g.u. of γ and X = V (rg(σ)). Let X = {x1, . . . , xk}, c be
a constant symbol and θ = {x1 ← c, . . . xk ← c}. Then γσθ is a ground
resolution refutation of C and ‖γσ‖ = ‖γσθ‖.

Proof: Obvious. 2

Lemma 6.5.2 Let γ be a resolution refutation of a set of clauses C. Then
there exists a ground resolution refutation γ′ of C with the following proper-
ties:

(a) l(γ) = l(γ′),

(b) ‖γ‖ ≤ ‖γ′‖,

(c) ‖γ′‖ ≤ 5 ∗ l(γ)2 ∗ ‖C‖ ∗ 25∗l(γ)2∗‖C‖.
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Proof: By omitting all applications of unifications in γ we obtain a pre-
resolution tree γ0. We solve the unification problem in γ0 (it is solvable as γ
exists!) and obtain a total m.g.u. σ of γ0. Then, by Corollary 6.5.1 and for
an appropriate substitution θ γ′: γ0σθ is a ground refutation of C. (a) and
(b) are obvious; it remains to prove (c):
By a method defined in Section 3.3 the solution of a simultaneous unification
problem W can be reduced to a unification problem of two terms {t1, t2}
s.t.

(+) ‖t1‖+ ‖t2‖ ≤ 5 ∗ ‖W‖.

By Theorem 3.3.2 we get for the maximal term t in the unifier σ of {t1, t2}:

(?) ‖t‖ ≤ 2‖t1‖+‖t2‖,

Now consider the unification problem W of γ0. Clearly

‖W‖ ≤ ‖γ0‖ ≤ l(γ0)2 ∗ ‖C‖.

Note that, in γ0, no substitutions are applied! It remains to apply (+) and
(?). 2

Definition 6.5.3 Let γ be a resolution refutation of a set of clauses C. Then
γ′ as constructed in Lemma 6.5.2 is called a minimal ground projection of
γ. 3

Remark: In general there are infinitely many ground projections of a reso-
lution refutation. But those obtained by m.g.u.s and grounding by constants
as defined in Corollary 6.5.1 are the shortest ones. 3

Definition 6.5.4 We define two functions h and H:

h(n,m) = 5n2m ∗ 25n2m,

H(n,m) = h(n, 2m).

for n,m ∈ IN. 3

It is easy to see that both h and H are elementary functions.

Lemma 6.5.3 Let ϕ ∈ Φs and let γ be a resolution refutation of CL(ϕ).
Then there exists a ground resolution refutation γ′ of C s.t.

‖γ′‖ ≤ H(‖ϕ‖, l(γ)).
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Proof: By Lemma 6.5.2 there exists a minimal ground projection γ′ of γ s.t.

(+) ‖γ′‖ ≤ h(l(γ), ‖CL(ϕ)‖).

By Proposition 6.5.1 we have

(++) ‖CL(ϕ)‖ ≤ 2‖ϕ‖.

Putting (+) and (++) together we obtain

‖γ′‖ ≤ H(‖ϕ‖, l(γ)). 2

Let
r(γ′) = max{‖t‖ | t is a term occurring in γ′}.

Lemma 6.5.4 Let ϕ ∈ Φs and γ be a resolution refutation of CL(ϕ) and
γ′ be a minimal ground projection of γ. Then for the CERES-normal form
ϕ(γ′) we get

‖ϕ(γ′)‖ ≤ H(‖ϕ‖, l(γ)) ∗ ‖ϕ‖ ∗ r(γ′).

Proof: Let γ′ = γσ as defined in Lemma 6.5.2. Then, for any clause C ∈
CL(ϕ) we have

‖Cσ‖ ≤ ‖C‖ ∗ r(γ′).
Therefore we obtain

‖ϕ(Cσ)‖ ≤ ‖ϕ(C)‖ ∗ r(γ′) ≤ ‖ϕ‖ ∗ r(γ′)

for the instantiated proof projection to the clause C. As the CERES-normal
form is obtained by inserting the projections into the p-resolution refutation
γ′, we obtain

‖ϕ(γ′)‖ ≤ ‖γ′‖ ∗ ‖ϕ‖ ∗ r(γ′).
Finally we apply Lemma 6.5.3. 2

Now we show that any sequence of resolution refutations of the characteristic
clause sets of the Statman sequence (γn)n∈IN is of nonelementary size w.r.t.
the proof complexity of the end sequents of γn. More formally

Proposition 6.5.3 Let (ϕn)n∈IN be sequence of proofs in Φs. Assume that
there exists an elementary function f and a sequence of resolution refutations
(γn)n∈IN of (CL(ϕn))n∈IN s.t.

l(γn) ≤ f(‖ϕn‖)

for n ∈ IN. Then there exists an elementary function g and a sequence of
CERES normal forms ϕ∗n of ϕn s.t.

‖ϕ∗n‖ ≤ g(‖ϕn‖).
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Proof: We have seen in Lemma 6.5.3 that, for any γn, there exists a minimal
ground projection γ′n of γn s.t.

‖γ′n‖ ≤ H(‖ϕn‖, l(γn)).

By r(γ′) ≤ ‖γ′n‖ and by using Lemma 6.5.4 we obtain

‖ϕn(γ′n)‖ ≤ ‖ϕn‖ ∗H(‖ϕn‖, l(γn))2.

By assumption l(γn) ≤ f(‖ϕn‖) and so

‖ϕn(γ′n)‖ ≤ ‖ϕn‖ ∗H(‖ϕn‖, f(‖ϕn‖))2.

As H and f are elementary, so is the function g, defined as

g(n) = n ∗H(n, f(n))2. 2

We have seen in Section 4.3 that cut-elimination is inherently nonelemen-
tary. As a consequence also the complexity of CERES is nonelementary. The
following proposition shows that, in the Statman proof sequence, the lengths
of resolution refutations of the characteristic clause sets are the main source
of complexity in the CERES method.

Proposition 6.5.4 Let (γn)n∈IN be the sequence of proofs of (Sn)n∈IN de-
fined in Section 4.3 and let (ρn)n∈IN be a sequence of resolution refutations of
the sequence of clause sets (CL(γn))n∈IN. Then (l(ρn))n∈IN is nonelementary
in (PCAe(Sn))n∈IN.

Proof: By Corollary 4.3.1 we know that (PCAe
0 (Sn))n∈IN is nonelementary

in (PCAe(Sn))n∈IN. For all n let γ∗n be a minimal CERES normal form based
on ρn.
As (γ∗n)n∈IN is a sequence of proofs in P s0 we have

‖γ∗n‖ ≥ PCAe
0 (Sn).

Therefore (‖γ∗n‖)n∈IN is nonelementary in (PCAe(Sn))n∈IN.
As (‖γn‖)n∈IN is at most exponential in (PCAe(Sn))n∈IN the sequence
(‖γ∗n‖)n∈IN is also nonelementary in (‖γn‖)n∈IN.
By Proposition 6.5.3 we know that (‖γ∗n‖)n∈IN is also elementary in (‖γn‖)n∈IN

if (l(ρn))n∈IN is elementary in (‖γn‖)n∈IN.
Therefore (l(ρn))n∈IN is nonelementary in (‖γn‖)n∈IN and thus in
(PCAe(Sn))n∈IN. 2
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6.6 Subsumption and p-Resolution

Definition 6.6.1 Let C and D be clauses. Then C ≤cp D if there exists an
LK-derivation of a clause E from the only axiom C using only contractions
and permutations s.t. E v D. 3

Example 6.6.1 Consider the clauses ` P (x), Q(y), P (x) and
R(y) ` Q(y), P (x), R(x). Then

` P (x), Q(y), P (x) ≤cp R(y) ` Q(y), P (x), R(x).

The corresponding LK-derivation is

` P (x), Q(y), P (x)
` Q(y), P (x), P (x)

p : r

` Q(y), P (x)
c : r

and ` Q(y), P (x) v R(y) ` Q(y), P (x), R(x).
3

Remark: The relation ≤cp is a sub-relation of subsumption to be defined
below. 3

Definition 6.6.2 (subsumption) A clause C subsumes a clause D
(C ≤ss D) if there exists a substitution σ s.t. Cσ ≤cp D.
We extend the relation ≤ss to sets of clauses C, D in the following way:
C ≤ss D if for all D ∈ D there exists a C ∈ C s.t. C ≤ss D. 3

Example 6.6.2 Let

C = ` P (x), Q(y), P (f(y)) and D = R(z) ` Q(f(z)), P (f(f(z)))), R(f(z)).

Then, for σ = {x← f(f(z)), y ← f(z)},

Cσ = ` P (f(f(z))), Q(f(z)), P (f(f(z)))

and Cσ ≤cp D; so C ≤ss D. 3

Subsumption can also be extended to clause terms:

Definition 6.6.3 A clause term X subsumes a clause term Y if |X| ≤ss
|Y |. 3
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Lemma 6.6.1 The relation ≤cp is reflexive and transitive. Moreover C ≤cp
C ′ and D ≤cp D′ implies C ◦D ≤cp C ′ ◦D′.

Proof: reflexivity and transitivity are trivial.
Now assume that C ≤cp C ′ by a derivation ψ of a clause C0 from C s.t.
C0 v C ′; similarly let χ be a derivation of D0 from D s.t. D0 v D′. Then
ψ can be modified to a derivation ψ1 of C0 ◦D from C ◦D. Similarly χ is
modified to a derivation χ1 of C0 ◦D0 from C0 ◦D. All inferences in ψ1 and
χ1 are contractions and permutations. Then the derivation

ψ1
χ1

is a derivation of C0 ◦D0 from C ◦D using contractions and permutations
only. But C0 ◦D0 v C ′ ◦D′. 2

Proposition 6.6.1 Subsumption is reflexive and transitive.

Proof:

• reflexivity: Cθ ≤cp C for θ = ε.

• transitivity: assume C ≤ss D and D ≤ss E. Then there are substitu-
tions θ, λ s.t.

Cθ ≤cp D and Dλ ≤cp E.

But then also
Cθλ ≤cp Dλ and Dλ ≤cp E.

So Cθλ ≤cp E by the transitivity of ≤cp and C ≤ss E. 2

Remark: In contrast to ≤cp, C ≤ss C ′ and D ≤ss D′ does not imply
C ◦D ≤ss C ′ ◦D′ in general. Just take

C = `P (x), C ′ = `P (f(x)), D = `Q(x), D′ = `Q(f(f(x))).

Then Cθ1 ≤cp C ′ andDθ2 ≤cp D′ for θ1 = {x← f(x)}, θ2 = {x← f(f(x))};
so C ≤ss C ′ and D ≤ss D′ (by different substitutions). Clearly there is no
substitution θ s.t. (C ◦ C ′)θ ≤cp D ◦D′, and so C ◦ C ′ 6≤ss D ◦D′. 3

It is essential for the CERES method that the transitive closure �∗ of the
relation � (see Definition 6.3.5) can be considered as a weak form of sub-
sumption.
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Proposition 6.6.2 Let X and Y be clause terms s.t. X�∗Y . Then X ≤ss
Y .

Proof: As the relation ≤ss is reflexive and transitive it suffices to show that
� is a subrelation of ≤ss.

a. Y ⊆ X: X ≤ss Y is trivial.

b. X v Y : For all C ∈ |Y | there exists a D ∈ |X| with D v C. But
then also D ≤ss C. The definition of the subsumption relation for sets
yields X ≤ss Y .

c. X ≤s Y : X ≤ss Y is trivial. 2

Subsumption plays a key role in automated deduction where it is used as a
deletion method (see [61]). In fact, during proof search, a huge number of
clauses is usually generated; most of them, however, are redundant in the
sense that they are subsumed by previously generated clauses. As elimi-
nation of subsumed clauses does not affect the completeness of resolution
theorem provers subsumed clauses can be safely eliminated.
We have seen that ≤cp is a sub-relation of ≤ss. Like for ≤ss, the relation
C ≤cp D implies that D is “redundant”. This redundancy is inherited by
resolvents.

Lemma 6.6.2 Let C,C ′, D,D′ be clauses s.t. C ≤cp C ′, D ≤cp D′ and let
E′ be a p-resolvent of C ′ and D′. Then either

(1) C ≤cp E′, or

(2) D ≤cp E′, or

(3) there exists a p-resolvent E of C and D s.t. E ≤cp E′.

Proof: As ≤cp is invariant under permutations we may assume that

C ′ = Γ′1 ` Γ′2, A
n,

D′ = Am,∆′
1 ` ∆′

2, and
E′ = Γ′1,∆

′
1 ` Γ′2,∆

′
2.

If C ≤cp C ′, and C ≤cp Γ′1 ` Γ′2, then clearly C ≤cp E′; similarly for
D ≤cp D′, where D ≤cp ∆′

1 ` ∆′
2.

So let us assume that
C ≤cp C ′, D ≤cp D′
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hold, but

C 6≤cp Γ′1 ` Γ′2 and
D 6≤cp ∆′

1 ` ∆′
2.

Then C and D must be of the form

C = Γ1 ` Γ2, A
k, for k > 0,

D = Al,∆1 ` ∆2, for l > 0, and

Γ1 ` Γ2 ≤cp Γ′1 ` Γ′2, ∆1 ` ∆2 ≤cp ∆′
1 ` ∆′

2.

But then the clause
E: Γ1,∆1 ` Γ2,∆2

is a p-resolvent of C and D and E ≤cp E′.
Note that S1 ≤cp S′1 and S2 ≤cp S′2 implies

S1 ◦ S2 ≤cp S′1 ◦ S′2

By Lemma 6.6.1. 2

An analogous result holds for subsumption. As an auxiliary result we need
the lifting theorem, one of the key results in automated deduction.

Theorem 6.6.1 (lifting theorem) Let C,D be clauses with C ≤s C ′ and
D ≤s D′. Assume that C ′ and D′ have a resolvent E′. Then there exists a
resolvent E of C and D s.t. E ≤s E′.

Proof: In [61] page 79.

Lemma 6.6.3 Let C,C ′, D,D′ be clauses s.t. C and D are variable dis-
joint, C ≤ss C ′, D ≤ss D′ and let E′ be a resolvent of C ′ and D′. Then
either

(1) C ≤ss E′, or

(2) D ≤ss E′, or

(3) there exists a resolvent E of C and D s.t. E ≤ss E′.
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Proof: By definition of subsumption there are substitutions θ, λ with

(?) Cθ ≤cp C ′, Dλ ≤cp D′.

As E′ is a resolvent of C ′ and D′ there exists a substitution σ (which is a
most general unifier of atoms) s.t. E′ is a p-resolvent of C ′σ and D′σ. Note
that the property (?) is closed under substitution and we obtain

(+) Cθσ ≤cp C ′σ, Dλσ ≤cp D′σ.

By Lemma 6.6.2 either

(1) Cθσ ≤ss E′, or

(2) Dλσ ≤ss E′, or

(3) there exists a p-resolvent E of Cθσ and Dλσ s.t. E ≤cp E′.

In case (1) we also have C ≤ss E′ as C ≤ss Cθσ and ≤ss is transitive.
In case (2) we obtain D ≤ss E′ in the same way.
In case of (3) we apply the lifting theorem and find a resolvent E0 of C and
D with E0µ = E for some substitution µ. But E0µ = E implies E0 ≤ss E;
we also have E ≤ss E′ and transitivity of subsumption yields E0 ≤ss E′. 2

Example 6.6.3 Let

C = P (x), P (f(y)) ` Q(y),
C ′ = P (f(z)) ` Q(z),
D = Q(f(u)), Q(z) ` R(z),
D′ = Q(f(a)) ` R(f(a)).

Then C ≤ss C ′ and D ≤ss D′. Moreover

E′: P (f(f(a))) ` R(f(a))

is a resolvent of C ′ and D′. Neither C ≤ss E′ nor D ≤ss E′ hold. But there
exists the resolvent

E: P (x), P (f(f(u))) ` R(f(u))

of C and D (with m.g.u. = {y ← f(u), z ← f(u)} ) and E ≤ss E′. 3

The subsumption relation can also be extended to resolution derivations.
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Definition 6.6.4 Let γ and δ be resolution derivations. We define γ ≤ss δ
by induction on the number of nodes in δ:

If δ consists of a single node labelled with a clause D then γ ≤ss δ if
γ consists of a single node labelled with C and C ≤ss D.

Let δ be
(δ1)
D1

(δ2)
D2

D
R

and γ1 be a derivation of C1 with γ1 ≤ss δ1, γ2 be a derivation of C2

with γ2 ≤ss δ2. Then we distinguish the following cases:

C1 ≤ss D: then γ1 ≤ss δ.
C2 ≤ss D: then γ2 ≤ss δ.
Otherwise let C be a resolvent of C1 and C2 which subsumes D.
Such a resolvent exists by Lemma 6.6.3. For every γ of the form

(γ1)
C1

(γ2)
C2

C
R

we get γ ≤ss δ.

3

Proposition 6.6.3 Let C,D be sets of clauses with C ≤ss D and let δ be
a resolution derivation from D. Then there exists a resolution derivation γ
from C s.t. γ ≤ss δ.

Proof: By Lemma 6.6.3 and by Definition 6.6.4. 2

Corollary 6.6.1 Let C,D be sets of clauses with C ≤ss D and let δ be a
resolution refutation of D. Then there exists a resolution refutation γ of C
s.t. γ ≤ss δ.

Proof: Obvious.

Example 6.6.4 Let C and D be sets of clauses for

C = {` P (x) ; P (f(y)) ` Q(y) ; ` R(z)},
D = {` P (f(a)) ; P (f(a)) ` Q(a), R(f(a)) ; ` R(z), Q(z) ; Q(u) ` R(u)}.



6.7. CANONIC RESOLUTION REFUTATIONS 139

Then C ≤ss D. We consider two resolution derivations δ1 and δ2 from D.
δ1 =

` P (f(a)) P (f(a)) ` Q(a), R(f(a))
` Q(a), R(f(a))

δ2 =
` P (f(a)) P (f(a)) ` Q(a), R(f(a))

` Q(a), R(f(a)) Q(u) ` R(u)
` R(f(a)), R(a)

Let γ1 =
` P (x) P (f(y)) ` Q(y)

` Q(y)

and γ2 = `R(z). Then γ1 ≤ss δ1 and γ2 ≤ss δ2. 3

6.7 Canonic Resolution Refutations

If ψ ∈ Φs
0 then there exists a canonic resolution refutation RES(ψ) of the

set of clauses CL(ψ). RES(ψ) is “the” resolution proof corresponding to ψ.
Indeed, as ψ is a deduction with atomic cuts only, the part of ψ ending in
the cut formulas is roughly a p-resolution refutation. For the construction
of RES(ψ) we need some technical definitions:

Definition 6.7.1 Let γ be a p-resolution derivation of a clause C from a
set of clauses C and let D be a clause. We define a p-resolution deduction
γ ·D from C × {D} in the following way:

(1) replace all initial clauses S in γ by S ◦D.

(2) Apply the cuts as in γ and leave the inference nodes unchanged (note
that this is possible by our definition of the cut rule).

3

Remark: Note that γ ·D is not identical to the right context product γ ?D.
Indeed, γ ·D contains exactly as many rules as γ, while γ ? D may contain
additional structural rules. 3

Example 6.7.1 Let γ =

P (a) ` R(x) R(x), R(x) ` Q(x)
P (a) ` Q(x)

cut
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and D = R(x) ` S(x). Then γ ·D =

P (a), R(x) ` R(x), S(x) R(x), R(x), R(x) ` Q(x), S(x)
P (a), R(x), R(x) ` Q(x), S(x), S(x)

cut

3

Lemma 6.7.1 Let γ be a p-resolution deduction of C from C and let δ be
a p-resolution deduction of D from D. Then there exists a p-resolution
deduction ρ of a clause E from C × D s.t.

(1) C ◦D v E,

(2) E ≤cp C ◦D (see Definition 6.6.1), and

(3) l(ρ) ≤ l(γ) ∗ l(δ).

Proof: By induction on the number of inference nodes in δ. If δ = D for a
clause D then we define

γ � δ = γ ·D.

Then, by definition of γ ·D in Definition 6.7.1, γ�δ is a derivation of C ◦Dn

from C × D (as D ∈ D). Clearly C ◦ D v C ◦ Dn ((1) holds), but also
C ◦Dn ≤cp C ◦D ((2) holds). Moreover (3) holds by

l(γ � δ) = l(γ ·D) = l(γ) = l(γ) ∗ l(δ) by l(δ) = 1.

Now let δ be a derivation of D from D with l(δ) > 1. Then δ is of the form

(δ1)
Γ1 ` ∆1, A

n
(δ2)

Am,Γ2 ` ∆2

Γ1,Γ2 ` ∆1,∆2
cut

Note, that for simplicity we assumed the cut-atoms to be right- and leftmost.
By induction hypothesis we have derivations γ� δ1 and γ� δ2 of clauses E1

and E2 fulfilling (1),(2),(3) above.
By (1)

Γ1 ` ∆1, A
n v E1,

Am,Γ2 ` ∆2 v E2 and also
E1 ≤cp Γ1 ` ∆1, A

n,

E2 ≤cp Am,Γ2 ` ∆2.
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Therefore the end sequents of δi are subclauses of the Ei, but all atoms in
the Ei occur also in the end sequents of δi (on the appropriate side of the
sequent). Therefore we can simulate the cut above by cutting E1 and E2.
If A does not occur in Γ1,Γ2 or in ∆1,∆2 possibly more occurrences of A
have to be cut out in E1 and E2. So we define γ � δ =

γ � δ1 γ � δ2
E

cut

Then (1) and (2) obviously hold. For (3) we observe that

l(γ � δi) ≤ l(γ) ∗ l(δi) by (IH) and
l(γ � δ) = l(γ � δ1) + l(γ � δ2) + 1, so
l(γ � δ) ≤ l(γ) ∗ (l(δ1) + l(δ2)) + 1

≤ l(γ) ∗ (l(δ1) + l(δ2) + 1) = l(γ) ∗ l(δ). 2

Example 6.7.2 Let γ be

P (a) ` R(x) R(x), R(x) ` Q(x)
P (a) ` Q(x)

cut

as in Example 6.7.1 and δ =

R(x) ` S(x) S(x) `
R(x) ` cut

Then γ1: γ · (R(x) ` S(x)) =

P (a), R(x) ` R(x), S(x) R(x), R(x), R(x) ` Q(x), S(x)
P (a), R(x), R(x) ` Q(x), S(x), S(x)

cut

and γ2: γ · (S(x) `) =

P (a), S(x) ` R(x) R(x), R(x), S(x) ` Q(x)
P (a), S(x), S(x) ` Q(x)

cut

Consequently γ � δ =

(γ1)
P (a), R(x), R(x) ` Q(x), S(x), S(x)

(γ2)
P (a), S(x), S(x) ` Q(x)

P (a), P (a), R(x), R(x) ` Q(x), Q(x)
cut

3
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If ψ is in Φs
0 then there exists something like a canonic resolution refutation

of CL(ψ). The definition of this refutation follows the steps of the definition
of the characteristic clause term.

Definition 6.7.2 Let ψ be an LK-derivation in Φs
0 , Ω be the set of occur-

rences of the (atomic) cut formulas in ψ and C = CL(ψ). For simplicity we
write Cν for the set of clauses |Θ(ψ)/ν| defined by the characteristic terms
as in Definition 6.4.1. Clearly C = Cν0 for the root node ν0 in ψ.
We proceed inductively and define a p-resolution derivation γν for every
node ν in ψ s.t. γν is a derivation of a clause Cν from Cν s.t.

(I) Cν ≤cp S(ν,Ω).

Assume that we have already constructed all derivations s.t. (I) holds for
all nodes. Then, for ν0, we have S(ν0,Ω) = ` and therefore C(ν0) = `; so
γν0 is a refutation of CL(ψ).

If ν is a leaf in ψ then we define γν as S(ν,Ω) and C(ν) = S(ν,Ω). By
definition of C we have Cν = {S(ν,Ω)}. Clearly γν is p-resolution derivation
of C(ν) from Cν and C(ν) ≤cp S(ν,Ω).

(1) Let γµ be already defined for a node µ in ψ s.t. γµ is a p-resolution
derivation of Cµ from Cµ s.t. Cµ ≤cp S(µ,Ω). Moreover let ξ be a
unary inference in ψ with premise µ and conclusion ν. Then we define

γν = γµ, and Cν = Cµ.

If ξ goes into the end-sequent then, by definition, S(µ,Ω) = S(ν,Ω).
So let us assume that ξ goes into a cut. As ψ is in Φ0 ξ is ei-
ther a contraction, a weakening, or a permutation. Therefore, either
S(ν,Ω) = S(µ,Ω) or S(ν,Ω) is obtained from S(µ,Ω) by one of the
rules c: l, c: r, w: l, w: r, p: l, p: r. In all cases we have

S(µ,Ω) ≤cp S(ν,Ω).

By assumption we have Cµ ≤cp S(µ,Ω), and by definition Cν = Cµ.
As ≤cp is transitive we get

Cν ≤cp S(ν,Ω).

Now γν is a derivation of Cν from Cµ; but, according to the definition
of the characteristic clause term we have Cν = Cµ. This concludes the
construction for the unary case.
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(2) Assume that γµi are p-resolution derivations of Cµi from Cµi for i = 1, 2
s.t.

Cµ1 ≤cp S(µ1,Ω),
Cµ2 ≤cp S(µ2,Ω).

Let ν be an inference node in ψ with premises µ1, µ2 and the corre-
sponding binary rule ξ. We distinguish two cases:

(2a) The auxiliary formulas of ξ are in S(µ1,Ω) and S(µ2,Ω).
Then ξ must be a cut (there are no other binary inferences leading
to Ω).
We distinguish three cases:

(2a.1) Cµ1 ≤cp S(ν,Ω),
(2a.2) Cµ2 ≤cp S(ν,Ω),
(2a.3) neither (2a.1) nor (2a.2) holds.

In case (2a.1) we define γν = γµ1 and Cν = Cµ1 .
In case (2a.2) we define γν = γµ2 and Cν = Cµ2 .
In case (2a.3) we know from Lemma 6.6.2 that there exists a p-
resolvent E of C(µ1) and C(µ2) s.t. E ≤cp S(ν,Ω) (note that
S(ν,Ω) is a p-resolvent of S(µ1,Ω) and S(µ2,Ω)!). So we define
γν =

γµ1 γµ2

E
cut

and set Cν = E.

(2b) The auxiliary formulas of ξ are not in S(µ1,Ω) and S(µ2,Ω).
In this case we define

γν = γµ1 � γµ2 and

Cν = Cµ1 ◦ Cµ2 .

By definition of � the derivation γν is a p-resolution derivation
of Cµ1 ◦ Cµ2 from Cµ1 × Cµ2 . By induction we have

Cµ1 ≤cp S(µ1,Ω),
Cµ2 ≤cp S(µ2,Ω).

By Lemma 6.6.1

Cµ1 ◦ Cµ2 ≤cp S(µ1,Ω) ◦ S(µ1,Ω).
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But
S(ν,Ω) = S(µ1,Ω) ◦ S(µ2,Ω)

and, by definition of the characteristic term, Cν = Cµ1 × Cµ2 .

Finally we define RES(ψ) = γν0 where ν0 is the root node in ψ. 3

Below we show that, for an AC-derivation ψ the number of nodes in RES(ψ)
may be exponential in the number of nodes of ψ. But note that, in general,
resolution refutations of CL(ψ) are of nonelementary length (see Section 6.5).
Thus the proofs RES(ψ) for AC-derivations ψ can be considered “small”.

Proposition 6.7.1 Let ψ be an LK-derivation in Φs
0. Then

l(RES(ψ)) ≤ 22∗l(ψ).

Proof: Let Θ(ψ) be the characteristic term of ψ. We write Θν for Θ(ψ)/ν
(see Definition 6.4.1) and |Θν | for the number of subterms occurring in Θν .
We proceed by induction on the definition of γν in Definition 6.7.2, in par-
ticular we prove that for all nodes ν in ψ

(∗) l(γν) ≤ 2l(ψ.ν)+|Θν |.

For leaves ν we have l(γν) = 1 and (∗) is trivial.
So let us assume that (∗) holds for the node µ and ν is the conclusion of a
unary inference with premise µ. Then by definition of γν :

l(γν) = l(γµ),
Θν = Θµ,

l(ψ.ν) = l(ψ.µ) + 1 and by assumption on µ

l(γν) = l(γµ) ≤ 2l(ψ.µ)+|Θµ| < 2l(ψ.ν)+|Θν |.

Assume that (∗) holds for nodes µ1, µ2 and ν is the conclusion of a binary
inference with premises µ1, µ2.
Then, by definition of Θν ,

|Θν | = |Θµ1 |+ |Θµ2 |+ 1,

no matter whether Θν = Θµ1 ⊕Θµ2 or Θν = Θµ1 ⊗Θµ2 .
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If the inference takes place on ancestors of Ω then

l(γν) = l(γµ1) + l(γµ2) + 1, and
l(ψ.ν) = l(ψ.µ1) + l(ψ.µ2) + 1.

By the assumptions on µ1, µ2 we have

l(γµ1) ≤ 2l(ψ.µ1)+|Θµ1 |,

l(γµ2) ≤ 2l(ψ.µ2)+|Θµ1 |,

and therefore

l(γν) = l(γµ1) + l(γµ2) + 1

≤ 2l(ψ.µ1)+|Θµ1 | + 2l(ψ.µ2)+|Θµ2 | + 1
≤ 2l(ψ.µ1)+|Θµ1 |+l(ψ.µ2)+|Θµ2 |+1

≤ 2l(ψ.ν)+|Θν |.

If the inference takes place on non-ancestors of Ω then

l(γν) ≤ l(γµ1) ∗ l(γµ2),
l(ψ.ν) = l(ψ.µ1) + l(ψ.µ2) + 1.

and, by the assumptions on µ1, µ2,

l(γν) ≤ l(γµ1) ∗ l(γµ2)

≤ 2l(ψ.µ1)+|Θµ1 | ∗ 2l(ψ.µ2)+|Θµ2 |

= 2l(ψµ1)+l(ψµ2 )+|Θµ1 |+|Θµ2 |

< 2l(ψ.ν)+|Θν |.

Thus by induction and choosing the root node for ν we obtain

(I) l(RES(ψ)) ≤ 2l(ψ)+|Θ(ψ)|.

Obviously |Θ(ψ)| ≤ l(ψ) (indeed the term tree of Θ(ψ) has 1 + n nodes,
where n is the number of binary inferences in ψ), and so we obtain

(I) l(RES(ψ)) ≤ 22∗l(ψ). 2

The results of this chapters show that proofs in ACNF are well-behaving
under CERES, similarly as for cut-free proofs.
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6.8 Characteristic Terms and Cut-Reduction

In this section we show that methods of cut-elimination based on the set of
rules R are redundant w.r.t. the results of the CERES method. It will turn
out that the characteristic clause set CL(ϕ′) of a Gentzen normal form ϕ′

of a proof ϕ is subsumed by the original characteristic clause set CL(ϕ). In
this sense every R-reduction step on a proof is redundant in the sense of
clause logic.

Lemma 6.8.1 Let ϕ,ϕ′ be LK-derivations with ϕ >R ϕ′ for a cut reduction
relation >R based on R. Then Θ(ϕ) � Θ(ϕ′).

Proof: We construct a proof by cases on the definition of >R. To this aim
we consider sub-derivations ψ of ϕ of the form

(ρ,X)
Γ ` ∆

(σ, Y )
Π ` Λ

Γ,Π∗ ` ∆∗,Λ
cut(A)

where X = Θ(ϕ)/λ for the occurrence λ corresponding to the derivation ρ
and Y = Θ(ϕ)/µ for the occurrence µ corresponding to σ. By ν we denote
the occurrence of ψ in ϕ. That means we do not only indicate the sub-
derivations ending in the cut, but also the corresponding clause terms. Note
that by definition of the characteristic term we have Θ(ϕ)/ν = X ⊕ Y .
If ψ >R χ then, by definition of the reduction relation >R, we get ϕ =
ϕ[ψ]ν >R ϕ[χ]ν . For the remaining part of the proof we denote ϕ[χ]ν by ϕ′.
Our aim is to prove that Θ(ϕ) � Θ(ϕ′).

(I) rank(ψ) = 2:

(Ia) ψ is of the form

(ρ′, X)
Γ ` ∆

Γ ` ∆, A
w: r (σ, Y )

Π ` Λ
Γ,Π∗ ` ∆,Λ

cut(A)

By definition of R we have ψ >R χ for χ =

(ρ′, X)
Γ ` ∆

Γ,Π∗ ` ∆,Λ s∗

Therefore also ϕ[ψ]ν >R ϕ[χ]ν , i.e. ϕ >R ϕ′. But Θ(ϕ′)/ν = X
and Θ(ϕ)/ν = X ⊕ Y . Clearly X ⊆ X ⊕ Y and so X ⊕ Y � X; by
Lemma 6.3.3 we conclude that Θ(ϕ) � Θ(ϕ′).
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(Ib) A = ¬B and ψ is of the form

(ρ′, X)
B,Γ ` ∆

Γ ` ∆,¬B ¬: r

(σ′, Y )
Π ` Λ, B
¬B,Π ` Λ ¬: l

Γ,Π ` ∆,Λ
cut(A)

Then ψ >R χ for χ =

(σ′, Y )
Π ` Λ, B

(ρ′, X)
B,Γ ` ∆

Γ∗,Π ` ∆,Λ∗
cut(B)

Γ,Π ` ∆,Λ s∗

Here we have

Θ(ϕ)/ν = X ⊕ Y,
Θ(ϕ′)/ν = Y ⊕X.

Clearly, by Y ⊕X ⊆ X ⊕ Y , X ⊕ Y � Y ⊕X (we even have X ⊕ Y ∼
Y ⊕X) and by Lemma 6.3.3 we obtain Θ(ϕ) � Θ(ϕ′).

(Ic) A = B ∧ C and ψ is of the form

(ρ1, X1)
Γ ` ∆, B

(ρ2, X2)
Γ ` ∆, C

Γ ` ∆, B ∧ C ∧: r

(σ′, Y )
B,Π ` Λ

B ∧ C,Π ` Λ ∧: l

Γ,Π ` ∆,Λ
cut(A)

Then ψ >R χ for χ =

(ρ1, X1)
Γ ` ∆, B

(σ′, Y )
B,Π ` Λ

Γ,Π∗ ` ∆∗,Λ
cut(B)

Γ,Π ` ∆,Λ s∗

In this case we have

Θ(ϕ)/ν = (X1 ⊕X2)⊕ Y,
Θ(ϕ′)/ν = X1 ⊕ Y.

Clearly, X1 ⊕ Y ⊆ (X1 ⊕X2)⊕ Y and thus (X1 ⊕X2)⊕ Y �X1 ⊕ Y .
By application of Lemma 6.3.3 we obtain Θ(ϕ) � Θ(ϕ′).

The case where B ∧ C is inferred from C is completely symmetric.
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(Id) A = B ∨ C: symmetric to (Ib).

(Ie) A = B → C. Then ψ is of the form

(ρ′, X)
B,Γ ` ∆, C

Γ ` ∆, B → C
→: r

(σ1, Y1)
Π1 ` Λ1, B

(σ2, Y1)
C,Π2 ` Λ2

B → C,Π1,Π2 ` Λ1,Λ2
→: l

Γ,Π1,Π2 ` ∆,Λ1,Λ2
cut(A)

Here we have ψ >R χ for χ =

(σ1, Y1)
Π1 ` Λ1, B

(ρ′, X)
B,Γ ` ∆, C

Π1,Γ ` Λ1,∆, C
cut (σ2, Y1)

C,Π2 ` Λ2

Π1,Γ,Π2 ` Λ1,∆,Λ2
cut

Γ,Π1,Π2 ` ∆,Λ1,Λ2
s∗

Here we obtain

Θ(ϕ)/ν = X ⊕ (Y1 ⊕ Y2),
Θ(ϕ′)/ν = (Y1 ⊕X)⊕ Y2.

By (Y1⊕X)⊕Y2 ⊆ X⊕ (Y1⊕Y2) we get X⊕(Y1⊕Y2)� (Y1⊕X)⊕Y2.
Again, by application of Lemma 6.3.3, we obtain Θ(ϕ) � Θ(ϕ′).

(If) A = (∀x)B. Then ψ is of the form

(ρ′(x/y), X(x/y))
Γ ` ∆, B(x/y)

Γ ` ∆, (∀x)B(x) ∀: r

(σ′, Y )
B(x/t),Π ` Λ

(∀x)B(x),Π ` Λ ∀: l

Γ,Π ` ∆,Λ
cut(A)

ψ >R χ for

(ρ′(x/t), X(x/t))
Γ ` ∆, B(t)

(σ′, Y )
B(x/t),Π ` Λ

Γ,Π∗ ` ∆∗,Λ
cut(B(x/t)

Γ,Π ` ∆,Λ s∗

By definition of the characteristic terms we have

Θ(ϕ)/ν = X(x/y)⊕ Y,
Θ(ϕ′)/ν = X(x/t)⊕ Y.
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By assumption ϕ is regular and the variable y only occurs in the sub-
derivation ρ. Therefore

Θ(ϕ′)/ν = (X(x/y)⊕ Y ){y ← t} and even
Θ(ϕ′) = Θ(ϕ){y ← t}.

But this means Θ(ϕ) ≤s Θ(ϕ′) and therefore Θ(ϕ) � Θ(ϕ′).

(Ig) A = (∃x)B: symmetric to (Id).

(II) rank(ψ) > 2.

We assume that rankr(ψ) > 1 (the case rankl(ψ) > 1 is symmetric).

(IIa) A occurs in Γ. Then ψ >R χ for χ =

(σ, Y )
Π ` Λ

Γ,Π∗ ` ∆∗,Λ s∗

In this case

Θ(ϕ)/ν = X ⊕ Y,
Θ(ϕ′)/ν = Y.

Clearly Y ⊆ X⊕Y and thus X⊕Y �Y ; by Lemma 6.3.3 Θ(ϕ)�Θ(ϕ′).

(IIb) A does not occur in Γ.

(IIb.1) ξ is one of the inferences w: l or c: l and ψ is of the form:

(ρ,X)
Γ ` ∆

(σ′, Y )
Σ ` Λ
Π ` Λ

ξ

Γ,Π∗ ` ∆∗,Λ
cut(A)

Then ψ >R χ for χ =

(ρ,X)
Γ ` ∆

(σ′, Y )
Σ ` Λ

Γ,Σ∗ ` ∆∗,Λ
cut(A)

Γ,Π∗ ` ∆∗,Λ s∗

It is obvious that Θ(ϕ) = Θ(ϕ′) and so Θ(ϕ) � Θ(ϕ′).
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(IIb.2) ξ is a unary inference, ξ 6∈ {w: l, c: l} and ψ is of the form

(ρ,X)
Γ ` ∆

(σ′, Y )
B,Π ` Λ1

C,Π ` Λ2
ξ

Γ, C∗,Π∗ ` ∆∗,Λ2
cut(A)

where C∗ is empty for C = A and C∗ = C for C 6= A. We consider
the derivation τ :

(ρ,X)
Γ ` ∆

(σ′, Y )
B,Π ` Λ1

Γ, B∗,Π∗ ` ∆∗,Λ1
cut(A)

Γ, B,Π∗ ` ∆∗,Λ1
s∗

Γ, C,Π∗ ` ∆∗,Λ2
ξ + s∗

It is easy to see that

Θ(ϕ[τ ]ν)/ν = X ⊕ Y and
Θ(ϕ) = Θ(ϕ[τ ]ν).

Indeed changing the order of unary inferences does not affect charac-
teristic terms. If A 6= C then, by definition of >R, we have χ = τ and
Θ(ϕ) = Θ(ϕ′).

If A = C and A 6= B we have χ =

(ρ,X)
Γ ` ∆

(τ,X ⊕ Y )
Γ, A,Π∗ ` ∆∗,Λ2

Γ,Γ∗,Π∗ ` ∆∗,∆∗,Λ2
cut(A)

Γ,Π∗ ` ∆∗,Λ2
s∗

Now we have

Θ(ϕ)/ν = X ⊕ Y,
Θ(ϕ′)/ν = X ⊕ (X ⊕ Y ).

But X ⊕ Y ∼ X ⊕ (X ⊕ Y ) and thus also X ⊕ Y � X ⊕ (X ⊕ Y ).
Therefore, using Lemma 6.3.3 again, we obtain Θ(ϕ) � Θ(ϕ′).

If A = B = C then Λ1 6= Λ2 and χ is defined as

(ρ,X)
Γ ` ∆

(σ′, Y )
A,Π ` Λ1

Γ,Π∗ ` ∆∗,Λ1
cut(A)

Γ,Π∗ ` ∆∗,Λ2
ξ

In this case, clearly, Θ(ϕ′) = Θ(ϕ) and thus Θ(ϕ) � Θ(ϕ′).
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(IIb.3) The last inference in σ is a binary one.

(IIb.3.1) The last inference in σ is ∧ : r. Then ψ is of the form

(ρ,X)
Γ ` ∆

(σ1, Y1)
Π ` Λ, B

(σ2, Y2)
Π ` Λ, C

Π ` Λ, B ∧ C ∧: r

Γ,Π∗ ` ∆∗,Λ, B ∧ C cut(A)

Clearly A occurs in Π and ψ reduces to the following proof χ via
cross-cut:

(ρ,X)
Γ ` ∆

(σ1, Y1)
Π ` Λ, B

Γ,Π∗ ` ∆∗,Λ, B
cut(A)

(ρ,X)
Γ ` ∆

(σ2, Y2)
Π ` Λ, C

Γ,Π∗ ` ∆∗,Λ, C
cut(A)

Γ,Π∗ ` ∆∗,Λ, B ∧ C ∧: r

Now we have to distinguish two cases:

case a: B ∧ C is ancestor of (another) cut in ϕ.

Then

Θ(ϕ)/ν = X ⊕ (Y1 ⊕ Y2),
Θ(ϕ′)/ν = (X ⊕ Y1)⊕ (X ⊕ Y2).

Clearly
X ⊕ (Y1 ⊕ Y2) ∼ (X ⊕ Y1)⊕ (X ⊕ Y2)

and therefore Θ(ϕ′) ∼ Θ(ϕ), thus Θ(ϕ) � Θ(ϕ′).

case b: B ∧ C is not an ancestor of a cut in ϕ.

Then

Θ(ϕ)/ν = X ⊕ (Y1 ⊗ Y2),
Θ(ϕ′)/ν = (X ⊕ Y1)⊗ (X ⊕ Y2).

But by using elementary properties of ∪ and × we obtain

X ⊕ (Y1 ⊗ Y2) v (X ⊕ Y1)⊗ (X ⊕ Y2)

That means Θ(ϕ)/ν v Θ(ϕ′)/ν and by application of Lemma 6.3.3 we
again get Θ(ϕ) v Θ(ϕ′), thus also Θ(ϕ) � Θ(ϕ′).
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(IIb.3.2) The last inference in σ is ∨: l. Then ψ is of the form

(ρ,X)
Γ ` ∆

(σ1, Y1)
B,Π ` Λ

(σ2, Y2)
C,Π ` Λ

B ∨ C,Π ` Λ ∨: l

(B ∨ C)∗,Γ,Π∗ ` ∆∗,Λ
cut(A)

Note that A is in Π; for otherwise A = B ∨ C and rankr(ψ) = 1,
contradicting the assumption.

We first define the following derivation τ :

(ρ,X)
Γ ` ∆

(σ1, Y1)
B,Π ` Λ

B∗,Γ,Π∗ ` ∆∗,Λ
cut(A)

B,Γ,Π∗ ` ∆∗,Λ w∗

(ρ,X)
Γ ` ∆

(σ2, Y2)
C,Π ` Λ

C∗,Γ,Π∗ ` ∆∗,Λ
cut(A)

C,Γ,Π∗ ` ∆∗,Λ w∗

(B ∨ C),Γ,Π∗ ` ∆∗,Λ ∨: l

As in IIb.3.1 we have to distinguish the case where B∨C is an ancestor
of another cut in ϕ or not. So if we replace ψ by τ in ϕ we either get

Θ(ϕ)/ν = X ⊕ (Y1 ⊕ Y2),
Θ(ϕ[τ ]ν)/ν = (X ⊕ Y1)⊕ (X ⊕ Y2).

or

Θ(ϕ)/ν = X ⊕ (Y1 ⊗ Y2),
Θ(ϕ[τ ]ν)/ν = (X ⊕ Y1)⊗ (X ⊕ Y2).

Thus the situation is analogous to (IIb.3.1) and we get Θ(ϕ)�Θ(ϕ[τ ]ν).

If A 6= B ∨ C then χ = τ and therefore Θ(ϕ) � Θ(ϕ′).

If A = B ∨ C we define χ =

(ρ,X)
Γ ` ∆

(τ, (X ⊕ Y1)⊕ (X ⊕ Y2))
(B ∨ C),Γ,Π∗ ` ∆∗,Λ

Γ,Γ∗,Π∗ ` ∆∗,∆∗,Λ
cut(A)

Γ,Π∗ ` ∆∗,Λ s∗

In this case

Θ(ϕ)/ν = X ⊕ (Y1 ⊕ Y2),
Θ(ϕ′)/ν = X ⊕ ((X ⊕ Y1)⊕ (X ⊕ Y2)).
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and we obtain
Θ(ϕ)/ν ∼ Θ(ϕ′)/ν

Once more Lemma 6.3.3 gives us Θ(ϕ) � Θ(ϕ′).

(IIb.3.3) The last inference in σ is →: l. Then ψ is of the form

(ρ,X)
Γ ` ∆

(σ1, Y1)
Π1 ` Λ1, B

(σ2, Y2)
C,Π2 ` Λ2

B → C,Π1,Π2 ` Λ1,Λ2
→: l

Γ, (B → C)∗,Π∗
1,Π

∗
2 ` ∆∗,Λ1,Λ2

cut(A)

We have to consider various cases:

• A occurs in Π1 and in Π2.
Like in IIb.3.2 we consider a proof τ :

(ρ,X)
Γ ` ∆

(σ1, Y1)
Π1 ` Λ1, B

Γ,Π∗
1 ` ∆∗,Λ1, B

cut(A)

(ρ,X)
Γ ` ∆

(σ2, Y2)
C,Π2 ` Λ2

C∗,Γ,Π∗
2 ` ∆∗,Λ2

cut(A)

C,Γ,Π∗
2 ` ∆∗,Λ2

ξ

B → C,Γ,Π∗
1,Γ,Π

∗
2 ` ∆∗,Λ1,∆∗,Λ2

→: l

If (B → C)∗ = B → C then ψ is transformed to τ + some
unary structural rule applications. As in case IIb.3.2 we have to
distinguish whether B → C is an ancestor of a cut or not. So by
replacing ψ by τ in ϕ we either get

Θ(ϕ)/ν = X ⊕ (Y1 ⊕ Y2),
Θ(ϕ[τ ]ν)/ν = (X ⊕ Y1)⊕ (X ⊕ Y2).

or

Θ(ϕ)/ν = X ⊕ (Y1 ⊗ Y2),
Θ(ϕ[τ ]ν)/ν = (X ⊕ Y1)⊗ (X ⊕ Y2).

Obviously the terms are the same as in case IIb.3.2.

If (B → C)∗ is empty then ψ is transformed to χ =

(ρ,X)
Γ ` ∆ (τ, (X ⊕ Y1)⊕ (X ⊕ Y2))
Γ,Γ,Π∗

1,Γ,Π
∗
2 ` ∆,∆∗,Λ1,∆∗,Λ2

cut(A)

Γ,Π∗
1,Π

∗
2 ` ∆∗,Λ1,Λ2

s∗
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Note that, for (B → C)∗ empty, B, C and B → C are ancestors
of a cut (namely the last cut in ψ), and so the term for τ is
(X ⊕ Y1)⊕ (X ⊕ Y2). Therefore we obtain

Θ(ϕ)/ν = X ⊕ (Y1 ⊕ Y2),
Θ(ϕ′)/ν = X ⊕ (X ⊕ Y1)⊕ (X ⊕ Y2).

Again, the terms are the same as case II.b.2.

• A occurs in Π2, but not in Π1. As in the previous case we obtain
τ =

(σ1, Y1)
Π1 ` Λ1, B

(ρ,X)
Γ ` ∆

(σ2, Y2)
C,Π2 ` Λ2

C∗,Γ,Π∗
2 ` ∆∗,Λ2

cut(A)

C,Γ,Π∗
2 ` ∆∗,Λ2

ξ

B → C,Π1,Γ,Π∗
2 ` Λ1,∆∗,Λ2

→: l

Again we distinguish the cases B → C = A and B → C 6= A and
define the transformation χ exactly like above.

For B → C 6= A we obtain

Θ(ϕ)/ν = X ⊕ (Y1 ⊕ Y2),
Θ(ϕ[τ ]ν)/ν = Y1 ⊕ (X ⊕ Y2).

or

Θ(ϕ)/ν = X ⊕ (Y1 ⊗ Y2),
Θ(ϕ[τ ]ν)/ν = Y1 ⊗ (X ⊕ Y2).

In the first case we have

X ⊕ (Y1 ⊕ Y2) ∼ Y1 ⊕ (X ⊕ Y2),

in the second

X ⊕ (Y1 ⊗ Y2) v Y1 ⊗ (X ⊕ Y2).

In both cases we obtain

Θ(ϕ)/ν ∼ Θ(ϕ′)/ν, and

by Lemma 6.3.3
Θ(ϕ) � Θ(ϕ′).
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If A = B → C the proof χ is defined like in II.b.2 and we obtain
the terms

Θ(ϕ)/ν = X ⊕ (Y1 ⊕ Y2),
Θ(ϕ′)/ν = X ⊕ (Y1 ⊕ (X ⊕ Y2)).

Clearly Θ(ϕ)/ν ∼ Θ(ϕ′)/ν, therefore Θ(ϕ)/ν � Θ(ϕ′)/ν and, by
Lemma 6.3.3,

Θ(ϕ) � Θ(ϕ′).

• A occurs in Π1, but not in Π2: analogous to the last case.

(IIb.3.4) The last inference in σ is a cut. Then ψ is of the form

(ρ,X)
Γ ` ∆

(σ1, Y1)
Π1 ` Λ1

(σ2, Y2)
Π2 ` Λ2

Π1,Π+
2 ` Λ+

1 ,Λ2

cut(B)

Γ,Π∗
1,Π

+∗
2 ` ∆∗,Λ+

1 ,Λ2

cut(A)

If A occurs in Π1 and in Π2 then χ =

(ρ,X)
Γ ` ∆

(σ1, Y1)
Π1 ` Λ1

Γ,Π∗
1 ` ∆∗,Λ1

cut(A)

(ρ,X)
Γ ` ∆

(σ2, Y2)
Π2 ` Λ2

Γ,Π∗
2 ` ∆∗,Λ2

cut(A)

Γ,Γ+,Π∗
1,Π

+∗
2 ` ∆∗+,∆∗,Λ+

1 ,Λ2

cut(B)

Γ,Π∗
1,Π

+∗
2 ` ∆∗,Λ+

1 ,Λ2
s∗

In this case we have

Θ(ϕ)/ν = X ⊕ (Y1 ⊕ Y2),
Θ(ϕ′)/ν = (X ⊕ Y1)⊕ (X ⊕ Y2).

Clearly X ⊕ (Y1 ⊕ Y2) ∼ (X ⊕ Y1)⊕ (X ⊕ Y2) and so

X ⊕ (Y1 ⊕ Y2) � (X ⊕ Y1)⊕ (X ⊕ Y2).

By Lemma 6.3.3 we get Θ(ϕ) � Θ(ϕ′).

If A occurs in Π1 and not in Π2 then χ =

(ρ,X)
Γ ` ∆

(σ1, Y1)
Π1 ` Λ1

Γ,Π∗
1 ` ∆∗,Λ1

cut(A) (σ2, Y2)
Π2 ` Λ2

Γ,Π∗
1,Π

+
2 ` ∆∗,Λ+

1 ,Λ2

cut(B)
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Here we have

Θ(ϕ)/ν = X ⊕ (Y1 ⊕ Y2),
Θ(ϕ′)/ν = (X ⊕ Y1)⊕ Y2.

and Θ(ϕ) � Θ(ϕ′) is trivial.

The case where A is in Π2, but not in Π1 is completely symmetric. 2

Theorem 6.8.1 Let ϕ be an LK-derivation and ψ be an ACNF of ϕ under
a cut reduction relation >R based on R. Then Θ(ϕ) ≤ss Θ(ψ).

Proof: ϕ >∗R ψ. By Lemma 6.8.1 we get Θ(ϕ)�∗Θ(ψ). By Proposition 6.6.2
we obtain Θ(ϕ) ≤ss Θ(ψ). 2

Theorem 6.8.2 Let ϕ be an LK-derivation and ψ be an ACNF of ϕ under
a cut reduction relation >R based on R. Then there exists a resolution
refutation γ of CL(ϕ) s.t. γ ≤ss RES(ψ).

Proof: By Theorem 6.8.1 Θ(ϕ) ≤ss Θ(ψ) and therefore CL(ϕ) ≤ss CL(ψ).
By Definition 6.7.2, RES(ψ) is a resolution refutation of CL(ψ); by Proposi-
tion 6.6.3 there exists a resolution refutation γ of CL(ϕ) s.t. γ ≤ss RES(ψ).

2

Corollary 6.8.1 Let ϕ be an LK-derivation and ψ be an ACNF of ϕ under
a cut reduction relation >R based on R. Then there exists a resolution
refutation γ of CL(ϕ) s.t.

l(γ) ≤ l(RES(ψ)) ≤ l(ψ) ∗ 22∗l(ψ).

Proof: By Theorem 6.8.1 there exists a resolution refutation γ with γ ≤ss
RES(ψ). By definition of subsumption of proofs (see Definition 6.6.4) we
have l(γ) ≤ l(RES(ψ)). Finally the result follows from Proposition 6.7.1.

2

Corollary 6.8.2 Let ϕ be an LK-derivation and ψ be an ACNF of ϕ under
a cut reduction relation >R based on R. Then there exists an ACNF χ of
ϕ under CERES s.t.

‖χ‖l ≤ l(ϕ) ∗ l(ψ) ∗ 22∗l(ψ).
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Proof: If γ is a resolution refutation of CL(ϕ) then an ACNF χ of ϕ can be
obtained by CERES. As the LK-derivations in the projections are not longer
than ϕ itself we get

‖χ‖l ≤ ‖ϕ‖l ∗ l(γ) ≤ l(ϕ) ∗ l(γ).

Then the inequality follows from Corollary 6.8.1. 2

Corollary 6.8.3 Let ϕ be an LK-derivation and ψ be an ACNF of ϕ under
Gentzen’s or Tait’s method. Then there exists an ACNF χ of ϕ under CERES
s.t.

‖χ‖l ≤ l(ϕ) ∗ l(ψ) ∗ 22∗l(ψ).

Proof: Gentzen’s and Tait’s methods are reduction methods based on R. 2

The methods of this section allow to describe a large class of cut-elimination
methods in a uniform way. Hereby the order of reduction steps (e.g. in the
methods of Gentzen and Tait–Schütte) does not matter. This arguments
make the CERES method an essential tool for proving negative results about
cut-elimination, e.g. that a certain cut-free proof is not obtainable by a
given one. Consider, for example, an ACNF ψ s.t. CL(ψ) is not subsumed
by CL(ϕ), where ϕ is the original proof; then we can be sure that ψ cannot
be obtained by any sequence of cut-reduction rules from R.

Note that the replacement of the of Skolem functions by the original quan-
tifiers in an ACNF may lead to an exponential increase in terms of the
symbolic complexity of the original end-sequent and of the ACNF (in case
of prenex end-sequents the increase of complexity is even linear, c.f. the
algorithm in [51] which selects the maximal Skolem term and replaces it by
an eigenvariable).

6.9 Beyond R: Stronger Pruning Methods

At the first glimpse it might appear that all cut-reduction methods based on
a set of rules yield characteristic terms which are subsumed by the character-
istic term of the original proof. However, Theorems 6.8.1 and 6.8.2 are not
valid in general. In particular they do not hold when we eliminate atomic
cuts. But even if we allow atomic cuts there exists a set of cut-reduction
rules R′ for which the theorems above are not valid.
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Definition 6.9.1 (R′) Let R be the set of cut-reduction rules defined in
Definition 5.1.6. With the exception of the rule in case 3.121.232 (right-
rank > 1, case ∨ : l) the rules in R′ are the same as those in R. We only
modify the case where the cut formula A is identical to B (which is one of
the auxiliary formulas of the ∨ : l-inference). In this case the derivation ψ
in case 3.121.232 is of the form:

(ρ)
Γ ` ∆

(σ1)
B,Π ` Λ

(σ2)
C,Π ` Λ

B ∨ C,Π ` Λ ∨: l

Γ, B ∨ C,Π∗ ` ∆∗,Λ
cut(B)

We define ψ >R′ χ for χ =

(ρ)
Γ ` ∆

(σ1)
B,Π ` Λ

Γ,Π∗ ` ∆∗,Λ
cut(B)

Γ, B ∨ C,Π∗ ` ∆∗,Λ s∗

3

Theorem 6.9.1 There exists an LK-derivation ϕ s.t. for all ACNFs ψ
under R′:

(1) Θ(ϕ) 6≤ss Θ(ψ),

(2) γ 6≤ss RES(ψ) for all resolution refutations γ of CL(ϕ).

Proof: In the LK-derivations below we mark all ancestors of cuts by ∗. Let
P,Q,R be arbitrary atomic formulas and ϕ be the derivation

` P ∗ ` P ∗
` (P ∧ P )∗

∧: r

P, P ∗ ` P
P, (P ∧ P )∗ ` P ∧: l + p∗

P ∧ P, (P ∧ P )∗ ` P ∧: l

P ∗ ` Q∗ Q∗ ` P
P ∗ ` P cut(Q)

R,P ∗ ` P w: l

R, (P ∧ P )∗ ` P ∧: l + p∗

(P ∧ P ) ∨R, (P ∧ P )∗ ` P ∨: l

(P ∧ P ) ∨R ` P cut(P ∧ P )

Then

Θ(ϕ) = ({` P} ⊕ {` P})⊕ (({P `} ⊗ ({P ` Q} ⊕ {Q `}),
CL(ϕ) = {` P ; P, P ` Q; P,Q `}.
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There exists only one non-atomic cut in ϕ. By definition of R′ we get
ϕ >R′ χ (and this is the only one-step reduction) for χ =

` P ∗ ` P ∗
` (P ∧ P )∗

∧: r

P ∗, P ∗ ` P
P ∗, (P ∧ P )∗ ` P ∧: l + p∗

(P ∧ P )∗, (P ∧ P )∗ ` P ∧: l

` P cut(P ∧ P )

(P ∧ P ) ∨R ` P w: l

It is easy to see that the only ACNF of χ (under R and R′) is ψ for ψ =

` P ∗ P ∗, P ∗ ` P
` P cut(P )

(P ∧ P ) ∨R ` P w: l

But

Θ(ψ) = {` P} ⊕ {P, P `},
CL(ψ) = {` P ; P, P `}.

There exists no clause C ∈ CL(ϕ) with C ≤ss P, P `, therefore CL(ϕ) 6≤ss
CL(ψ) and Θ(ϕ) 6≤ss Θ(ψ). This proves (1).
By definition of RES we obtain RES(ψ) =

` P P, P `
` cut

.

As CL(ϕ) 6≤ss {P, P `} there exists no refutation γ of CL(ϕ) with γ ≤ss
RES(ψ). This proves (2). 2

Remark: Our choice of R′ was in fact a minimal one, aimed to falsify
Theorem 6.8.1. It is obvious that the principle can be extended to the case
where A = C, and to the symmetric situation of left-rank > 1 and ∧ : r.
Indeed there are several simple ways for further improving cut-elimination
methods based on R. All these stronger methods of pruning the proof trees
during cut-reduction do not fulfil the properties expressed in Theorem 6.8.1
and in Theorem 6.8.2. 3

6.10 Speed-Up Results

In this section we prove that CERES NE-improves both Gentzen and Tait-
Schütte reductions. On the other hand no reductive cut-elimination method
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based on R NE-improves CERES. In this sense CERES is uniformly better that
>G and >T . As CERES and the reductive methods are structurally different
we have to adapt our definition of NE-improvement to the CERES method.

Definition 6.10.1 Let >x be a proof reduction relation based on R. We
say that CERES NE-improves >x if there exists a sequence of proofs (ϕn)n∈IN

s.t.

• there exists a sequence of resolution refutations (γn)n∈IN of CL(ϕn)
s.t. (l(γn))n∈IN is elementary in (‖ϕn‖)n∈IN.

• For all k ∈ IN there exists a number m s.t. for all n ≥ m and for every
cut-elimination sequence θ on ϕn we have ‖θ‖ > e(k, ‖ϕn‖).

Similarly we define that >x NE-improves CERES if there exists a sequence of
proofs (ϕn)n∈IN s.t.

• there exists a sequence of cut-elimination sequences (θn)n∈IN s.t.
(‖θn‖)n∈IN is elementary in (‖ϕn‖)n∈IN.

• For all k ∈ IN there exists a number m s.t. for all n ≥ m and for all
resolution refutations γ of CL(ϕn) we get ‖γ‖ > e(k, ‖ϕn‖).

3

Remark: The definition above looks asymmetric as for CERES we use the
measure l of length and for the reductive methods the symbolic norm ‖ ‖.
But this definition is justified by Proposition 6.5.3 which proves that it does
not matter whether we use the measure l(γn) or ‖ϕ∗n‖ for CERES normal
forms ϕ∗n based on γn for measuring the asymptotic complexity. 3

Theorem 6.10.1 CERES NE-improves >G.

Proof: Let Ψ: (ψn)n∈IN be the sequence of proofs defined in the proof of
Theorem 5.4.1. We have shown that >T NE-improves >G on Ψ. We prove
now that CERES is fast (i.e. elementary) on Ψ – and thus NE-improves >G.
By Proposition 6.5.3 it suffices to construct an elementary function f and a
sequence ρn of resolution refutations of CL(ψn) s.t.

l(ρn) ≤ f(‖ψn‖).
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Recall the sequence ψn =

(πg(n))
Ag(n) ` Ag(n)

(γn)
∆n ` Dn

Ag(n),∆n ` Ag(n) ∧Dn
∧: r

(πg(n))
Ag(n) ` Ag(n) A ` A
Ag(n) → A,Ag(n) ` A

→: l

Ag(n), Ag(n) → A ` A p : l

Ag(n) ∧Dn, Ag(n) → A ` A ∧: l

Ag(n),∆n, Ag(n) → A ` A cut

where γn is Statman’s sequence defined in Chapter 4 and the πm are the
proofs from Definition 5.4.3.
By definition of the formula sequence Ag(n) we get

CL(ψn) = {` A; A `} ∪ CL(γn).

Trivially every CL(ψn) has the resolution refutation ρ =

` A A `
`

which is of constant length and, by defining ρn = ρ for all n we get l(ρn) = 3.
So we may define f as f(n) = 3 for all n, which is (of course) elementary.

2

Theorem 6.10.2 CERES NE-improves >T .

Proof: In Theorem 5.4.2 we defined a proof sequence φn s.t. >G NE-improves
>T on φn. Recall the definition of the sequence φn: Consider again Stat-
man’s sequence γn. Locate the uppermost proof δ1 in γn; note that δ1 is
identical to ψn+1. In γn we first replace the proof δ1 (or ψn+1) of the sequent
Γn+1 ` Hn+1(T) by the proof δ̂1:

(ω)
P ∧ ¬P `

P ∧ ¬P ` ¬Q w : r

(ψn+1)
AxT ` Hn+1(T)
¬Q,AxT ` Hn+1(T) w : l

P ∧ ¬P,AxT ` Hn+1(T)
cut

where ω is a proof of P ∧ ¬P ` of constant length. Furthermore we use the
same inductive definition in defining δ̂k as that of δk in Chapter 4. Finally
we obtain a proof φn in place of γn. Note that φn differs from γn only by an
additional cut on the formula ¬Q and the formula P ∧¬P in the antecedents
of the sequents. Note that the cut-formula ¬Q is introduced by weakening.



162 6 CUT-ELIMINATION BY RESOLUTION

We know that the characteristic terms Θ(γn) of the Statman sequence con-
tain no product ⊗; in fact there exists no binary logical operator in the
end-sequents of γn. Let ν be the node corresponding to AxT ` Hn+1(T)
and

Θ(γn) = Θ(γn)[t]ν .

Then, by construction,

Θ(φn) = Θ(γn)[{`} ⊕ t]ν .

Indeed, the cut-formula has no ancestors in the axioms and so contributes
only ` to the clause term. Therefore, as Θ(γn) (and thus also Θ(φn)) con-
tains no products we obtain

CL(φn) = CL(γn) ∪ {`}.

Obviously, for all n, ρn:` is a resolution refutation of CL(φn) and l(ρn) = 1.
Hence

CL(φn) ≤ f(‖φn‖) for f(n) = 1 for all n.

As >T is nonelementary on φn we see that CERES NE-improves >T . 2

Theorem 6.10.3 No reductive method based on R NE-improves CERES; in
particular >R does not NE-improve CERES.

Proof: Assume, for contradiction, that >x is a reduction relation based on
R which NE-improves CERES. By Definition 6.10.1 there exists a sequence
of proofs ϕn s.t. there exists a k ∈ IN and a >x-normal forms ϕ∗n with

(a) ‖ϕ∗n‖ ≤ e(k, ‖ϕn‖) and

(b) for all k there exists an m s.t. for all n ≥ m and all resolution refuta-
tions γ of CL(ϕn) we have l(γ) > e(k, ‖ϕn‖).

By Corollary 6.8.1 we know that there exists a sequence ρn of resolution
refutations ρn of CL(ϕn) s.t.

l(ρn) ≤ g(l(ϕ∗n)) for g = λn.n ∗ 22∗n.

But l(ϕ∗n) ≤ ‖ϕ∗n‖ and therefore, by (a),

l(ρn) ≤ g(e(k, ‖ϕn‖)).

But
n ∗ 22∗n ≤ e(3, n) and e(3, e(k, n)) ≤ e(k + 3, n).

Therefore
l(ρn) ≤ e(k + 3, ‖ϕn‖) for all n,

which contradicts (b). 2



Chapter 7

Extensions of CERES

In Chapter 6 the CERES method was defined as a cut-elimination method
for LK-proofs. But the method is potentially much more general and can
be extended to a wide range of first-order cacluli. First of all CERES is a
semantic method, in the sense that it works for all sound sequent calculi
with a definable ancestor relation and a semantically complete clausal cal-
culus. In this chapter we first show that a CERES method can be defined for
virtually any sound sequent calculus. Second, we define extensions of LK
by equality and definitions rules which are useful for formalizing mathemat-
ical theorems and show how to adapt CERES to these extensions of LK. The
extension LKDe defined in Section 7.3 will then be used for the analysis of
mathematical proofs in Section 8.5.

7.1 General Extensions of Calculi

We defined the method CERES as a cut-elimination method for a specific
version of the calculus LK (just for the original version of Gentzen [38]).
This calculus is a mixture of additive rules (the contexts are contracted) like

A,Γ ` ∆ B,Γ ` ∆
A ∨B,Γ ` ∆ ∨: l

and of multiplicative rules (the contexts are merged) like

Γ ` ∆, A B,Π ` Λ
A→ B,Γ,Π ` ∆,Λ →: l

As Gentzen defined two calculi LK (for classical logic) and LJ (for intuition-
istic logic) simultaneously, this mixture is quite economic and facilitates the

M. Baaz, A. Leitsch, Methods of Cut-Elimination, Trends in Logic 34, 163
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presentation. As most of this book is on classical logic only, it does not
matter whether we define LK in a purely additive, purely multiplicative or
mixed version. The question remains how much the CERES-method changes
when we change the version of LK. Obviously unary structural rules (like
contraction and weakening) have no influence on the characteristic clause
term, which is a immediate consequence of Definition 6.4.1. Also the pro-
jections are defined exactly in the same way. We see that our definition of
CERES is the same for all these structural variants of LK. Note that this is
not the case for reductive methods: when we change the structural version of
LK we need new cut reduction rules and the whole proof of cut-elimination
has to be redone.
CERES is not only robust under changes of structural rules, its definition also
hardly changes when we consider arbitrary sound logical rules, provided we
can identify auxiliary and main formulas and classify whether a inference
goes into the end sequent or not. Consider for example the rule

Γ ` ∆1, A1, . . . ,∆n, An,∆n+1 Π1, B1, . . . ,Πn, Bm,Πm+1 ` Λ
Γ,Π1, . . . ,Πm+1 ` ∆1, . . . ,∆n+1,Λ

pseudocut

for n,m ≥ 1 and for formulas Ai, Bj s.t.

(?) (A1 ∨ · · · ∨ An)→ (B1 ∧ · · · ∧Bm) is valid.

The rule above becomes ordinary cut if there exists a formula A s.t. A =
Ai = Bj for all i, j, in which case the formula (?) is logically equivalent to
A → A. Obviously the pseudo-cut rule is sound, but there would be no
way to eliminate these cuts via reductive methods as the syntactic forms
of the formulas Ai and Bj can be strongly different. On the other hand,
CERES handles pseudo-cut exactly as cut: as the rule is sound (i.e. (?)
holds) the characteristic clause (defined exactly in the same way) set will
be unsatisfiable and thus refutable by resolution; also the projections are
defined exactly in the same way.
It is also easy to generalize CERES to arbitrary sound n-ary logical rules for
n > 2. Consider, e.g. the n-ary rule

Γ ` ∆, A1 Γ ` ∆, A2 · · ·Γ ` ∆, An
Γ ` ∆, A1 ∧ (A2 ∧ · · · (An−1 ∧An) · · ·)

∧n: r

Let the cut rule be pseudo-cut as defined above. For constructing a char-
acteristic clause term we have to know whether such a inference ∧n: r goes
into a cut or not – which can be easily checked in the n-ary deduction tree.
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This fact determines whether we apply union or merge, which can both be
generalized to higher arities. Below we generalize the concepts of clause
term and characteristic clause term to calculi with n-ary logical rules. The
n-logical rules have n premises, where in each premise formulas are marked
as auxiliary formulas; one formula in the consequent is marked as main for-
mula. Furthermore we only require that the rule is propositionally sound
(e.g. it need not respect the subformula property). To avoid problems with
eigenvariables we do not change the quantifier rules. This way we also pre-
serve the common version of Skolemization which is needed to ensure the
soundness of the proof projections. Also the method of proof skolemization
as defined in Proposition 6.2.1 can be carried over to these new calculi.

Definition 7.1.1 (clause term) The signature of clause terms consists of
sets of clauses and the operators ⊕n and ⊗n for n ≥ 2.

• (Finite) sets of clauses are clause terms.

• If X1, . . . , Xn are clause terms then ⊕n(X1, . . . , Xn) is a clause term.

• If X1, . . . , Xn are clause terms then ⊗n(X1, . . . , Xn) is a clause term.

3

Like in Section 6.3 clause terms denote sets of clauses; the following defini-
tion gives the precise semantics.

Definition 7.1.2 We define a mapping | | from clause terms to sets of
clauses in the following way:

|S| = C for sets of clauses S,

| ⊕n (X1, . . . , Xn)| =
n⋃
i=1

|Xi|,

| ⊗n (X1, . . . , Xn)| = �(|X1|, . . . , |Xn|),

where
�(S1, . . . ,Sn) = {S1 ◦ · · · ◦ Sn | S1 ∈ S1, . . . Sn ∈ Sn}.

We define clause terms to be equivalent if the corresponding sets of clauses
are equal, i.e. X ∼ Y iff |X| = |Y |. 3

Definition 7.1.3 (characteristic term) Let L be a first-order sequent
calculus, φ be a skolemized proof of S in L and let Ω be the set of all
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occurrences of pseudo-cut formulas in φ. Like in Definition 6.4.1 we de-
note by S(ν,Ω) the subsequent of the sequent at node ν consisting of the
ancestors of Ω.
We define the characteristic (clause) term Θ(φ) inductively:

Let ν be the occurrence of an initial sequent S′ in φ. Then Θ(φ)/ν =
{S(ν,Ω)}.
Let us assume that the clause terms Θ(φ)/ν are already constructed for all
nodes ν in φ with depth(ν) ≤ k. Now let ν be a node with depth(ν) = k+1.
We distinguish the following cases:

(a) ν is the consequent of µ, i.e. a unary rule applied to µ gives ν. Here
we simply define

Θ(ϕ)/ν = Θ(ϕ)/µ.

(b) ν is the consequent of µ1, . . . , µn, for n ≥ 2, i.e. an n-ary rule x applied
to µ1, . . . , µn gives ν.

(b1) The auxiliary formulas of x are ancestors of occurrences in Ω, i.e.
the formulas occur in S(µi,Ω) for all i = 1, . . . , n. Then

Θ(φ)/ν = ⊕n(Θ(ϕ)/µ1, . . . ,Θ(ϕ)/µn).

(b2) The auxiliary formulas of x are not ancestors of occurrences in
Ω. In this case we define

Θ(φ)/ν = ⊗n(Θ(ϕ)/µ1, . . . ,Θ(ϕ)/µn).

Note that, in an n-ary inference, either all auxiliary formulas are ancestors
of Ω or none of them.
Finally the characteristic term Θ(φ) of φ is defined as Θ(φ)/ν0 where ν0 is
the root node of φ. 3

Definition 7.1.4 (characteristic clause set) Let φ be a proof in a first-
order calculus L and Θ(φ) be the characteristic term of φ. Then CL(φ),
defined as CL(φ) = |Θ(φ)|, is called the characteristic clause set of φ. 3

As the clause logic of L is the same as for LK we can refute CL(φ) by
resolution as usual. The projections to the clauses of the characteristic
clause set are defined in the same way as for LK: we just drop all inferences
going into the cut (in case of binary rules apply weakening) and we perform
all rules going into the end-sequent. Plugging the projections into the leaves
of the resolution refutation works exactly as for LK.
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Example 7.1.1 We define a calculus LK′ from LK in the following way:

• we replace cut by pseudo-cut,

• we add the following rules:

– ∧3: r and

– the de Morgan rule dm: r below:

Γ ` ∆,¬(A ∧B)
Γ ` ∆,¬A ∨ ¬B dm: r

Let

A ≡ (∀x)((¬Q(x) ∧ P (x)) ∧Q(x)),
C1 ≡ (∀x)(¬P (x) ∨ ¬Q(x)) ∧ (∀x)(P (x) ∧R(x)),
C2 ≡ ¬(∃x)(P (x) ∧Q(x)) ∧ (∃x)(P (x) ∧R(x)),
B ≡ B1 ∧ (B2 ∧B3).

for B1 ≡ P (c)→ ¬Q(c), B2 ≡ (∃x)P (x), B3 ≡ (∃x)R(x)).

We consider the following proof ϕ in LK′ (the cut-ancestors are marked by
?):

(ϕ1,1)
A ` (∀x)(¬P (x) ∨ ¬Q(x))?

(ϕ1,2)
A ` (∀x)(P (x) ∧R(x))?

A ` C?
1

∧: r (ϕ2)
C?

2 ` B
A ` B pseudocut

where ϕ1,1 =

Q(α1)? ` Q(α1)
P (α1) ∧Q(α1)? ` Q(α1)

∧: l2

P (α1) ∧Q(α1)?,¬Q(α1) `
¬: l

¬Q(α1) ` ¬(P (α1) ∧Q(α1))?
¬: r

¬Q(α1) ∧ P (α1) ` ¬(P (α1) ∧Q(α1))?
∧: l1

(¬Q(α1) ∧ P (α1)) ∧R(α1) ` ¬(P (α1) ∧Q(α1))?
∧: l1

A ` ¬(P (α1) ∧Q(α1))?
∀: l

A ` ¬P (α1) ∨ ¬Q(α1)?
dm: r

A ` (∀x)(¬P (x) ∨ ¬Q(x))? ∀: r
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and ϕ1,2 =

P (α2) ` P (α2)
?

¬Q(α2) ∧ P (α2) ` P (α2)
? ∧: l2

(¬Q(α2) ∧ P (α2)) ∧R(α2) ` P (α2)
? ∧: l1

A ` P (α2)
? ∀: l

R(α2) ` R(α2)
?

(¬Q(α2) ∧ P (α2)) ∧R(α2) ` R(α2)
? ∧: l2

A ` R(α2)
? ∀: l

A ` P (α2) ∧R(α2)
? ∧: r

A ` (∀x)(P (x) ∧R(x))? ∀: r

ϕ2 =
(ϕ2,1)
C?2 ` B1

(ϕ2,2)
C?2 ` B2

(ϕ2,3)
C?2 ` B3

C?2 ` B1 ∧ (B2 ∧B3)
∧3: r

ϕ2,1 =
P (c) ` P (c)?

Q(c), P (c) ` P (c)? w: l
Q(c) ` Q(c)?

Q(c), P (c) ` Q(c)? s
∗

Q(c), P (c) ` P (c) ∧Q(c)?
∧: r

P (c) ` ¬Q(c), P (c) ∧Q(c)?
¬: r

` P (c)→ ¬Q(c), P (c) ∧Q(c)?
→: r + s∗

` P (c)→ ¬Q(c), (∃x)(P (x) ∧Q(x))? ∃: r

¬(∃x)(P (x) ∧Q(x))? ` P (c)→ ¬Q(c) ¬: l

C?2 ` P (c)→ ¬Q(c)
∧: l1

ϕ2,2 =
P (α3)? ` P (α3)

P (α3) ∧R(α3)? ` P (α3)
∧: l1

P (α3) ∧R(α3)? ` (∃x)P (x) ∃: r

(∃x)(P (x) ∧R(x))? ` (∃x)P (x) ∃: l

C?2 ` (∃x)P (x)
∧: l2

ϕ2,3 =
R(α4)? ` R(α4)

P (α4) ∧R(α4)? ` R(α3)
∧: l2

P (α4) ∧R(α4)? ` (∃x)R(x) ∃: r

(∃x)(P (x) ∧R(x))? ` (∃x)R(x) ∃: l

C?2 ` (∃x)R(x)
∧: l2

Let νi,j be the root node of the tree ϕi,j . Then we get the following clause
terms

Θ(ϕ)/ν1,1 = {Q(α1) `},
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Θ(ϕ)/ν1,2 = ⊕2({` P (α2)}, {` R(α2)})
Θ(ϕ)/ν2,1 = ⊕2({` P (c)}, {` Q(c)})
Θ(ϕ)/ν2,2 = {P (α3) `}
Θ(ϕ)/ν2,3 = {R(α4) `}.

and

Θ(ϕ) = ⊕2(⊕2(Θ(ϕ)/ν1,1,Θ(ϕ)/ν1,2),⊗3(Θ(ϕ)/ν2,1,Θ(ϕ)/ν2,2,Θ(ϕ)/ν2,3)).

For the characteristic clause set we obtain

CL(ϕ) = {Q(α1) `; ` P (α2); ` R(α2);
P (α3), R(α4) ` P (c); P (α3), R(α4) ` Q(c)}.

CL(ϕ) can be refuted by the following ground resolution refutation γ =

` R(α2)
` P (α2) P (α3), R(α4) ` Q(c)

R(α4) ` Q(c)
` Q(c) Q(α1) `

`

We define the projection to the clause P (α3), R(α4) ` Q(c):

Q(c) ` Q(c)
Q(c), P (c) ` Q(c)

s∗

P (c) ` Q(c),¬Q(c)
¬: r

` Q(c), P (c)→ ¬Q(c)
→: r

P (α3) ` P (α3)
P (α3) ` (∃x)P (x) ∃: r

R(α4) ` R(α4)
R(α4) ` (∃x)R(x) ∃: r

P (α3), R(α4) ` Q(c), B1 ∧ (B2 ∧B3)
∧3: r

A, P (α3), R(α4) ` Q(c), B w: l

3

7.2 Equality Inference

Gentzen’s LK is the original calculus for which cut-elimination was defined.
The original version of CERES is based on LK and several variants of it
(we just refer to [18, 20]). In formalizing mathematical proofs it turns
out that LK (and also natural deduction) are not sufficiently close to real
mathematical inference.
First of all, the calculus LK lacks a specific handling of equality (in fact
equality axioms have to be added to the end-sequent). Due to the impor-
tance of equality this defect was apparent to proof theorists; e.g. Takeuti
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[74] gave an extension of LK to a calculus LK=, adding atomic equality
axioms to the standard axioms of the form A ` A. The advantage of LK=

over LK is that no new axioms have to be added to the end-sequent; on
the other hand, in presence of the equality axioms, full cut-elimination is
no longer possible, but merely reduction to atomic cut. But still LK= uses
the same rules as LK; in fact, in LK=, equality is axiomatized, i.e. addi-
tional atomic (non-tautological) sequents are admitted as axioms. On the
other hand, in formalizing mathematical proofs, using equality as a rule is
much more natural and concise. For this reason we choose the most natural
equality rule, which is strongly related to paramodulation in automated the-
orem proving. Our approach differs from this in [33], where a unary equality
rule is used (which does not directly correspond to paramodulation). In the
equality rules below we mark the auxiliary formulas by + and the principal
formula by ∗.

Γ1 ` ∆1, s = t+ A[s]+Λ ,Γ2 ` ∆2

A[t]∗Λ,Γ1,Γ2 ` ∆1,∆2
=: l1

Γ1 ` ∆1, t = s+ A[s]+Λ ,Γ2 ` ∆2

A[t]∗Λ,Γ1,Γ2 ` ∆1,∆2
=: l2

for inference on the left and

Γ1 ` ∆1, s = t+ Γ2 ` ∆2, A[s]+Λ
Γ1,Γ2 ` ∆1,∆2, A[t]∗Λ

=: r1
Γ1 ` ∆1, t = s+ Γ2 ` ∆2, A[s]+Λ

Γ1,Γ2 ` ∆1,∆2, A[t]∗Λ
=: r2

on the right, where Λ denotes a set of positions of subterms where replace-
ment of s by t has to be performed. We call s = t the active equation of the
rules.
Furthermore, as the only axiomatic extension, we need the set of reflexivity
axioms

REF = ` s = s

for all terms s.

Definition 7.2.1 The calculus LKe is LK extended by the axioms REF
and by the rules =: l1,=: l2,=: r1,=: r2. 3

In CERES it is crucial that all nonlogical rules (which also work on atomic se-
quents) correspond to clausal inference rules in automated deduction. While
cut and contraction correspond to resolution (and factoring, dependent on
the version of resolution), the equality rules =: l1,=: l2,=: r1,=: r2 corre-
spond to paramodulation, which is the most efficient equality rule in auto-
mated deduction [66]. Indeed, when we compute the most general unifiers
and apply them to the paramodulation rule, then it becomes one of the rules
=: l1,=: l2,=: r1,=: r2.
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The extensions defined above, can easily be built in without affecting the
clarity and efficiency of the method. Similarly to the inference rules of
LK, we still distinguish binary and unary nodes. The characteristic clause
term and the characteristic clause sets are defined exactly as in the Def-
initions 6.4.1 and 6.4.2. Furthermore LKe-proofs can be skolemized like
LK-proofs.

Theorem 7.2.1 Let ϕ be a skolemized proof in LKe. Then the clause set
CL(ϕ) is equationally unsatisfiable.

Remark: A clause set C is equationally unsatisfiable if C does not have a
model where = is interpreted as equality over a domain. 3

Proof: The proof is essentially the same as in Proposition 6.4.1. Let ν be
a node in ϕ and S′(ν) the subsequent of S(ν) which consists of the an-
cestors of Ω (where Ω is the set of occurrences of all cut formulas). It is
shown by induction that S ′(ν) is LKe-derivable from Cν . If ν0 is the root
then, clearly, S′(ν0) = ` and the empty sequent ` is LKe-derivable from
the axiom set Cν0 , which is just CL(ϕ). As all inferences in LKe are sound
over equational interpretations, CL(ϕ) is equationally unsatisfiable. Note
that, in proofs without the rules =: l and =: r, the set CL(ϕ) is just unsat-
isfiable. But,clearly, the rules =: l and =: r are sound only over equational
interpretations. 2

Note that, for proving Theorem 7.2.1, we just need the soundness of LKe,
not its completeness.

The next steps in CERES are again:

(1) the computation of the proof projections ϕ[C] w.r.t. clauses C ∈
CL(ϕ),

(2) the refutation of the set CL(ϕ), resulting in an RP-tree γ, i.e. in a
deduction tree defined by the inferences of resolution and paramodu-
lation, and

(3) “inserting” the projections ϕ[C] into the leaves of γ.

Step (1) is done like in CERES for LK, i.e. we skip in ϕ all inferences where
the auxiliary resp. main formulas are ancestors of a cut. Instead of the
end-sequent S we get S ◦ C for a C ∈ CL(ϕ). The construction does not
differ from this in Section 6.4 as the form of the rules do not matter.
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Step (2) consists in ordinary theorem proving by resolution and paramodu-
lation (which is equationally complete). For refuting CL(ϕ) any first-order
prover like Vampire,1 SPASS2 or Prover93 can be used. By the complete-
ness of the methods we find a refutation tree γ as CL(ϕ) is unsatisfiable by
Theorem 7.2.1.
Step (3) makes use of the fact that, after application of the simultaneous
most general unifier of the inferences in γ, the resulting tree γ′ is actually a
derivation in LKe! Indeed, after computation of the simultaneous unifier,
paramodulation becomes =: l and =: r and resolution becomes cut in LKe.
Now for every leaf ν in γ′, which is labeled by a clause C ′ (an instance of
a clause C ∈ CL(ϕ)) we insert the proof projection ϕ[C ′]. The result is a
proof with only atomic cuts.

There are calculi (characterized by the term deduction modulo) which sep-
arate the equational reasoning from the rest of first-order inference(see [34,
35]). These calculi also admit cut-elimination and are good candidates for
applying the CERES method.

7.3 Extension by Definition

The definition rules directly correspond to the extension principle (see [36])
in predicate logic. It simply consists in introducing new predicate and func-
tion symbols as abbreviations for formulas and terms. Nowadays there ex-
ist several calculi which make use of this powerful principle; we just men-
tion [29]. Let A be a first-order formula with the free variables x1, . . . , xk
(denoted by A[x1, . . . , xk] and P be a new k-ary predicate symbol (corre-
sponding to the formula A). Then the rules are:

A[t1, . . . , tk],Γ ` ∆
P (t1, . . . , tk),Γ ` ∆

def (P ): l
Γ ` ∆, A[t1, . . . , tk]
Γ ` ∆, P (t1, . . . , tk)

def (P ): r

for arbitrary sequences of terms t1, . . . , tk. Definition introduction is a simple
and very powerful tool in mathematical practice. Note that the introduction
of important concepts and notations like groups, integrals etc. can be for-
mally described by introduction of new symbols. There are also definition
introduction rules for new function symbols which are of similar type. Note
that the rules above are only sound if the interpretation of the new predicate

1http://www.vampire.fm/
2http://spass.mpi-sb.mpg.de/
3http://www-unix.mcs.anl.gov/AR/prover9/
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symbols is subjected to the constraint

P (x1, . . . , xk)↔ A[x1, . . . , xk].

Definition 7.3.1 LKDe is LKe extended by the rules def ( ): l and def ( ): r.
3

Remark: The axiom system for LKDe may be an arbitrary set of atomic
sequents containing the standard axiom set. The only axioms which have
to be added for equality are ` s = s where s is an arbitrary term. 3

Clearly the extensions of LK to LKe and LKDe do not increase the logical
expressivity of the calculus, but they make it much more compact and nat-
ural. To illustrate the rules defined above we give a simple example. The
aim is to prove the (obvious) theorem that a number divides the square of
a number b if it divides b itself. In the formalization below a and b are
constant symbols and the predicate symbol D stands for “divides” and is
defined by

D(x, y)↔ (∃z)x ∗ z = y.

The active equations are written in boldface.

` (a ∗ z0) ∗ b = a ∗ (z0 ∗ b)
a ∗ z0 = b ` a ∗ z0 = b ` b ∗ b = b ∗ b

a ∗ z0 = b ` (a ∗ z0) ∗ b = b ∗ b =: r2

a ∗ z0 = b ` a ∗ (z0 ∗ b) = b ∗ b =: r1

a ∗ z0 = b ` (∃z)a ∗ z = b ∗ b ∃r

(∃z)a ∗ z = b ` (∃z)a ∗ z = b ∗ b ∃: l

(∃z)a ∗ z = b ` D(a, b ∗ b)
def (D): r

D(a, b) ` D(a, b ∗ b)
def (D): l

` D(a, b)→ D(a, b ∗ b)
→: r

The axioms of the proof are: (1) an instance of the associativity law, (2)
the equational axiom ` b ∗ b = b ∗ b and the tautological standard axiom
a ∗ z0 = b ` a ∗ z0 = b.





Chapter 8

Applications of CERES

CERES has applications to complexity theory, proof theory and to general
mathematics. We first characterize classes of proofs which admit fast cut-
elimination due to the resulting structure of the characteristic clause sets.
Furthermore CERES can be applied to the efficient constructions of inter-
polants in classical logic and other logics for which CERES-methods can be
defined. CERES is also suitable for calculating most general proofs from proof
examples. Finally we demonstrate that CERES is also an efficient tool for the
in-depth analysis of mathematical proofs.

8.1 Fast Cut-Elimination Classes

In this section we use CERES as a tool to prove fast cut-elimination for several
subclasses of LK-proofs. By using the structure of the characteristic clause
sets in the CERES-method we characterize fast classes of cut-elimination;
these classes are either defined by restrictions on the use of inference rules
or on the syntax of formulas occurring in the proofs. In the analysis of
the classes, resolution refinements play a major role, in particular those
refinements which can be shown terminating on the corresponding classes
of characteristic clause sets. In fact, the satisfiability problem of all natu-
ral clause classes X decidable by a resolution refinement is of elementary
complexity and so are the resolution refutations of the clause sets in X .
We show now that, for a class of proofs P, the complexity of resolution on
CL(ϕ) for ϕ ∈ P characterizes the complexity of cut-elimination on P.

Definition 8.1.1 Let C be an unsatisfiable set of clauses. Then the resolu-

M. Baaz, A. Leitsch, Methods of Cut-Elimination, Trends in Logic 34, 175
DOI 10.1007/978-94-007-0320-9 8, c© Springer Science+Business Media B.V. 2011
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tion complexity of C is defined as

rc(C) = min{‖γ‖ | γ is a resolution refutation of C}.

3

Clearly, by the undecidability of clause logic, there is no recursive bound on
rc(C) in terms of ‖C‖. However, the resolution complexity of characteristic
clause sets is always bounded by a primitive recursive function; this because
CERES cannot be outperformed by Tait’s method (see [20, 73]) for which
there exists a primitive recursive, though nonelementary, bound (see [40]).

Definition 8.1.2 Let K be a class of skolemized proofs. We say that CERES
is fast on K if there exists an elementary function f s.t. for all ϕ in K:

rc(CL(ϕ)) ≤ f(‖ϕ‖).

3

By Proposition 6.5.3 and by l(γ) ≤ ‖γ‖ for all resolution deductions γ, the
run time of the whole algorithm CERES which constructs CL(ϕ), computes
the resolution refutation γ and the p-resolution refutation γ′, the projections
and eventually ϕ(γ′), is bounded by an elementary function – provided CERES
is fast as defined above. Note that CERES is fast on K iff there exists a k ∈ IN
s.t. for all ϕ ∈ K: rc(CL(ϕ)) ≤ e(k, ‖ϕ‖).
The main goal of this section is to identify classes X where CERES is fast, thus
giving proofs of elementary cut-elimination on K. In one case we even show
that CERES is fast on a class of proofs where all Gentzen-type methods of
cut-elimination are of nonelementary complexity. Moreover, the simulation
of Gentzen type methods by CERES shown in Section 6.8 indicates that the
use of Gentzen type methods in proving the property of fast cut-elimination
cannot be successful if CERES fails.
It is well known that the complexity of cut-elimination does not only depend
on the complexity of cut formulas but also on the syntactic form of the
end sequent. The first class we are presenting here is known to have an
elementary cut-elimination, but the proof of this property is trivial via the
CERES-method, thus giving a flavor of our approach.

Definition 8.1.3 UIE is the class of all skolemized LK-proofs from the
standard axiom set where all inferences going into the end-sequent are
unary. 3
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Proposition 8.1.1 CERES is fast on UIE. In particular cut-elimination is
at most exponential on UIE.

Proof: Let ϕ be a proof of Γ ` ∆ in UIE. As there are no binary inferences
going into the end-sequent there are no products in the characteristic term
Θ(ϕ). Therefore the characteristic clause set CL(ϕ) contains just the union
of all cut-ancestors in the axioms of ϕ; hence every C ∈ CL(ϕ) is of the
form (1) ` A, (2) A `, or (3) A ` A for atoms A. Clauses of the form
(3) are tautologies and can be deleted. We are left with a finite set of unit
clauses which are contained in the Herbrand class. As CL(ϕ) is unsatisfiable
CL(ϕ) contains two clauses of the form C1:` A and C2:B ` s.t. {A,B} is
unifiable by some m.g.u. ϑ. Let ϑ′ be a minimal ground unifier of {A,B}
(constructed as in Corollary 6.5.1). We consider the projections ϕ[C1ϑ

′] and
ϕ[C2ϑ

′]. Then the proof ψ:

ϕ[C1ϑ
′]

Γ ` ∆, Aϑ′
ϕ[C2ϑ

′]
Aϑ′,Γ ` ∆

Γ,Γ ` ∆,∆ cut

Γ ` ∆ c∗

is a CERES-normal form of ϕ. Note that the unification ϑ can lead to an
exponential increase (in fact ‖Aϑ‖ can be exponential in ‖A‖). Therefore
there exists a number k s.t.

‖ϕ[Ciϑ]‖ ≤ 2k∗‖ϕ‖ for i = 1, 2.

Finally we obtain
‖ψ‖ ≤ 2r∗‖ϕ‖ for some r ∈ IN.

As there are no binary rule applications in the proofs ϕ[C1ϑ] and ϕ[C1ϑ],
transforming ψ into a cut-free proof is only linear. Thus cut-elimination on
UIE can be done in exponential time. 2

Remark: The complexity cut-elimination on UIE is only linear if we do
not measure the complexity by ‖ ‖ but by proof length l( ). Clearly, cut-
elimination on UIE is of linear symbolic complexity if only propositional
proofs are considered. 3

In [17] we have shown that cut-elimination on proofs with a single monotone
cut is nonelementary. In a first step the cut can be transformed into negation
normal norm. In a second one the negations in the cut formula (by the
NNF-transformation they are immediately above atoms) can be eliminated
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by generalized disjunctions added at the left-hand side of the end-sequent;
for details see [17]. We show now that a further restriction on the arity of
inferences in the proofs leads to an elementary cut-elimination class.

Definition 8.1.4 A formula A is called monotone if the logical operators
occurring in A are in {∧,∨, ∀, ∃}. 3

Definition 8.1.5 UILM is the class of all skolemized LK-proofs ϕ from
the standard axiom set, s.t. ϕ contains only one cut which is monotone,
and all inferences in the left cut-derivation which go into the end-sequent
are unary. 3

For cut-elimination via CERES on UILM we use a refinement of resolution,
the so-called hyperresolution method. Hyperresolution is not only one of the
most efficient refinements in theorem proving but is also a powerful tool for
the decision problem of first-order clause classes [61]. For the representation
of clauses we use normal forms which strongly reduce internal redundancy.
One important normalization technique is condensation which was first used
in resolution decision procedures (see [53]).

Definition 8.1.6 (condensation) Let C be a clause and D be a factor of
C s.t. D is a proper subclause of C; then we say that D is obtained from
C by condensation. A clause which does not admit condensations is called
condensed. A condensation of a clause C is a clause D which is condensed
and can be obtained by (iterated) condensation from C. 3

Example 8.1.1 Let C = P (x), P (y) ` Q(y), Q(z).
Then D:P (y) ` Q(y), Q(z) is obtained from C by condensation. A further
condensation yields the clause E:P (y) ` Q(y) which is condensed and E is
the condensation of C. 3

Definition 8.1.7 Let C be a clause and D be a condensation of C. Nc(C),
the condensation normal form, is the clause which is obtained from D by
renaming the variables to {x1, . . . , xn, . . .} and by ordering the atoms in C+

and in C− by a total ordering. 3

Remark: It is easy to verify that, for all clauses C, Nc(C) is logically
equivalent to C; thus Nc is a sound normalization. 3

Example 8.1.2 Let C be the clause in Example 8.1.1. Then

Nc(C) = {P (x1) ` Q(x1)}.

3
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Definition 8.1.8 (hyperresolution) Let C be a set of clauses, C1, . . . , Cn
positive clauses in C, and D be a nonpositive clause in C. Then the sequence
λ: (D;C1, . . . , Cn) is called a clash sequence. We define

E0 = D,
Ei+1 is a PRF-resolvent of Ei and a renamed variant of Ci+1 for i < n.

For the definition of a PRF-resolvent see Definition 3.3.10. If En exists then
it is a positive clause and the normalization Nc(En) is called a hyperresolvent
of λ over C. Let ρH(C) be the set of all hyperresolvents over C. We define

RH (C) = C ∪ ρH(C),
RH i+1(C) = RH (RH i(C)) for i ∈ IN, RH ∗(C) =

⋃∞
i=0 RH i(C).

By RH ∗
+(C) we denote the set of positive clauses in RH ∗(C). 3

Note that RH ∗(C) is just the deductive closure of C under RH . RH is
refutationally complete, i.e. for any unsatisfiable set of clauses C we have
`∈ RH ∗(C) (for details see [61]).

Example 8.1.3 Let C = {C1, C2, C3, C4, C5} for

C1 = ` P (x, f(x)),
C2 = ` P (f(x), x),
C3 = P (x, y) ` P (y, x),
C4 = P (x, y), P (y, z) ` P (x, z),
C5 = P (c, c) ` .

We use the clash sequence (C3;C1). We rename C1 to C ′1:` P (u, f(u)). We
have E0 = C3 and E1 is the (only) resolvent of C3 and C1 where

E1 =` P (f(u), u), Nc(E1) =` P (f(x1), x1).

C6:Nc(E1) is a hyperresolvent resolvent of (C3;C1).
Now we consider the clash sequence (C4;C1, C6). With appropriate renam-
ings of C1 and C2 we obtain

E′
1 = P (f(u), z) ` P (u, z),

E′
2 = ` P (v, v).

Therefore C7 for C7 = Nc(E′
2) = `P (x1, x1) is a hyperresolvent of (C4;C1, C6).

Finally we consider the clash sequence (C5;C7) which gives the hyperresol-
vent `.
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In terms of the resolution operator RH we obtain

RH (C) = C ∪ {` P (f(x1), x1)},
RH 2(C) = C ∪ {` P (f(x1), x1); ` P (x1, x1)},
RH 3(C) = C ∪ {` P (f(x1), x1); ` P (x1, x1); `}.

In particular RH ∗(C) = RH 3(C). 3

Theorem 8.1.1 CERES is fast on UILM. Therefore cut-elimination on
UILM is of elementary complexity.

Proof: Let ϕ be a proof in UILM then ϕ is of the form ϕ[ψ]ν where ψ is
the only cut-derivation in ϕ (occurring at the node ν in the proof). Assume
that ψ =

(ψ1)
Γ ` ∆, A

(ψ2)
A,Π ` Λ

Γ,Π ` ∆,Λ cut

As there is only this single cut in ϕ the end-sequent S: Γ,Π ` ∆,Λ of ψ is
skolemized. Therefore we may apply CERES to ψ itself and replace ψ in ϕ
by the obtained CERES-normal form ψ′.

We compute CL(ψ): first consider the ancestors of the cut in the axioms.
Note that the cut is monotone. In ψ1 the ancestors of the cut in the axioms
are of the form ` Ai (i = 1, . . . n) for some atoms Ai, in ψ2 they are of the
form Bj ` (j = 1, . . .m) for some atoms Bj . As the left derivation ψ1 does
not contain binary inferences going into S, the characteristic term Θ(ψ) is
of the form t1⊕ t2 where t1 does not contain products. Therefore the clause
set CL(ψ) is of the form C1 ∪ C2, where

C1 = {` A1; . . . ; ` An}, and
C2 ⊆

⋃
{Bj1 , . . . , Bjk` | {j1, . . . , jk} ⊆ {1, . . . ,m}, k ≤ m}.

‖C2‖ is at most exponential in ‖Θ(ψ)‖, for which we have ‖Θ(ψ)‖ ≤ ‖ψ‖.
Hence CL(ψ) is a set of Horn clauses consisting of positive unit clauses and
negative clauses only. As CL(ψ) is unsatisfiable there exists a refutation ρ
by hyperresolution of CL(ψ). Moreover there are no mixed clauses in CL(ψ),
so ρ must consist of a single hyperresolvent, based on the clash sequence

γ: (Bj1 , . . . , Bjk`; ` Ai1 , . . . ,` Aik),
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of the form

` Aik

` Ai1 B′
j1
, . . . , B′

jk
`

. . .

. . .
B′
jk
`

`

Where the B′
jk

are instances of the Bjk . Now construct a minimal ground
projection ρ′ of ρ and define ψ′ = ψ(ρ′); then ψ′ is a CERES-normal form
of ψ. As the computation of a minimal ground projection can lead to an
exponential blow up w.r.t. then size of the clash we obtain

‖ρ′‖ ≤ 2 ∗m ∗ 2k∗a

where a is the maximal complexity of an atom in γ. Clearly a ≤ ‖ψ‖ and so

‖ρ′‖ ≤ 2r∗‖ψ‖ ≤ 2r∗‖ϕ‖

for some constant r; we see that the CERES-normal form ψ′ of ψ is at most
exponential in ψ.
Now ϕ′ = ϕ[ψ′]ν is a proof of the same end-sequent with only atomic cuts
and

‖ϕ′‖ ≤ ‖ϕ‖+ ‖ψ′‖ ≤ ‖ϕ‖+ 2r∗‖ϕ‖.

Therefore CERES is fast on UILM and thus cut-elimination is elementary
on UILM. 2

Remark: Specific strategies of Gentzen’s method can be shown to behave
nonelementarily on UILM. The fully nondeterministic Gentzen method,
however, is elementary on UILM. However it is very intransparent to use
Gentzen’s method as a method to prove fast cut-elimination for this
class. 3

Definition 8.1.9 UIRM is the class of all skolemized LK-proofs ϕ from
the standard axiom set, s.t. ϕ contains only one cut which is monotone, and
all inferences in the right cut-derivation which go into the end-sequent are
unary. 3

Theorem 8.1.2 Cut-elimination is elementary on UIRM.

Proof: Like for UILM.

Corollary 8.1.1 Cut-elimination is elementary on UIRM ∪UILM
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Proof: Obvious.

The hyperresolution refinement can also be used to prove fast cut-elimination
for another class of proofs, which we call AXDC.

Definition 8.1.10 A proof ϕ ∈ Φs from the standard axiom set is in the
class AXDC if different axioms in ϕ are variable-disjoint. 3

Theorem 8.1.3 CERES is fast on AXDC. Therefore cut-elimination is el-
ementary on AXDC.

Proof: Let ϕ be in AXDC and let

{` A1, . . . ,` An, B1 `, . . . , Bm `}

be the set of subsequents of axioms which are cut-ancestors (tautologies are
omitted). Then no two different subsequences of axioms in the set share
variables. Let C = CL(ϕ). Then any clause C ∈ C is disconnected (two
different atoms occurring in C do not share variables). We prove that, by
using hyperresolution with condensing, we can find a refutation of C within
exponential time relative to ‖C‖.
To this aim it is sufficient to show that the total size of derivable positive
clauses RH ∗

+(C) is exponential in ‖C‖ (note that all clauses in RH ∗(C)\C
are positive, and thus are contained in RH ∗

+(C)). We will see below that
there is no exponential increase in the size of atoms.
First we observe that all clauses in RH ∗

+(C) (i.e. the clauses which are
actually derivable) are also variable disjoint. This is easy to see as all clauses
are disconnected and have to be renamed prior to resolution; in fact, if
a clause is used twice in a clash sequence, a renamed variant has to be
constructed.
Now let, for i = 1, . . . , k, be Ai the set of atoms occurring in the clause head
of the i-th clause in C.
By definition of hyperresolution the clauses in RH ∗

+(C) are “accumulations”
of renamed instances of subsets of the Ai. As all clauses are disconnected no
unification substitution is ever stored in the resolvents and in the hyperresol-
vent. Moreover the hyperresolvents are condensed and normalized, i.e. they
do not contain different variants of atoms. Therefore every hyperresolvent
is of the form

` A1, . . . , Ar

where the Ai are variants of atoms in A1 ∪ . . . ∪ Ak and r ≤ h for h =
|A1|+ . . .+ |Ak|. Therefore the number of possible hyperresolvents is ≤ 2h.
But 2h < 2‖C‖.
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So we have shown that computing the contradiction by RH is at most ex-
ponential in ‖CL(ϕ)‖.
Note that deciding unification is of linear complexity only, and computing
the most general unifiers explicitly is not necessary for the computation of
RH ∗

+(C).
As ‖CL(ϕ)‖ may be exponential in ‖ϕ‖, computing the CERES normal form
is at most double exponential. 2

We used the refinement of hyperresolution to construct fast cut-elimination
procedures by CERES for the classes UILM, UIRM and AXDC. For the
analysis of the next class MC to be defined below we need another refine-
ment, namely ordered resolution.
Let A be an atom; then τ(A) denotes the maximal term depth in A. For
clauses C we define τ(C) = max{τ(A) | A in C}. τmax(x,A) denotes the
maximal depth of the variable x in A. V (A) defines the set of variables in
A.

Definition 8.1.11 (depth ordering) Let A and B be atoms; we define
A <d B if (1) V (A) ⊆ V (B), (2) τ(A) < τ(B) and (3) for all x ∈ V (A):
τmax(x,A) < τmax(x,B). 3

In [61] it is shown that <d is a so-called atom ordering.

Definition 8.1.12 (ordered resolution) Let C and D be clauses in a
clause set C and E be a resolvent of C,D with resolved atom A. We define
Nc(E) ∈ ρ<d

(C) iff there is no atom B in E s.t. A <d B. The corresponding
resolution operator is defined by:

R<d
(C) = C ∪ ρ<d

(C), R∗<d
(C) =

∞⋃
i=0

Ri<d
(C).

3

R<d
is complete (see [61]), i.e. ` ∈ R∗<d

(C) if C is unsatisfiable.

Example 8.1.4 Let C = {C1, C2, C3} for

C1 = ` P (a),
C2 = P (x) ` P (f(x)),
C3 = P (f(f(a)))`.
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C1 and C2 have the resolvent ` P (f(a)), where the resolved atom is P (a).
Obviously P (a) <d P (f(a)), thus by Definition 8.1.12 this resolution does
not produce an ordered resolvent and ` P (f(a)) 6∈ ρ<d

(C). C1 and C3

cannot be resolved. It remains to resolve C2 and C3.
C2 and C3 define one resolvent, namely C4:P (f(a))`, the resolved atom
being P (f(f(a))). Here we have P (f(a)) <d P (f(f(a)) and C4 is admitted.
Therefore we obtain

ρ<d
(C) = {P (f(a))`}.

Continuing on the extended clause set C ∪ {C4} we get an ordered resolvent
from C4 and C2 (this is the only new resolvent which can be obtained) and

ρ<d
(C ∪ {C4}) = {C4, C5} for C5 = P (a)`.

In this resolution the resolved atom is P (f(a)). Obviously

ρ<d
(C ∪ {C4, C5}) = {C4, C5,`}.

For the operator R<d
we get

R<d
(C) = C ∪ {C4},

R2
<d

(C) = C ∪ {C4, C5},
R3
<d

(C) = C ∪ {C4, C5,`},
R∗<d

(C) = R3
<d

(C).

3

Definition 8.1.13 Let MC be the set of all skolemized LK-proofs ϕ over
the axiom set of type A ` A where A is quantifier-free, s.t. all function
symbols occurring in ϕ are unary and all predicate symbols occurring in
cut-formulas are also unary. 3

Note that the end-sequents of proofs in MC may contain predicate symbols
of arbitrary arity and thus define an undecidable class; therefore the class
is nontrivial for cut-elimination (indeed the size of cut-free proofs is not
bounded elementarily in the size of the end-sequents). Just consider the
satisfiability problem of the prefix class ∀∃∀, which is undecidable (see [27]).
As a consequence, the provability of sequents of the form

(∀x)(∀z)A(x, f(x), z) `
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(where A(x, f(x), z) is a quantifier free matrix over the terms x, f(x), z)
is undecidable too. Therefore there is no way to find cut-free proofs of
elementary size within MC by exhaustive search.
In order to show that cut-elimination in MC is elementary we need some
preparatory steps.

Definition 8.1.14 The class K is the set of all finite condensed sets of
clauses C s.t. for all C ∈ C: |V (A)| ≤ 1 for all atoms A occurring in C. 3

Lemma 8.1.1 R∗<d
(C) is finite for each C ∈ K and τ(R∗<d

(C)) ≤ 2 ∗ τ(C).

Proof: In [61], Theorem 5.2.1.

Definition 8.1.15 Kmon is the subclass of K containing only monadic pred-
icate symbols and monadic function symbols. 3

Clearly Lemma 8.1.1 holds also for Kmon, but we may obtain sharper com-
plexity bounds on the deductive closure.

Lemma 8.1.2 Let C ∈ Kmon. Then

(1) |R∗<d
(C)| ≤ 23r2, and

(2) max{‖C‖ | C ∈ R∗<d
(C)} ≤ 2r(τ(C) + 2)

for r = 2|PS(Σ)||FS(Σ)|2τ(C)(|CS(Σ)|+ 1) where Σ is the signature of C.

Proof: Let t = τ(C) and Σ be the signature of C. By Lemma 8.1.1 R∗<d
(C)

is finite and τ(R∗<d
(C)) ≤ 2t.

Now let A be an atom occurring in a clause in R∗<d
(C); then A is of the form

P (f1 . . . fns) where s ∈ V ∪CS(Σ), P ∈ PS(Σ), fi ∈ FS(Σ), and n ≤ 2t.

The number g(2t,Σ), the number of ground atoms over Σ (or the number
of atoms containing a fixed variable v in case CS(Σ) = ∅) of depth ≤ 2t can
be estimated by

g(2t,Σ) ≤ |PS(Σ)||FS(Σ)|2t(|CS(Σ)|+ 1).

As, by definition, all clauses in Kmon are condensed, the atoms P (f1 . . . fnc)
and P (f1 . . . fnv) (for c ∈ CS(σ), v ∈ V ) cannot appear in the same clause
at the same side of the sequent sign: in fact, condensing would eliminate the
atom P (f1 . . . fnv). The same situation holds for the atoms P (f1 . . . fnv1)
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and P (f1 . . . fnv2) for different variables v1, v2. For this reason we have for
every C ∈ R∗<d

(C)
max{|C+|, |C−|} ≤ r

for r = |PS(Σ)||FS(Σ)|2t(|CS(Σ)|+ 1).

and therefore
max{|C| | C ∈ R∗<d

(C)} ≤ 2r.

As predicate symbols and function symbols are monadic we also have

max{|V (C)| | C ∈ R∗<d
(C)} ≤ r.

Therefore, by standard renaming (enforced by the normalization operator
Nc) the only variables which can occur in a clause in R∗<d

(C) are x1, . . . , xr.
Therefore the number of possible atoms a(R∗<d

(C)) occurring in a clause in
R∗<d

(C) is bounded by the number

a(R∗<d
(C)) ≤ |PS(Σ)||FS(Σ)|2t(|CS(Σ)|+ r) ≤ r(r + 1).

As the clause length is at most r we obtain

|R∗<d
(C)| ≤ (r(r + 1))r ≤ 23r2 .

This proves (1).
As the maximal number of atoms occurring in a clause is 2r and ‖A‖ ≤
2 + τ(C) for every atom occurring in R∗<d

(C) we have

max{‖C‖ | C ∈ R∗<d
(C)} ≤ 2r(2 + τ(C)).

This proves (2). 2

Theorem 8.1.4 CERES is fast on MC. As a consequence, cut-elimination
is elementary on MC.

Proof: Let ψ ∈MC. We cannot apply CERES to ψ directly as ψ may contain
nonatomic axioms. So we use the method defined in Lemma 4.1.1 and
replace the axioms by their derivations from the standard axiom set; this way
we obtain a proof T (ψ) from the standard axiom set with ‖T (ψ)‖ ≤ k ∗ ‖ψ‖
for a constant k independent of ψ. Now CERES can be applied to ϕ:T (ψ).
As the cut formulas contain only monadic function symbols and predicate
symbols, the ancestors of the cuts in the axioms are of the form ` A or A `
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where A is of the form P (f1 . . . fns) for s ∈ CS ∪ V . Note that, as always,
we may omit tautologies in the construction of CL(ϕ). Therefore the clause
set CL(ϕ) (defined by union and product) only consists of clauses built from
atoms of this type. CL(ϕ) itself need not be in Kmon, but its condensation
C:Nc(CL(ϕ)) is in Kmon. By Lemma 8.1.2 we get

|R∗<d
(C)| ≤ 23r2

for r = 2|PS(Σ)||FS(Σ)|2τ(C)(|CS(Σ)|+ 1) and Σ = Σ(C).
So, as C is unsatisfiable, there exists a resolution refutation containing at
most ≤ 23r2 different clauses. If the refutation is represented as a proof tree
γ we obtain

l(γ) ≤ r ∗ 223r2

Note that we also counted the applications of the condensations which are
nothing else than repeated factors. The global unifier of γ which yields
a propositional resolution refutation γ∗ does not insert terms deeper than
2τ(C) (this follows from the property that terms of depth greater than τ(C)
are ground – see [61] Theorem 5.2.1). So also after global unification the
clauses in γ∗ are still of depth ≤ 2 and so

‖γ∗‖ ≤ max{‖C‖ | C ∈ R∗<d
(C)} ∗ r ∗ 223r2

.

By Lemma 8.1.2 we get

‖γ∗‖ ≤ 2r(τ(C) + 2) ∗ r ∗ 223r2

.

Obviously τ(C), |PS(Σ)|, |FS(Σ)|, |CS(Σ)| are all bound by ‖ϕ‖ and so ‖γ∗‖
is elementary in ‖ϕ‖. Eventually we obtain for the CERES normal form ϕ∗

corresponding to γ∗

‖ϕ∗‖ ≤ k‖γ∗‖‖ϕ‖

for a constant k measuring additional contractions in the CERES normal form.
So ‖ϕ∗‖ is elementary in ‖ϕ‖. 2

The next theorem shows that all reductive methods based on R (see Defi-
nition 5.1.6) define only nonelementary cut-elimination sequences on MC.
Therefore neither Gentzen’s nor Tait’s method can be used to prove that
fast cut-elimination is possible on MC.

Theorem 8.1.5 Cut-elimination based on R is nonelementary on MC.
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Proof: We prove that there exists no elementary bound on cut-elimination
sequences based on R in terms of the size of the input proof. To this aim
we choose the worst-case proof sequence (ρn)n∈IN of V.P. Orevkov [67]. The
skolemization of (ρn)n∈IN yields a new proof sequence (ξn)n∈IN with only one
unary function symbol f at the term level and only one ternary predicate
symbol P at the level of atomic formulas. The end sequent of ξn is

(∀w)P (w, c, f(w)),
(∀u, v, w)((∃y)(P (y, c, u) ∧ (∃z)(P (v, y, z) ∧ P (z, y, w)))→ P (v, u, w))
`

(∃vn)(P (c, c, vn) ∧ (∃vn−1)(P (c, vn, vn−1) ∧ . . . ∧ (∃v0)P (c, v1, v0) . . .)),

and the (only) cut formula An(c) in ξn is defined inductively as

A0(α) ≡ (∀w0)(∃v0)P (w0, α, v0), Ā0(α, δ) ≡ (∃v0)P (α, δ, v0),

Āi+1(α, δ) ≡ (∃vi+1)(Ai(vi+1) ∧ P (α, δ, vi+1)),

Ai+1(α) ≡ (∀wi+1)(Ai(wi+1)→ Āi+1(wi+1, α)).

Also the new skolemized sequence (ξn)n∈IN is of nonelementary complexity
for cut-elimination. Now we replace the predicate λx, y, z.P (x, y, z) by the
following conjunction of new unary predicates:

λx, y, z((Q1(x) ∧Q2(y)) ∧Q3(z)).

everywhere in the proof sequence and obtain a new sequence (ϕn)n∈IN of
proofs belonging to the class MC. Therefore CERES is fast on {T (ϕn) |
n ∈ IN}. But every R-reduction step on ϕn is completely isomorphic to the
corresponding step performed on ξn. Therefore all cut-elimination sequences
on (ϕn)n∈IN are as long as those on the original sequence (ξn)n∈IN. As
a consequence the Gentzen procedure is of nonelementary complexity on
(ρn)n∈IN. 2

Finally we want to illustrate the limitations of the CERES-method as a tool
to prove fast cut-elimination.

Definition 8.1.16 The set of quasi-monotone formulas is defined induc-
tively in the following way:

1. Atomic formulas and ⊥ (representing falsum) are quasi-monotone.

2. If A and B are quasi-monotone then (∀x)A′, (∃x)A′ and A ∧ B are
quasi-monotone (where x is a bound variable and A′ a variant of A
containing x in place of a free variable)
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3. If A is quasi-monotone and B is monotone then B → A is quasi-
monotone.

A sequent Γ ` ∆ is called a QM-sequent if Γ is quasi-monotone and ∆ is
monotone. 3

Definition 8.1.17 LK⊥ is LK with the standard axiom set and the axiom
⊥ `. 3

Definition 8.1.18 QMON is the class of all LK⊥-proofs ω s.t. (1) the
end sequent of ω is a QM-sequent, and (2) all cut formulas are
monotone. 3

Theorem 8.1.6 Cut-elimination is at most exponential on QMON.

Proof: In [17, 65].

QMON is an essentially intuitionistic proof class, a feature which was used
in the proof projection method defined in [17]. The CERES-method which
is a method for classical logic does not distinguish between ∨: l and →: l in
the construction of the characteristic clause set, thus “eliminating” the intu-
itionistic character of the proof. In fact CERES does not yield characteristic
clause sets which belong to well-known decidable clause classes. That does
not mean that CERES is not fast on QMON; instead we do not know how to
prove it by using only refutations of the characteristic clause sets in QMON.

8.2 CERES and the Interpolation Theorem

An interpolant for a valid formula A → B is a formula I in the language
intersection of A and B such that A→ I and I → B are valid. The existence
of interpolants by Craig’s lemma is one of the most fundamental properties
of classical logic. It demonstrates that only contradictory formulas A and
valid B admit the validity of A → B if A and B have nothing in common.
Implicit definitions can be converted into explicit ones using Beth’s theorem.
On the other hand it shows a strong limitation of first order logic (contrary to
higher order logic): concepts cannot be chosen provably notation invariant.
One of the most significant properties of cut-free LK-derivations is that
they allow by Maehara’s lemma a direct construction of interpolants and,
thereby, limit their complexity in terms of proof complexity (or even in the
length of the proof, provided we first compute a general proof). In this
chapter we develop an extension of Maehara’s lemma (see [74]).
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Definition 8.2.1 Let Γ be a sequence of formulas. We define Γ ∼p Π if Π
is a permutation variant of Γ. 3

Note that, obviously, ∼p is an equivalence relation on sequences of formulas.

Definition 8.2.2 Let S: Γ ` ∆ be a sequent, Γ ∼p Γ1,Γ2 and ∆ ∼p ∆1,∆2.
Then 〈(Γ1;∆1), (Γ2;∆2)〉 is called a partition of S. For two partitions
X1: 〈(Γ1;∆1), (Γ2;∆2)〉 and X2: 〈(Γ′1;∆′

1), (Γ
′
2;∆

′
2)〉 of S we define X1 = X2

if
Γ1 ∼p Γ′1, ∆1 ∼p ∆′

1,
Γ2 ∼p Γ′2, ∆2 ∼p ∆′

2.

3

Note that, if 〈(Γ1;∆1), (Γ2;∆2)〉 is a partition of S, then (Γ1 ` ∆1) ◦ (Γ2 `
∆2) is a permutation variant of S.

For technical reasons we extend the axiom set of LK by ⊥ ` and ` >
(representing false and true).

Definition 8.2.3 Let AT be the standard axiom set from Definition 3.2.2.
We define A>⊥ as AT ∪ {` >} ∪ {⊥ `}. 3

Definition 8.2.4 A {>,⊥}-formula is a first-order formula defined over a
signature Σ for {>,⊥} ⊆ Σ(PS) s.t. > and ⊥ are nullary predicate symbols
(and thus also atomic formulas). 3

Definition 8.2.5 Let S be a sequent and X : 〈(Γ1;∆1), (Γ2;∆2)〉 be a par-
tition of S. A triple Φ: (C,ϕ1, ϕ2) is called an interpolation of S w.r.t. X
if

(1) C is a {>,⊥}-formula.

(2) ϕ1 is a proof of Γ1 ` ∆1, C and ϕ2 of C,Γ2 ` ∆2 from A>⊥.

(3) PS(C) ⊆ (PS(Γ1,∆1) ∩ PS(Γ2,∆2)) ∪ {>,⊥}.

(4) V (C) ⊆ V (Γ1,∆1) ∩ V (Γ2,∆2).

(5) CS(C) ⊆ CS(Γ1,∆1) ∩CS(Γ2,∆2).

(6) FS(C) ⊆ FS(Γ1,∆1) ∩ FS(Γ2,∆2).
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If only the conditions (1)–(3) hold then we call Φ a weak interpolation. The
formula C in an interpolation (C,ϕ1, ϕ2) is called an interpolant (and a weak
interpolant for weak interpolations).
The pair of sequents ((Γ1 ` ∆1, C), (C,Γ2 ` ∆2)) is called an interpolation
pair of Φ. A proof of the form

(ϕ1)
Γ1 ` ∆1, C

(ϕ2)
C,Γ2 ` ∆2

Γ1,Γ2 ` ∆1,∆2
cut

is called a (weak) interpolation derivation for S w.r.t. X . 3

Remark: Note that the sequent S in Definition 8.2.5 is always provable;
indeed, a (weak) interpolation derivation for S w.r.t. a partition is a proof
of a permutation variant of S. 3

Interpolants of provable sequents S do not only exist, but can be constructed
from cut-free proofs of S as shown in Maehara’s lemma (see [74]). We prove
the lemma (in fact a stronger version than that given in [74]) in two stages.
In the first step we construct a weak interpolation and from this we construct
a full one.

Lemma 8.2.1 Let S be a sequent which is provable in LK from A>⊥, and
X be a partition of S. Then there exists a weak interpolation for S w.r.t.
X .

Proof: We prove by induction on l(ϕ) that, for a cut-free proof ϕ of S and
for a partition X of S, there exists a weak interpolation derivation ψ for S
w.r.t. X . Note that, by the cut-elimination theorem, there exists always a
cut-free proof of S.
Induction base l(ϕ) = 1.
Then ϕ is either of the form A ` A for an atomic formula A, or ` > or ⊥ `.
We consider first axioms of type A ` A. We distinguish four partitions X
of A ` A:

(1) X = 〈(;A), (A; )〉. The corresponding weak interpolation derivation ψ
is

A ` A
` A,¬A ¬: r A ` A

¬A,A ` ¬: l

A ` A cut

(2) X = 〈(A; ), (;A)〉. Then ψ =

A ` A A ` A
A ` A cut
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(3) X = 〈(A;A), (; )〉. We define ψ =
A ` A
A ` A,⊥ w: r ⊥ `

A ` A cut

(4) X = 〈(; ), (A;A)〉. Here ψ =

` >
A ` A
>, A ` A w: l

A ` A

In all cases above we see that the cut formula I in the interpolation deriva-
tions is indeed a weak interpolant, because

PS(I) ⊆ (PS(Γ1; Γ2) ∩ PS(∆1,∆2)) ∪ {>,⊥}
for all X = 〈(Γ1; Γ2), (∆1;∆2)〉.
Now we consider the axioms ` > and ⊥ `. Let the axiom be ` >. We have
to distinguish two partitions

(1) X = 〈(;>), (; )〉. We define ψ =
` >
` >,⊥ w: r ⊥ `

` > cut

(2) X = 〈(; ), (;>)〉. We define ψ =

` >
` >
> ` > w: l

` > cut

In both cases above the cut formula is obviously an interpolant.
The case of the axiom ⊥ ` is completely analogous.

(IH) assume that for all S having a proof ϕ with l(ϕ) ≤ n and for all
partitions X of S there exists an interpolation derivation for S w.r.t. X .

Now let ϕ be a proof of S with l(ϕ) = n + 1. We distinguish several cases
corresponding to the last inference in ϕ.
(I) The last inference in ϕ is a structural one.

• The last inference is weakening. We consider only w: r; the case of w: l is
analogous. So S = Γ ` ∆, A and ϕ =

(ϕ′)
Γ ` ∆

Γ ` ∆, A
w: r
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Let X = 〈(Γ1;∆1, A), (Γ2;∆2)〉 be a partition of S. We define the following
partition of Γ ` ∆:

X ′ = 〈(Γ1;∆1), (Γ2;∆2)〉

By (IH) there exists an interpolation derivation ψ′ =

(χ1)
Γ1 ` ∆1, I

(χ2)
I,Γ2 ` ∆2

Γ1,Γ2 ` ∆1,∆2
cut

for Γ ` ∆ w.r.t. X ′, where Γ1,Γ2 ` ∆1,∆2 is a permutation variant of
Γ ` ∆. In particular we have

(?) PS(I) ⊆ (PS(Γ1,∆1) ∩ PS(Γ2,∆2)) ∪ {>,⊥}.

We define ψ =
(χ1)

Γ1 ` ∆1, I

Γ1 ` ∆1, I, A
w: r

Γ1 ` ∆1, A, I
p: r (χ2)

I,Γ2 ` ∆2

Γ1,Γ2 ` ∆1, A,∆2
cut

The sequent Γ1,Γ2 ` ∆1, A,∆2 is a permutation variant of S. Moreover, by
(?),

PS(I) ⊆ (PS(Γ1,∆1, A) ∩ PS(Γ2,∆2)) ∪ {>,⊥}.

Therefore, ψ is a weak interpolation derivation for S w.r.t. X .
The case of the partition X = 〈(Γ1;∆1), (Γ2;∆2, A)〉 is completely analo-
gous.

• The last inference is a permutation. We consider only the case of a per-
mutation to the right; the other one is analogous. So let ϕ =

ϕ′

Γ ` ∆′

Γ ` ∆
p: r

and X = 〈(Γ1;∆1), (Γ2;∆2)〉 be a partition of Γ ` ∆. We take the same
partition X for the sequent Γ ` ∆′. By (IH) there exists an interpolation
derivation ψ′ of the form

(χ1)
Γ1 ` ∆1, I

(χ2)
I,Γ2 ` ∆2

Γ1,Γ2 ` ∆1,∆2
cut
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We simply define ψ = ψ′ as ψ′ itself is also a weak interpolation derivation
for S w.r.t. X because Γ1,Γ2 ` ∆1,∆2 is a permutation variant of Γ ` ∆.

• The last inference in ϕ is a contraction. We consider only the case c: r. So
let ϕ =

(ϕ′)
Γ ` ∆, A,A
Γ ` ∆, A

c: r

and X = 〈(Γ1;∆1), (Γ2;∆2, A)〉. We define the partition

X ′ = 〈(Γ1;∆1), (Γ2;∆2, A,A)〉

of Γ ` ∆, A,A. By (IH) there exists an interpolation derivation for Γ `
∆, A,A w.r.t. X ′ of the form ψ′ =

(χ1)
Γ1 ` ∆1, I

(χ2)
I,Γ2 ` ∆2, A,A

Γ1,Γ2 ` ∆1,∆2, A,A
cut

and
PS(I) ⊆ (PS(Γ1,∆1) ∩ PS(Γ2,∆2, A,A)) ∪ {>,⊥}.

We define ψ =

(χ1)
Γ1 ` ∆1, I

(χ2)
I,Γ2 ` ∆2, A,A

I,Γ2 ` ∆2, A
c: r

Γ1,Γ2 ` ∆1,∆2, A
cut

ψ is a weak interpolation derivation for Γ ` ∆, A w.r.t. X by

PS(Γ2,∆2, A,A) = PS(Γ2,∆2, A).

Now let X = 〈(Γ1;∆1, A), (Γ2;∆2)〉. We define

X ′ = 〈(Γ1;∆1, A,A), (Γ2;∆2)〉

as a partition of Γ ` ∆, A,A. By (IH) there exists a weak interpolation
derivation ψ′ =

(χ1)
Γ1 ` ∆1, A,A, I

(χ2)
I,Γ2 ` ∆2

Γ1,Γ2 ` ∆1, A,A,∆2
cut
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We define ψ =

(χ1)
Γ1 ` ∆1, A,A, I

Γ1 ` ∆1, I, A
p: r + c: r

Γ1 ` ∆1, A, I
p: r (χ2)

I,Γ2 ` ∆2

Γ1,Γ2 ` ∆1, A,∆2
cut

(II) The last inference is a logical one. We consider only the cases ¬: l, ∧ : r,
∀: l and ∀: r. It turns out that, in case the last rule is a unary propositional
rule, the weak interpolant is that of the induction hypothesis. In case of
binary rules the interpolants are either conjunctions or disjunctions of weak
interpolants. In case of a quantifier rule, abstraction of an interpolant may
become necessary.

• The last rule of ϕ is ¬: l. Then ϕ is of the form

(ϕ′)
Γ ` ∆, A
¬A,Γ ` ∆ ¬: l

Let X = 〈(¬A,Γ1;∆1), (Γ2;∆2)〉. We define the partition

X ′ = 〈(Γ1;∆1, A), (Γ2;∆2)〉

of Γ ` ∆, A. By (IH) there exists a weak interpolation derivation ψ′ =

(χ1)
Γ1 ` ∆1, A, I

(χ2)
I,Γ2 ` ∆2

Γ1,Γ2 ` ∆1, A,∆2
cut

s.t.
PS(I) ⊆ (PS(Γ1,∆1, A) ∩ PS(Γ2,∆2)) ∪ {>,⊥}.

We define ψ =

(χ1)
Γ1 ` ∆1, A, I

¬A,Γ1 ` ∆1, I
p: r + ¬: l (χ2)

I,Γ2 ` ∆2

¬A,Γ1,Γ2 ` ∆1,∆2
cut

By PS(Γ1,∆1, A) = PS(¬A,Γ1,∆1) ψ is indeed a weak interpolation deriva-
tion for ¬A,Γ ` ∆ w.r.t. X .
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Now let X = 〈(Γ1;∆1), (¬A,Γ2;∆2)〉. We define the partition

X ′ = 〈(Γ1;∆1), (Γ2;∆2, A)〉

of Γ ` ∆, A. By (IH) there exists a weak interpolation derivation ψ′ =

(χ1)
Γ1 ` ∆1, I

(χ2)
I,Γ2 ` ∆2, A

Γ1,Γ2 ` ∆1,∆2, A
cut

s.t.
PS(I) ⊆ (PS(Γ1,∆1) ∩ PS(Γ2,∆2, A)) ∪ {>,⊥}.

We define ψ =

(χ1)
Γ1 ` ∆1, I

(χ2)
I,Γ2 ` ∆2, A

I,¬A,Γ2 ` ∆2
¬: l + p: l

Γ1,¬A,Γ2 ` ∆1,∆2
cut

• The last rule is ∧: r. Then ϕ is of the form

(ϕ1)
Γ ` ∆, A

(ϕ2)
Γ ` ∆, B

Γ ` ∆, A ∧B ∧: r

Let X = 〈(Γ1;∆1), (Γ2;∆2, A ∧B)〉. We define the partitions

X1 = 〈(Γ1;∆1), (Γ2;∆2, A)〉 for Γ ` ∆, A and

X2 = 〈(Γ1;∆1), (Γ2;∆2, B)〉 for Γ ` ∆, B.

By (IH) there exist weak interpolation derivations ψ1 for Γ ` ∆, A w.r.t.
X1, and ψ2 for Γ ` ∆, B w.r.t. X2 of the following form: ψ1 =

(ψ1,1)
Γ1 ` ∆1, I

(ψ1,2)
I,Γ2 ` ∆2, A

Γ1,Γ2 ` ∆1,∆2, A
cut

and ψ2 =
(ψ2,1)

Γ1 ` ∆1, J
(ψ2,2)

J,Γ2 ` ∆2, B

Γ1,Γ2 ` ∆1,∆2, B
cut

Moreover we have

PS(I) ⊆ (PS(Γ1,∆1) ∩ PS(Γ2,∆2, A)) ∪ {>,⊥}
PS(J) ⊆ (PS(Γ1,∆1) ∩ PS(Γ2,∆2, B)) ∪ {>,⊥}.
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We define the weak interpolation derivation ψ for Γ ` ∆, A ∧B w.r.t. X :

(ψ1,1)
Γ1 ` ∆1, I

(ψ2,1)
Γ1 ` ∆1, J

Γ1 ` ∆1, I ∧ J
∧: r

(ψ1,2)
I,Γ2 ` ∆2, A

I ∧ J,Γ2 ` ∆2, A
∧: l2

(ψ2,2)
J,Γ2 ` ∆2, B

I ∧ J,Γ2 ` ∆2, B
∧: l1

I ∧ J,Γ2 ` ∆2, A ∧B
∧: r

Γ1,Γ2 ` ∆1,∆2, A ∧B
cut

I ∧ J is indeed a weak interpolant by

PS(I ∧ J) ⊆ (PS(Γ1,∆1) ∩ (PS(Γ2,∆2, A) ∪ PS(Γ2,∆2, B))) ∪ {>,⊥}
= (PS(Γ1,∆1) ∩ PS(Γ2,∆2, A ∧B)) ∪ {>,⊥}.

Now let X = 〈(Γ1;∆1, A ∧B), (Γ2;∆2)〉.
We define the partitions of the premise sequents

X1 = 〈(Γ1;∆1, A), (Γ2;∆2)〉 for Γ ` ∆, A and

X2 = 〈(Γ1;∆1, B), (Γ2;∆2)〉 for Γ ` ∆, B.

By (IH) there exist weak interpolation derivations ψ1 for Γ ` ∆, A w.r.t.
X1, and ψ2 for Γ ` ∆, B w.r.t. X2. We have ψ1 =

(ψ1,1)
Γ1 ` ∆1, A, I

(ψ1,2)
I,Γ2 ` ∆2

Γ1,Γ2 ` ∆1, A,∆2
cut

and ψ2 =
(ψ2,1)

Γ1 ` ∆1, B, J
(ψ2,2)

J,Γ2 ` ∆2

Γ1,Γ2 ` ∆1, B,∆2
cut

As I and J are weak interpolants we have

PS(I) ⊆ (PS(Γ1,∆1, A) ∩ PS(Γ2,∆2)) ∪ {>,⊥},
PS(J) ⊆ (PS(Γ1,∆1, B) ∩ PS(Γ2,∆2)) ∪ {>,⊥}.

We define ψ =

(ψ1,1)
Γ1 ` ∆1, A, I

Γ1 ` ∆1, A, I ∨ J
∨: r1

Γ1 ` ∆1, I ∨ J,A
p: r

(ψ2,1)
Γ1 ` ∆1, B, J

Γ1 ` ∆1, B, I ∨ J
∨: r2

Γ1 ` ∆1, I ∨ J,B
p: r

Γ1 ` ∆1, I ∨ J,A ∧B
∧: r

Γ1 ` ∆1, A ∧B, I ∨ J
p: r

(ψ1,2)
I,Γ2 ` ∆2

(ψ2,2)
J,Γ2 ` ∆2

I ∨ J,Γ2 ` ∆2
∨: l

Γ1,Γ2 ` ∆1, A ∧B,∆2
cut
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ψ is indeed a weak interpolation derivation for Γ ` ∆, A ∧B w.r.t. X by

PS(I ∨ J) = PS(I) ∪ PS(J)
⊆ ((PS(Γ1,∆1, A) ∪ PS(Γ1,∆1, B)) ∩ PS(Γ2,∆2)) ∪ {>,⊥}
= (PS(Γ1,∆1, A ∨B) ∩ PS(Γ2,∆2)) ∪ {>,⊥}.

• The last rule in ϕ is ∀: l. Then ϕ is of the form

(ϕ′)
A{x← t},Γ ` ∆

(∀x)A,Γ ` ∆ ∀: l

Let X = 〈((∀x)A,Γ1;∆1), (Γ2;∆2)〉. We define

X ′ = 〈(A{x← t},Γ1;∆1), (Γ2;∆2)〉

as partition of A{x ← t},Γ ` ∆. By (IH) there exists a weak interpolation
derivation ψ′ of the form

(χ1)
A{x← t},Γ1 ` ∆1, I

(χ2)
I,Γ2 ` ∆2

A{x← t},Γ1,Γ2 ` ∆1,∆2
cut

where

PS(I) ⊆ (PS(A{x← t},Γ1,∆1) ∩ PS(Γ2,∆2)) ∪ {>,⊥}.

We define ψ =

(χ1)
A{x← t},Γ1 ` ∆1, I

(∀x)A,Γ1 ` ∆1, I
∀: l (χ2)

I,Γ2 ` ∆2

(∀x)A,Γ1,Γ2 ` ∆1,∆2
cut

ψ is a weak interpolation derivation by PS((∀x)A) = PS(A{x← t}).
Note that, in general, I is not a (full) interpolant for (∀x)A,Γ ` ∆ w.r.t. X
even if I is a (full) interpolant for A{x← t},Γ ` ∆ w.r.t. X ′. Indeed, by the
rule (∀: l), some function symbols, constants, or variables can be removed
from one side which still occur in I.
The case of the partition 〈((Γ1;∆1), ((∀x)A,Γ2;∆2)〉 is analogous.

• The last rule in ϕ is ∀: r. Then ϕ is of the form

(ϕ′)
Γ ` ∆, A{x← α}

Γ ` ∆, (∀x)A ∀: r
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where α does not occur in Γ ` ∆, (∀x)A. We consider the partition X =
〈(Γ1;∆1), (Γ2;∆2, (∀x)A)〉 of Γ ` ∆, (∀x)A. Let

X ′ = 〈(Γ1;∆1), (Γ2;∆2, A{x← α})〉

be the corresponding partition of S′: Γ ` ∆, A{x← α}. By (IH) there exists
a weak interpolation derivation ψ′ for S′ w.r.t. X ′. ψ′ is of the form

(χ1)
Γ1 ` ∆1, I

(χ2)
I,Γ2 ` ∆2, A{x← α}

Γ1,Γ2 ` ∆1,∆2, A{x← α} cut

and

PS(I) ⊆ (PS(Γ1 ` ∆1) ∩ PS(Γ2 ` ∆2, A{x← α})) ∪ {>,⊥}.

For the weak interpolation derivation ψ we distinguish two cases:

(a) α does not occur in I. Then, as α is an eigenvariable, α does not occur
in I,Γ2 ` ∆2 either. Therefore we may define ψ =

(χ1)
Γ1 ` ∆1, I

(χ2)
I,Γ2 ` ∆2, A{x← α}
I,Γ2 ` ∆2, (∀x)A

∀: r

Γ1,Γ2 ` ∆1,∆2, (∀x)A
cut

ψ is a weak interpolation derivation for Γ ` ∆, (∀x)A w.r.t. X (note that
PS((∀x)A) = PS(A{x← α})).
(b) α occurs in I. As α is an eigenvariable it does not occur in Γ1,Γ2 `
∆1,∆2. So we may define ψ =

(χ1)
Γ1 ` ∆1, I

Γ1 ` ∆1, (∀x)I{α← x} ∀: r

(χ2)
I,Γ2 ` ∆2, A{x← α}

(∀x)I{α← x},Γ2 ` ∆2, A{x← α} ∀: l

(∀x)I{α← x},Γ2 ` ∆2, (∀x)A
∀: r

Γ1,Γ2 ` ∆1,∆2, (∀x)A
cut

Note that, by
PS(I) = PS((∀x)I{α← x}),

the new interpolant is (∀x)I{α← x}.
Now let X = 〈(Γ1;∆1, (∀x)A), (Γ2;∆2)〉. To X we define

X ′ = 〈(Γ1;∆1, A{x← α}), (Γ2;∆2)〉.
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By (IH) we have the following weak interpolation derivation ψ′ w.r.t. X ′:

(χ1)
Γ1 ` ∆1, A{x← α}, I

(χ2)
I,Γ2 ` ∆2

Γ1,Γ2 ` ∆1, A{x← α},∆2
cut

again we distinguish two cases in the construction of ψ:

(a) α does not occur in I. Then we define ψ =

(χ1)
Γ1 ` ∆1, A{x← α}, I
Γ1 ` ∆1, I, A{x← α}

p: r

Γ1 ` ∆1, I, (∀x)A
∀: r

Γ1 ` ∆1, (∀x)A, I
p: r (χ2)

I,Γ2 ` ∆2

Γ1,Γ2 ` ∆1, (∀x)A,∆2
cut

(b) α occurs in I. Here we define ψ =

(χ1)
Γ1 ` ∆1, A{x← α}, I

Γ1 ` ∆1, A{x← α}, (∃x)I{α← x} ∃: r

Γ1 ` ∆1, (∃x)I{α← x}, A{x← α}
p: r

Γ1 ` ∆1, (∃x)I{α← x}, (∀x)A ∀: r

Γ1 ` ∆1, (∀x)A, (∃x)I{α← x}
p: r

(χ2)
I,Γ2 ` ∆2

(∃x)I{α← x},Γ2 ` ∆2
∃: l

Γ1,Γ2 ` ∆1, (∀x)A,∆2
cut

The weak interpolant here is (∃x)I{α← x}.
Note that, for ∀: r being the last rule, the weak interpolant is either I,
(∀x)I{α← x} or (∃x)I{α← x}. 2

Definition 8.2.6 Let A be a formula s.t. A = A[t]M for a term t and a set
of occurrencesM of t in A. Let x be a bound variable which does not occur
in A. Then the formulas (∀x)A[x]M and (∃x)A[x]M are called abstractions
of A. We define abstraction to be closed under reflexivity and transitivity:
A is an abstraction of A; if A is an abstraction of B and B is an abstraction
of C then A is an abstraction of C. 3

Definition 8.2.7 Let Φ: (C,ϕ1, ϕ2) be a weak interpolation of a sequent S
w.r.t. a partition 〈(Γ;∆), (Π;Λ)〉 of S. A term t is called critical for Φ if
either
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• t ∈ V (C) and t 6∈ V (Γ,∆) ∩ V (Π,Λ) or

• t ∈ CS(C) and t 6∈ CS(Γ,∆) ∩ CS(Π,Λ) or

• t is of the form f(t1, . . . , tm), f ∈ FS(C) and f 6∈ FS(Γ,∆)∩FS(Π,Λ).

3

Remark: A term t is critical for an interpolation Φ w.r.t. X if it occurs in
the interpolant and in one part of the partition X , but not in the other one
(or it does not occur at all in X ). By definition, interpolants (in contrast to
weak interpolants) may not contain critical terms. 3

Lemma 8.2.2 Let Π: (C,ϕ1, ϕ2) be a weak interpolation of a sequent S
w.r.t. a partition X . Then there exists an interpolation (D,ψ1, ψ2) of S
w.r.t. X s.t. D is an abstraction of C.

Proof: Let X = 〈(Γ;∆), (Π;Λ)〉 be the partition of S. We start with the
weak interpolation derivation ψ =

(ϕ1)
Γ ` ∆, C

(ϕ2)
C,Π ` Λ

Γ,Π ` ∆,Λ cut

and transform it into an interpolation derivation. We define (ψi, Ci, ϕi1, ϕ
i
2)

for all i inductively.

ψ0 = ψ, C0 = C, ϕ0
1 = ϕ1, ϕ

0
2 = ϕ2.

Assume that we have already defined (ψi, Ci, ϕi1, ϕ
i
2) and ψi is the weak

interpolation derivation

(ϕi1)
Γ ` ∆, Ci

(ϕi2)
Ci,Π ` Λ

Γ,Π ` ∆,Λ cut

of the interpolation (Ci, ϕi1, ϕ
i
2) of S w.r.t. X .

If Ci does not contain critical terms we set

ψi+1 = ψi, Ci+1 = Ci, ϕ
i+1
1 = ϕi1, ϕ

i+1
2 = ϕi2.

Now let us assume that Ci contains critical terms. We select a critical term t
s.t. ‖t‖ is maximal. In particular Ci = Ci[t]M whereM are all occurrences
of t in Ci. If ‖t‖ = 1 then t ∈ V (S) ∪ CS(S). We consider first the more
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interesting case ‖t‖ > 1. Then t = f(t1, . . . , tm) for f ∈ FS(S). As t is
critical we have

f 6∈ FS(Γ,∆) ∩ FS(Π,Λ).

We distinguish three cases:

(1) f ∈ FS(Γ,∆) (and, clearly f 6∈ FS(Π,Λ)). Consider the proof ϕ2
i of

C[t]M,Π ` Λ. By replacing the term t by a free variable α we obtain
the formula Ci[α]M and by replacing all occurrences of t in ϕ2 by α
we define the proof ϕi+1

2 =

(ϕ2
i {t/α})

Ci[α]M,Π ` Λ
(∃xi)Ci[xi]M,Π ` Λ ∃: l

where xi is a bound variable not occurring in Ci. Note that ϕi+1
2 is

indeed a proof. First of all f(t1, . . . , tm) does not occur in Π,Λ; so the
replacement does not change Π,Λ. Moreover ϕ2

i {t/α} is indeed a proof
(no quantifier introduction rules can be damaged by this replacement)
and all contraction rules are preserved. Finally the rule ∃: l is sound
as α does not occur in (∃xi)Ci[xi]λ,Π ` Λ.

ϕi+1
1 =

(ϕi1)
Γ ` ∆, Ci[t]M

Γ ` ∆, (∃xi)Ci[xi]M
∃: r

Finally we define Ci+1 = (∃xi)Ci[xi]M and ψi+1 =

(ϕi+1
1 )

Γ ` ∆, (∃xi)Ci[xi]M
(ϕi+1

2 )
(∃xi)Ci[xi]M,Π ` Λ

Γ,Π ` ∆,Λ cut

Clearly ψi+1 is the weak interpolation derivation of the weak interpo-
lation (Ci+1, ϕ

i+1
1 , ϕi+1

2 ) of S w.r.t. X . Note that Ci+1 and Ci contain
the same predicate symbols!

(2) f ∈ FS(Π,Λ). Then the roles of the sides change and we define ϕi+1
1 =

(ϕi1{t/α})
Γ ` ∆, Ci[α]M

Γ ` ∆, (∀xi)Ci[xi]M
∀: r
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ϕi+1
2 =

(ϕi2)
Ci[t]M,Π ` ∆

(∀xi)Ci[xi]M,Π ` ∆ ∀: l

now we define Ci+1 = (∀xi)Ci[xi]M and ψi+1 =

(ϕi+1
1 )

Γ ` ∆, (∀xi)Ci[xi]M
(ϕi+1

2 )
(∀xi)Ci[xi]M,Π ` Λ

Γ,Π ` ∆,Λ cut

And, again, ψi+1 is the weak interpolation derivation of the weak in-
terpolation (Ci+1, ϕ

i+1
1 , ϕi+1

2 ) of S w.r.t. X .

(3) f 6∈ FS(Γ,Π,∆,Λ). Then we may take the interpolation derivation of
(1) or of (2); the weak interpolant Ci+1 can be chosen as (∀xi)Ci[xi]M
or as (∃xi)Ci[xi]M.

If ‖t‖ = 1 for the critical term with maximal size, then t ∈ V ∪ CS. The
construction of the interpolation derivation proceeds exactly as for function
terms t, only in the case t ∈ V we can use t as eigenvariable directly. A
constant symbol t is simply replaced by an eigenvariable α.

By the construction above (Ci, ϕi1, ϕ
i
2) is a weak interpolation of S w.r.t.

X . But in any step the number of occurrences of critical terms is strictly
reduced until some Ci does not contain critical terms anymore. Let r be
the number of occurrences of critical terms in C. Then (Cr, ϕr1, ϕ

r
2) is an

interpolation of S w.r.t. X .
For all i we get Ci+1 = (Qixi)Ci[xi]Mi

for Qi ∈ {∀, ∃} and Mi a set of
positions in Ci. So by Definition 8.2.6 Ci+1 is an abstraction of Ci. As the
relation “abstraction of” is reflexive and transitive all Ci are abstractions of
C; so Cr is an abstraction of C. 2

Theorem 8.2.1 (interpolation theorem) Let S be a sequent which is
provable in LK from A>⊥, and X be a partition of S. Then there exists
an interpolation of S w.r.t. X .

Proof: By Lemma 8.2.1 there exists a weak interpolation Φ of S w.r.t. X ;
by Lemma 8.2.2 we can transform Φ into a full interpolation of S w.r.t. X .

2
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Lemma 8.2.3 Let ϕ be an LK-proof from A>⊥ of the form

(ϕ1)
Γ ` ∆, P (t̄)

(ϕ2)
P (t̄),Π ` Λ

Γ,Π ` ∆,Λ cut

where P (t̄) is an atom. Let X be a partition of the end-sequent S: Γ,Π `
∆,Λ. Then there exists a weak interpolation (A,ψ1, ψ2) of S w.r.t. X s.t.
either A = I ∧ J or A = I ∨ J where I is an interpolant of Γ ` ∆, P (t̄) and
J an interpolant of P (t̄),Π ` Λ (w.r.t. appropriate partitions).

Proof: Let X = 〈(Γ1,Π1;∆1,Λ1), (Γ2,Π2;∆2,Λ2)〉 be a partition of S. We
construct a weak interpolation derivation for S: Γ,Π ` ∆,Λ w.r.t. X . We
distinguish the following cases:

(a) P ∈ PS(Γ2,Π2,∆2,Λ2). We define the partitions

X1 = 〈(Γ1;∆1), (Γ2;∆2, P (t̄))〉 of Γ ` ∆, P (t̄),
X2 = 〈(Π1; Λ1), (P (t̄),Π2; Λ2)〉 of P (t̄),Π ` Λ.

By Theorem 8.2.1 there exist interpolation derivations ψ′1 (w.r.t. X1)
and ψ′2 (w.r.t. X2) of the following form: ψ′1 =

(χ1,1)
Γ1 ` ∆1, I

(χ1,2)
I,Γ2 ` ∆2, P (t̄)

Γ1,Γ2 ` ∆1,∆2, P (t̄)
cut

and ψ′2 =
(χ2,1)

Π1 ` Λ1, J
(χ2,2)

J, P (t̄),Π2 ` Λ2

Π, P (t̄) ` Λ
cut

From the proofs χi,j we define a weak interpolation derivation ψ for S
w.r.t. X for ψ =

ψ1 ψ2

S
cut

where ψ1 =
(χ1,1)

Γ1 ` ∆1, I
(χ2,1)

Π1 ` Λ1, J

Γ1,Π1 ` ∆1,Λ1, I ∧ J
∧: r
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and ψ2 =

(χ1,2)
I,Γ2 ` ∆2, P (t̄)

(χ2,2)
P (t̄), J,Π2 ` Λ2

I, J,Γ2,Π2 ` ∆2,Λ2
cut + s∗

I ∧ J,Γ2,Π2 ` ∆2,Λ2
∗

Note that, by construction

PS(I ∧ J) ⊆ PS(Γ1,Π1 ` ∆1,Λ1) and
PS(I ∧ J) ⊆ PS(Γ2,Π2 ` ∆2,Λ2) ∪ {P} = PS(Γ2,Π2 ` ∆2,Λ2).

(b) P ∈ PS(Γ1,Π1 ` ∆1,Λ1).

We define the partitions

X1 = 〈(Γ1;∆1, P (t̄)), (Γ2;∆2)〉 of Γ ` ∆, P (t̄),
X2 = 〈(P (t̄),Π1; Λ1), (Π2; Λ2)〉 of P (t̄),Π ` Λ.

By Theorem 8.2.1 there exists interpolation derivations ψ′1 and ψ′2 of
the following form: ψ′1 =

(χ1,1)
Γ1 ` ∆1, P (t̄), I

(χ1,2)
I,Γ2 ` ∆2

Γ1,Γ2 ` ∆1, P (t̄),∆2
cut

and ψ′2 =
(χ2,1)

P (t̄),Π1 ` Λ1, J
(χ2,2)

J,Π2 ` Λ2

P (t̄),Π1 ` Λ1,Λ2
cut

From the proofs χi,j we define a weak interpolation derivation ψ of the
form

ψ1 ψ2

S
cut

where ψ1 =

(χ1,1)
Γ1 ` ∆1, P (t̄), I
Γ1 ` ∆1, I, P (t̄)

p: r (χ2,1)
P (t̄),Π1 ` Λ1, J

Γ1,Π1 ` ∆1, I,Λ1, J
cut

Γ1,Π1 ` ∆1,Λ1, I ∨ J
∗
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and ψ2 =
(χ1,2)

I,Γ2 ` ∆2

(χ2,2)
J,Π2 ` Λ2

I ∨ J,Γ2,Π2 ` ∆2,Λ2
∨: l

By construction we have

PS(I ∨ J) ⊆ PS(Γ2,Π2 ` ∆2,Λ2),
PS(I ∨ J) ⊆ PS(Γ1,Π1 ` ∆1,Λ1) ∪ {P} = PS(Γ1,Π1 ` ∆1,Λ1).

(c) P 6∈ PS(Γ,Π ` ∆,Λ). Then the constructions in (a) and (b) both
work; indeed neither I nor J contains P and thus I ∧ J and I ∨ J do
not contain P . 2

Definition 8.2.8 Let S be a set of formulas. A formula F is said to be a
{∧,∨}-combination of S if either

• F ∈ S, or

• F = F1 ∧ F2 where F1, F2 are {∧,∨}-combinations of S, or

• F = F1 ∨ F2 where F1, F2 are {∧,∨}-combinations of S.

3

Definition 8.2.9 Let ϕ be a skolemized proof of the sequent S and P(ϕ)
be the set of all projections w.r.t. (ϕ,CL(ϕ)). We define the concept of a
projection-derivation as follows:

• Every ψ ∈ P(ϕ) is a projection derivation of its end sequent from {ψ}.

• Let ψ1, ψ2 be projection derivations of sequents S1:S′ ◦ (` P (t̄)) and
S2:S′′ ◦ (P (t̄) `) from P1 and P2 respectively s.t. S is a subsequent of
S′ ◦ S′′. Then the derivation ψ:

ψ1
S1

ψ2
S2

S′ ◦ S′′ cut

S∗
c∗

is a projection derivation of S ◦ C ◦ D from P1 ∪ P2. S∗ is obtained
from S′ ◦ S′′ by an arbitrary sequence of contractions (left and right).

3
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Proposition 8.2.1 Let ϕ ∈ Φs be a proof of S. Then the projection deriva-
tions of S from P(ϕ) w.r.t. (ϕ,CL(ϕ)) are just the CERES normal forms of
ϕ.

Proof: It is easy to see that, from any projection derivation ψ w.r.t. (ϕ,CL
(ϕ)), we can extract a p-resolution refutation γ of CL(ϕ) s.t. ψ = γ(ϕ). On
the other hand, constructing γ(ϕ) for a p-resolution refutation γ means to
construct a projection derivation.

Theorem 8.2.2 Let ϕ be a skolemized proof of S and X be a partition of
S. Then there exists a weak interpolant I w.r.t. X which is an {∧,∨}-
combination of interpolants of PES(ϕ) (see Definition 6.4.6).

Proof: Consider a CERES normal form ψ of ϕ; then ψ defines a projection
derivation of S from PES(ϕ). We show by induction on the number c(τ) of
cuts in a projection derivation τ of a sequent S′ from P ′ (where P ′ is a subset
of PES(ϕ)), that – for any partition X ′ of S′ – there exists an interpolant I ′

w.r.t. X ′ s.t. I ′ is an {∧,∨}-combination of interpolants of sequents in P ′.
c(τ) = 0.
Then τ is itself a projection. Clearly any interpolant of the end-sequent S′

of τ is a Boolean combination of an interpolant of S′ (as τ is a projection
derivation from {S′}.
(IH) Assume that for all projection derivations τ s.t. c(τ) ≤ n the assertion
holds.

Let τ be a projection derivation with c(τ) = n+ 1. Then τ is of the form

τ1
S1 ◦ (` P (t̄))

τ2
S2 ◦ (P (t̄) `)

S1 ◦ S2
cut

S∗
c∗

By definition τ1 is a projection derivation of S1 ◦ (` P (t̄)) from P1 with
c(τ1) ≤ n, the same for τ2. Then τ is a projection derivation of S∗ from
P1 ∪ P2. By the induction hypothesis, for any partitions of the sequents
S′1:S1 ◦ (` P (t̄)) and S ′2:S2 ◦ (P (t̄) `) there exist weak interpolants I1 of
S′1 and I2 of S′2 which are {∧,∨}-combination of interpolants of the set of
end-sequences in P1 and P2, respectively. Now consider any partition X ′ of
the sequent S1 ◦ S2; then, by Lemma 8.2.3, there exists a weak interpolant
I ′ w.r.t. X ′ which is of the form C ∧ D, or C ∨ D, where C is a weak
interpolant of S′1 and D is a weak interpolant of S′2. We take C and D as the
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interpolants of the corresponding partitions which are {∧,∨}-combinations
of interpolants from end-sequents in P1 and P2. Then, clearly, I ′ is a weak
interpolant which is an {∧,∨}-combination of interpolants of sequents in
P1∪P2. Finally we have to consider arbitrary partitions and interpolants in
the sequent S∗; but these come directly from S1◦S2 via an obvious mapping.
This concludes the induction proof. 2

Corollary 8.2.1 Let Let ϕ be a skolemized proof of a closed sequent S and
X be a partition of S. Then there exists a interpolant I w.r.t. X which is
an abstraction of an {∧,∨}-combination of weak interpolants of PES(ψ).

Proof: By Theorems 8.2.2 and 8.2.3.

Corollary 8.2.1 tells us that there are always interpolants which are built
from interpolants of proof projections. These proof projections are parts of
the original proof ϕ prior to cut-elimination. This specific form of an inter-
polant cannot be obtained when reductive cut-elimination is performed; in
the latter case the ACNF of a proof ϕ does not contain any visible fragments
from ϕ itself.
Still Corollary 8.2.1 only holds for skolemized end-sequents. The question
remains whether the form of the interpolant is preserved when the original
(non-skolemized) proof is considered. Below we give a positive answer:

Theorem 8.2.3 Let ϕ be a proof of a sequent S and let X be a partition of
S. Then there exists an interpolant I of S w.r.t. X s.t. I is an abstraction
of an {∧,∨}-combination of interpolants of PES(sk(ϕ)).

Proof: We prove that an interpolant of sk(S) w.r.t. the partition X ′ (which
is exactly the same partition as for S – only with skolemized formulas)
is also the interpolant of S. Note that the interpolant I constructed in
Corollary 8.2.1 does not contain Skolem symbols. So let X = 〈(Γ;∆), (Π;Λ)〉
and X ′ = 〈(Γ′;∆′), (Π′; Λ′)〉 and I be the interpolant of sk(S) w.r.t. X ′. Let
A′ be the formula representing Γ′ ` ∆′ and B′ for Π′ ` Λ′. Then, by
soundness of LK the formulas

A′ → I and I → B′

are valid. As skolemization is validity-preserving also the formulas A → I
and I → B are valid (we apply only partial skolemization on the formulas).
As I is an interpolant of sk(S) w.r.t. X ′ and I does not contain Skolem
symbols, I is also an interpolant of S w.r.t. X . 2
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8.3 Generalization of Proofs

Examples are of eminent importance for mathematics, although examples
illustrating general facts are redundant. This hints at the capacity of good
examples to represent arguments for universal statements in a compact man-
ner. (In Babylonian mathematics, universal statements were taught and
learned by examples only). In this chapter we provide a logical interpreta-
tion of the notion of a “good example”. It is associated with a proof of a
concrete fact which can be generalized.

Definition 8.3.1 (preproof, generalized proof) Let
(Ψ)
S be a cut-free

LK-derivation from atomic A ` A, S contains weak quantifiers only, and
S′(t1, . . . , tn) ≡ S for terms t1, . . . , tn.
A preproof with respect to λx1 . . . xnS

′(x1, . . . , xn) is defined inductively:

• Root: S′(α1, . . . , αn), where α1, . . . , αn are new variables.

• Inner inference:
S1

S or
S2 S3

S

– Propositional or structural: s.t. S∗ is already constructed for S.
S∗1 or S∗2 , S

∗
3 are induced from S∗ by the form of the rule.

– Quantificational:

Π ` Γ, A(t)
Π ` Γ, ∃xA(x), S∗ = Π′ ` Γ′, ∃xA′(x), then S∗1 ≡ Π′ ` Γ′, A(β)

where β is a new variable.

A(t),Π ` Γ
∀xA(x),Π ` Γ, S∗ = ∀xA(x),Π′ ` Γ′, then S∗1 ≡ A(β),Π′ ` Γ′

where β is a new variable.

• Axiom positions: Do nothing

The generalized proof with respect to λx1 . . . xnS
′(x1, . . . , xn) is obtained by

unifying the two sides of the axiom positions by the unification algorithm
UAL (see 3.1). 3

Example 8.3.1
P (ff0, ff0) ` P (ff0, ff0)
∀xP (fx, fx) ` P (ff0, ff0)
∀xP (fx, fx) ` ∃yP (y, ff0)
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Preproof w.r.t. to λz[∀xP (fx, fx) ` ∃yP (y, z)]:

P (fα, fα) ` P (β, γ)
∀xP (fx, fx) ` P (β, γ)
∀xP (fx, fx) ` ∃yP (y, γ)

Generalized proof w.r.t. to λz[∀xP (fx, fx) ` ∃yP (y, z)]:

P (fα, fα) ` P (fα, fα)
∀xP (fx, fx) ` P (fα, fα)
∀xP (fx, fx) ` ∃yP (y, fα)

3

Proposition 8.3.1 The generalized proof for
(Ψ)
S

with respect to λx1 . . . xnS
′(x1, . . . , xn) is an LK-derivation

(Ψ∗)
S∗(r1, . . . , rn)

such that Ψ ≡ Ψ∗σ and S ≡ S∗(r1, . . . , rn)σ for some σ.

Proof: By properties of the m.g.u. 2

Definition 8.3.2 (generalized CERES normal form) Let
(Ψ)

Π ` Γ be a
CERES normal form with Π′(t1, . . . , tn) ` Γ′(t1, . . . , tn) ≡ Π ` Γ for some

terms t1,. . . , tn. A generalized CERES normal form for
(Ψ)

Π ` Γ with respect
to λx1 . . . xn[Π′(x1, . . . , xn) ` Γ′(x1, . . . , xn)] is constructed as follows:

First calculate generalized proofs for the projections
(T )

∆,Π ` Γ,Ψ (where

∆ ≡ Pi1(t11, . . . , t1k1), . . . , Pil(tl1, . . . , tlkl
) ≡ ∆′(t11, . . . , tlkl

)

and

Ψ ≡ Qj1(s11, . . . , s1m1), . . . , Qjr(sr1, . . . , srmr) ≡ Ψ′(s11, . . . , srmr),

and ∆ ` Ψ from the characteristic clause set) with respect to

λx1 . . . xny11 . . . ylkl
z11 . . . zrmr [

∆′(y11, . . . , ylkl
),Π′(x1, . . . , xn) ` Γ′(x1, . . . , xn),Ψ′(z11, . . . , zrmr)].

Then calculate the general resolution refutation from the generalized
clauses. 3
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Example 8.3.2

P (fa) ` P (fa)
∀xP (x) ` P (fa)
∀xP (x) ` ∀xP (fx)

P (ffa) ` P (ffa)
∀xP (fx) ` P (ffa)

∀xP (x) ` P (ffa)

Projections:
P (fa) ` P (fa)
∀xP (x) ` P (fa)

∀xP (x) ` P (fa), P (ffa)
∀xP (x) ` P (ffa), P (fa)

and
P (ffa) ` P (ffa)

∀xP (x), P (ffa) ` P (ffa)
P (ffa),∀xP (x) ` P (ffa)

Generalization with respect to

λuv[∀xP (x) ` P (f(u)), P (v)] λwu[P (w), ∀xP (x) ` P (f(u))]

P (α) ` P (α)
∀xP (x) ` P (α)

∀xP (x) ` P (α), P (fβ)
∀xP (x) ` P (fβ), P (α)

and
P (fβ) ` P (fβ)

∀xP (x), P (fβ) ` P (fβ)
P (fβ),∀xP (x) ` P (fβ)

Original clause form {` P (fα), P (ffα) `}.
Generalized clause form {` P (α), P (fβ) `}.

General ground resolution proof:
` P (fβ) P (fβ) `

`
Apply σ : f(β)→ α to the projections and combine the proof parts as usual.
3

Remark: In case all axioms are of the form A ` A for A atomic, working
with the generalized CERES normal forms can lead to an unbounded speed
up with respect to usual CERES normal forms even with unchanged end
sequents. 3
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Definition 8.3.3 (term basis) A term basis for k and
λx1 . . . xnS(x1, . . . , xn) is a set of tuples 〈t11 . . . t1n〉, . . . , 〈tl1 . . . tln〉 such that

1. S(ti1, . . . , tin) is LK-derivable for 1 ≤ i ≤ l

2. If S(u1, . . . , un) is LK-derivable with depth ≤ k, then 〈u1, . . . , un〉 =
〈ti1 . . . tin〉σ for some i and σ.

3

Theorem 8.3.1 A term basis exists for every k and λx1 . . . xnS(x1, . . . , xn).

Proof: For every LK-derivation of depth k there is a CERES normal form of
depth ≤ Φ(k) by CERES. For any depth and λx1 . . . xnS(x1, . . . , xn) there
are obviously only finitely many generalized CERES normal forms.

Corollary 8.3.1 Let O0 ≡ 0 and On+1 ≡ (On + 0). Let Π contain identity
axioms and ∀x(x+ 0 = x). Let for all n Π ` Γ, A(On) be derivable within a
fixed depth. Then Π ` Γ,∀xA(x) is derivable.

Corollary 8.3.2 Let Π contain identity axioms and let

Π ` ∀x(x = 0 ∨ x = S(0) ∨ · · · ∨ x = Sl(0) ∨ ∃yx = Sl+1(y))

be LK-derivable for all l. Then Π ` Γ, A(Sn(0)) is LK-derivable for all n
within a fixed depth iff Π ` Γ,∀xA(x) is LK-derivable.

Generalized Cut-free proofs can be calculated in the presence of strong quan-
tifiers, see [55]. (For a general discussion of the topic, see [23, 24]). In pres-
ence of nonatomic logical axioms, a limitation of the size of axioms and cuts
using Parikh’s theorem has to be employed (cf. eg [55]). The results of this
chapter can be extended to proofs with schematic quantifier free non-logical
axioms, but not to proofs with (subst) as axiom. This follows from the
undecidability of second order unification, cf. [55].

8.4 CERES and Herbrand Sequent Extraction

A further proof theoretic strength of CERES is illustrated by the possibility
to demonstrate that a specific Herbrand sequent cannot be extracted from
a given proof with cuts – even without eliminating them. In fact one can
show that a Herbrand sequent is composed from the Herbrand sequents of
the projections after deletion of the clause parts.
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Example 8.4.1 Let

Df
k = (∀x)(P (f(x))→ P (f(s2

k
(x)))),

Dg
k = (∀x)(P (g(x))→ P (g(s2

k
(x)))).

Moreover let φfk be the obvious cut-free proof of Df
k ` D

f
k+1 and χfk be the

cut-free LK-proof

obvious proof
Df
n, P (f(0)) ` P (f(s2

n
(0)))

Df
n, P (f(0)) ` P (f(s2

n
(0))) ∨ P (g(s2

n
(0)))

∨: r

Df
n, P (f(0)), P (g(0)), Dg

0 ` P (f(s2
n
(0))) ∨ P (g(s2

n
(0)))

w:∗

Now we combine the proofs φf0 , . . . , φ
f
n−1, χ

f
n by cuts on the formulas Df

1 , . . . ,
Df
n to a proof ψn of the end sequent

P (f(0)), P (g(0)), Df
0 , D

g
0 ` P (f(s2

n
(0))) ∨ P (g(s2

n
(0))).

We write ∆ for P (f(0)), P (g(0)), Df
0 , D

g
0 and A for P (f(s2

n

(0)))∨P (g(s2
n

(0))).
Note that only the proofs φf0 and χfn have projections with nontautological
clauses. Indeed, for φf0 we obtain a projection sequent of the form

P (f(x)),∆ ` A,P (f(s(x)))

and for χfn sequents of the form

∆ ` A,P (f(0)), P (f(s2
n
(0))),∆ ` A.

After deletion of the clause parts and the pruning of weakenings the Her-
brand sequents of the projections have the form

S1: P (f(x))→ P (f(s(x))) ` for φf0 ,

and
S2: P (f(0)) ` P (f(s2

n
(0))) ∨ P (g(s2

n
(0))) for χfn.

Therefore, the valid Herbrand sequent

P (f(0)), P (g(0)), P (g(0))→ P (g(s(0))), . . . , P (g(s2
n−1(0)))→ P (g(s2

n
(0)))

`
P (f(s2

n
(0))) ∨ P (g(s2

n
(0)))

cannot be obtained from ψn by cut-elimination and is not composed of S1

and S2 using possibly weakening. 3
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8.5 Analysis of Mathematical Proofs

The analysis of mathematical proofs is one of the most prominent activities
of mathematical research. Many important notions of mathematics origi-
nated from the generalization of existing proofs. The advantage of logical
methods of the analysis of proofs lies in their systematic nature. Nowadays
two main forms of logical analysis of proofs can be distinguished:

(1) methods which allow the constructions of completely new proofs from
given ones; here the original proofs serve only as a tool and the relation
to the old proof is only of minor interest. The most prominent method
of this type is functional interpretation as in [54] and Herbrand analysis
as, e.g., in the analysis of Roth’s theorem by Luckhard [63].

(2) Methods which construct elementary proofs to give interpretations of
the original ones; the most important example is Girard’s transfor-
mation of the Fürstenberg–Weiss proof of van der Waerden’s theorem
into the original combinatorial proof of van der Waerden by means of
cut-elimination [40].

CERES can be applied in both directions: concerning (2) CERES gives a rea-
sonable overview of elementary proofs obtainable by the usual forms of cut-
elimination in a nondeterministic sense. This makes the formulation of neg-
ative results possible, namely that a certain class of nonelementary proofs
cannot be the origin of given cut-free proofs. For (1) the characteristic clause
term can be analyzed mathematically without any regards to the original
proofs to obtain new proofs and better bounds.

8.5.1 Proof Analysis by Cut-Elimination

In this book we selected two simple examples of mathematical proofs to
illustrate the proof analysis by CERES. A more involved example, the analysis
of the topological proof of the infinity of primes by H. Fürstenberg [1] can
be found in [13]. The two examples in this book also demonstrate that a
final interpretation of the output of CERES by a mathematician is necessary.
CERES can thus be considered as an interactive tool for mathematicians in
the interpretation of proofs.
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8.5.2 The System ceres

The cut-elimination system ceres is written in ANSI-C++.1 There are two
main tasks. On the one hand to compute an unsatisfiable set of clauses C
characterizing the cut formulas. This is done by automatically extracting the
characteristic clause term and the computation of the resulting characteristic
clause set. On the other hand to evaluate a resolution refutation of the
characteristic clause set gained from an external theorem prover2 and to
compute the necessary projection schemes of the clauses actually used to
refute the characteristic clause set. The properly instantiated projection
schemes, such that every instantiated projection derives a clause instance
of the refutation, are concatenated by using the resolution refutation as a
skeleton of the cut-free proof yielding an ACNF. Equality rules appearing
within the input proof are propagated to the projection schemes in the
usual way (as arbitrary binary rules) and during theorem proving treated
by means of paramodulation which applications within the final resolution
refutation are transformed to appropriate LK equality rules again. The
definition introductions introduced in Chapter 7 do not require any other
special treatment within ceres than the ordinary unary rules.
Our system also performs proof skolemization on the input proofs (if neces-
sary) since skolemized proofs are a crucial requirement for the CERES-method
to be applied; the skolemization method is that of Andrews [2].
The system ceres expects an LKDe-proof ϕ and a set of atomic axioms as
input; the output is a CERES normal of ϕ. Input and output are formatted
using the well known data representation language XML,3 which allows the
use of arbitrary and well known utilities for editing, transformation and pre-
sentation and standardized programming libraries. To increase performance
and to avoid redundancy most parts of the proofs are internally represented
as directed acyclic graphs. This representation turns also out to be very
handy for the internal unification algorithms.
The formal analysis of mathematical proofs (especially by the human mathe-
matician as pre- and post-processor) relies on a suitable format for the input
and output of proofs and on an appropriate aid in dealing with them. We
developed an intermediary proof language (HLK) connecting the language

1The C++ Programming Language following the International Standard 14882:1998
approved as an American National Standard (see http://www.ansi.org).

2The current version of ceres uses the automated theorem prover Prover9
(see http://www.cs.unm.edu/ mccune/mace4/), but any refutational theorem prover ca-
pable of paramodulation may be used.

3See http://www.w3.org/XML/ for more information on the Extensible Markup Lan-
guage specification.
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of mathematical proofs with LK using equality and definitions. Further-
more we implemented a proof-viewer and proof-editor (ProofTool) with a
graphical user interface. HLK and ProofTool make input and the analysis
of the output of ceres much more comfortable. Thereby the usage of def-
initions as well as the integration of equality into the underlying calculus
play an essential role for the overlooking, understanding and the analysis
of complex mathematical proofs by humans. As the final proof is usually
to long to be interpreted by humans, ceres also contains an algorithm for
Herbrand sequent extraction which stronlgy reduces redundancy and makes
the output intellegible. A more detailed description of the ceres-system can
be found in [48] and on the webpage.4 The application of Herbrand sequent
extraction is described in [47, 79].

8.5.3 The Tape Proof

The example below (the tape proof) is taken from [78]; it was formalized
in LK and analyzed by CERES in the papers [11] by the original version of
CERES and [12] (by the extended version of CERES based on LKDe). In this
section we use the extended version of CERES to give a simple formalization
and a mathematical analysis of the tape proof. The end-sequent of the tape
proof formalizes the statement: on a tape with infinitely many cells which
are all labeled by 0 or by 1 there are two cells labeled by the same number.
f(x) = 0 expresses that the cell nr. x is labeled by 0. Indexing of cells is
done by number terms defined over 0, 1 and +. The proof ϕ below uses two
lemmas:

(1) there are infinitely many cells labeled by 0 and
(2) there are infinitely many cells labeled by 1.

These lemmas are eliminated by CERES and a more direct argument is ob-
tained in the resulting proof ϕ′. In the text below the ancestors of the cuts
in ϕ are indicated in boldface.

Let ϕ be the proof

(τ)
A ` I0, I1

(ε0)
I0 ` (∃p, q)(p 6= q ∧ f(p) = f(q))

A ` (∃p, q)(p 6= q ∧ f(p) = f(q)), I1
cut

(ε1)
I1 ` (∃p, q)(p 6= q ∧ f(p) = f(q))

A ` (∃p, q)(p 6= q ∧ f(p) = f(q))
cut

4http://www.logic.at/ceres/
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where τ =

(τ ′)
f(n0 + n1) = 0 ∨ f(n0 + n1) = 1 ` f(n0 + n1) = 0, f(n1 + n0) = 1
∀x(f(x) = 0 ∨ f(x) = 1) ` f(n0 + n1) = 0, f(n1 + n0) = 1 ∀: l

A ` f(n0 + n1) = 0, f(n1 + n0) = 1
def (A): l

A ` f(n0 + n1) = 0, (∃k)f(n1 + k) = 1 ∃: r

A ` (∃k)f(n0 + k) = 0, (∃k)f(n1 + k) = 1 ∃: r

A ` (∃k)f(n0 + k) = 0, (∀n)(∃k)f(n + k) = 1 ∀: r

A ` (∀n)(∃k)f(n + k) = 0, (∀n)(∃k)f(n + k) = 1 ∀: r

A ` I0, (∀n)(∃k)f(n + k) = 1
def (I0): r

A ` I0, I1
def (I1): r

For τ ′ =

f(n0 + n1) = 0 ` f(n0 + n1) = 0

(Axiom)
` n1 + n0 = n0 + n1 f(n1 + n0) = 1 ` f(n1 + n0) = 1

f(n0 + n1) = 1 ` f (n1 + n0) = 1
=: l

f(n0 + n1) = 0 ∨ f(n0 + n1) = 1 ` f(n0 + n1) = 0, f(n1 + n0) = 1
∨: l

And for i = 1, 2 we define the proofs εi =

ψ ηi

f(s) = i, f(t) = i ` s 6= t ∧ f(s) = f(t)
∧: r

f(s) = i, f(t) = i ` (∃q)(s 6= q ∧ f(s) = f(q)) ∃: r

f(s) = i, f(t) = i ` (∃p)(∃q)(p 6= q ∧ f(p) = f(q)) ∃: r

f(n0 + k0) = i, (∃k)f(((n0 + k0) + 1) + k) = i ` (∃p)(∃q)(p 6= q ∧ f(p) = f(q)) ∃: l

f(n0 + k0) = i, (∀n)(∃k)f(n + k) = i ` (∃p)(∃q)(p 6= q ∧ f(p) = f(q)) ∀: l

(∃k)f(n0 + k) = i, (∀n)(∃k)f(n + k) = i ` (∃p)(∃q)(p 6= q ∧ f(p) = f(q)) ∃: l

∀n∃k.f(n + k) = i, (∀n)(∃k)f(n + k) = i ` (∃p)(∃q)(p 6= q ∧ f(p) = f(q)) ∀: l

(∀n)(∃k)f(n + k) = i ` (∃p)(∃q)(p 6= q ∧ f(p) = f(q)) c: l

Ii ` (∃p)(∃q)(p 6= q ∧ f(p) = f(q))
def (Ii): l

for s = n0 + k0, t = ((n0 + k0) + 1) + k1, and the proofs
ψ =

(axiom)
` (n0 + k0) + (1 + k1) = ((n0 + k0) + 1) + k1

(axiom)
n0 + k0 = (n0 + k0) + (1 + k1) `

n0 + k0 = ((n0 + k0) + 1) + k1 `
=: l1

` n0 + k0 6= ((n0 + k0) + 1) + k1
¬: r
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and ηi =

f(s) = i ` f(s) = i

f(t) = i ` f(t) = i
(axiom)
` i = i

f(t) = i ` i = f(t) =: r2

f(s) = i, f(t) = i ` f(s) = f(t) =: r2

The characteristic clause set is (after variable renaming)

CL(ϕ) = {` f(x+ y) = 0, f(y + x) = 1; (C1)

f(x+ y) = 0, f(((x+ y) + 1) + z) = 0 `; (C2)

f(x+ y) = 1, f(((x+ y) + 1) + z) = 1 `} (C3).

The axioms used for the proof are the standard axioms of type A ` A and
instances of ` x = x, of commutativity ` x + y = y + x, of associativity
` (x+ y) + z = x+ (y + z), and of the axiom

x = x+ (1 + y) `,

expressing that x+ (1 + y) 6= x for all natural numbers x, y.
The comparison with the analysis of Urban’s proof formulated in LK with-
out equality [11] shows that this one is much more legible. In fact the set of
characteristic clauses contains only 3 clauses (instead of 5), which are also
simpler. This also facilitates the refutation of the clause set and makes the
output proof simpler and more transparent. On the other hand, the analysis
below shows that the mathematical argument obtained by cut-elimination
is the same as in [11].
The program Otter found the following refutation of CL(ϕ) (based on hy-
perresolution only – without equality inference):
The first hyperesolvent, based on the clash sequence (C2;C1, C1), is

C4 = ` f(y + x) = 1, f(z + ((x+ y) + 1)) = 1,
with the intermediary clause

D1 = f(((x+ y) + 1) + z) = 0 ` f(y + x) = 1.

The next clash is sequence is (C3;C4, C4) which gives C5 with intermediary
clause D2, where:

C5 = ` f(v′ + u′) = 1, f(v + u) = 1,
D2 = f(x+ y) = 1 ` f(v + u) = 1.
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Factoring C5 gives C6:` f(v+u) = 1 (which roughly expresses that all fields
are labelled by 1). The final clash sequence (C3;C6, C6) obviously results in
the empty clause ` with intermediary clause D3: f(((x+ y) + 1) + z) = 1 `.
The hyperresolution proof ψ3 in form of a tree can be obtained from the
following resolution trees ψ1 and ψ2 defined below, where C ′ and ψ′ stand
for renamed variants of C and of ψ, respectively.

ψ1 =

` C1{x← u′, y ← v′}

C1

` f(x+ y) = 0, f(y + x) = 1
C2{u← x, v ← y}

f(u+ v) = 0, f(t(u, v, z)) = 0 `
f(t(x, y, z)) = 0 ` f(y + x) = 1 (D1)

` f(y + x) = 1, f(t′(x, y, z)) = 1 (C4)

for t(x, y, z) = ((x+ y) + 1) + z and t′(x, y, z) = z+ ((x+ y) + 1). We give a
mathematical interpretation of ψ1. To this aim we first compute the global
m.g.u. of ψ1 which is

σ = {u← x, v ← y, u′ ← (x+ y) + 1, v′ ← z}.

Moreover we use the properties of associativity and commutativity to sim-
plify the terms. Then C1 says that all cells x+ y are either labeled by 0 or
by 1. C2 expresses that not both cells x+y and t(x, y, z) are 0. Therefore, if
cell t(x, y, z) is 0 then cell x+ y must be different from 0 and thus 1 (clause
D1). An instance of C1 tells that either cell t(x, y, z) is 0 or it is 1. Hence
either cell x + y is 1 or cell t(x, y, z) is one (this is the statement expressed
by clause C4).

ψ2 =

ψ1

ψ1

C3{x← u, y ← v, z ← w}
f(u+ v) = 1, f(((u+ v) + 1) + w) = 1 `
f(u+ v) = 1 ` f(y + x) = 1 (D′

2)
` f(y + x) = 1, f(v + u) = 1 (C ′5)

` f(v + u) = 1 (C6)

The most general unifier in the resolution of C4 with C ′3 in ψ2 is

σ1 = {z ← (u+ v) + 1, w ← (x+ y) + 1}.

Let t = u+ v + 1 + x+ y + 1. Then the two clauses express:

• either cell x+ y is 1 or cell t is 1,
• not both cells u+ v and t are 1.
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So, if cell u+ v is 1 then cell t is different from 1 and therefore cell x+ y is
1 (C ′2). Note that the clause C ′2 represents the formula

(∀u, v, x, y)(f(u+ v) = 1→ f(x+ y) = 1)

which is equivalent (via quantifier shifting) to

(∃u, v)f(u+ v) = 1→ (∀x, y)f(y + x) = 1.

Therefore the existence of u, v s.t. cell u+ v is 1 implies that all cells x+ y
are 1 (which means that all cells are 1). Now, again, we use ψ1 which derives
C4, from which the existence of these u, v follows. We conclude that all cells
x+ y are 1 (clause C6).
Now we define ψ3 =

(ψ2)
` f(v + u) = 1

(ψ2)
` f(v + u) = 1 f(x+ y) = 1, f(((x+ y) + 1) + z) = 1 ` (C3)

f(((x+ y) + 1) + z) = 1 ` (D3)
`

The refutation obtained in ψ3 is simple. We know that, for all u, v, the cell
v + u is 1. But C3 expresses that one of the cells x+ y, x+ y + z + 1 must
be different from 1. With the substitutions

λ1 = {v ← x, u← y}, λ2 = {v ← (x+ y) + 1, u← z}

we obtain a contradiction.
Instantiation of ψ3 by the uniform most general unifier σ of all resolutions
gives a deduction tree ψ3σ in LKDe; indeed, after application of σ, reso-
lution becomes cut and factoring becomes contraction. The proof ψ3σ is
the skeleton of an LKDe-proof of the end-sequent with only atomic cuts.
Then the leaves of the tree ψ3σ have to be replaced by the proof projections.
E.g., the clause C1 is replaced by the proof ϕ[C1], where s = n0 + n1 and
t = n1 + n0:

f(s) = 0 ` f(s) = 0

(Axiom)
` t = s f(t) = 1 ` f(t) = 1

f(s) = 1 ` f(t) = 1 =: l

f(s) = 0 ∨ f(s) = 1 ` f(s) = 0, f(t) = 1 ∨: l

(∀x)(f(x) = 0 ∨ f(x) = 1) ` f(s) = 0, f(t) = 1 ∀: l

A ` f(s) = 0, f(t) = 1
def (A): l

A ` (∃p)(∃q)(p 6= q ∧ f(p) = f(q)), f(s) = 0, f(t) = 1
w: r
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Furthermore C2 is replaced by the projection ϕ[C2] and C3 by ϕ[C3], where
(for i = 0, 1) ϕ[C2+i] =

ψ ηi
f(s) = i, f(t) = i ` s 6= t ∧ f(s) = f(t)

∧: r

f(s) = i, f(t) = i ` (∃q)(s 6= q ∧ f(s) = f(q)) ∃: r

f(s) = i, f(t) = i ` (∃p)(∃q)(p 6= q ∧ f(p) = f(q)) ∃: r

f(s) = i, f(t) = i, A ` (∃p)(∃q)(p 6= q ∧ f(p) = f(q)) w: l

Note that ψ, η0, η1 are the same as in the definition of ε0, ε1 above.
By inserting the σ-instances of the projections into the resolution proof
ψ3σ and performing some additional contractions, we eventually obtain the
desired proof ϕ′ of the end-sequent

A ` (∃p)(∃q)(p 6= q ∧ f(p) = f(q))

with only atomic cuts. ϕ′ no longer uses the lemmas that infinitely many
cells are labeled by 0 and by 1, respectively. The mathematical arguments
in ϕ′ are essentially those of the resolution refutation ψ′3, but transformed
into a “direct” proof by inserting the projections. We see that already the
resolution refutation of the characteristic clause set contains the essence of
the mathematical argument.

8.5.4 The Lattice Proof

In this section, we demonstrate the usefulness of a Herbrand sequent for un-
derstanding a formal proof. We choose a simple example from lattice theory
The analysis shown below largely follows this in [47]. There are several dif-
ferent, but equivalent, definitions of lattice. Usually, the equivalence of sev-
eral statements is shown by proving a cycle of implications. While reducing
the size of the proof, this practice has the drawback of not providing direct
proofs between the statements. But by cut-elimination we can automati-
cally generate a direct proof between any two of the equivalent statements.
In this section, we will demonstrate how to apply cut-elimination with the
system ceres followed by Herbrand sequent extraction for this purpose.
Definitions 8.5.2, 8.5.3 and 8.5.5 list different sets of properties that a 3-
tuple 〈L,∩,∪〉 or a partially ordered set 〈S,≤〉 must have in order to be
considered a lattice.

Definition 8.5.1 (Semi-Lattice) A semi-lattice is a set L together with
an operation ◦ which is
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• commutative: (∀x)(∀y) x ◦ y = y ◦ x,

• associative: (∀x)(∀y)(∀z) (x ◦ y) ◦ z = x ◦ (y ◦ z) and

• idempotent: (∀x) x ◦ x = x.

3

Definition 8.5.2 (Lattice: definition 1) A L1-lattice is a set L together
with operations ∩ (meet) and ∪ (join) s.t. both 〈L,∩〉 and 〈L,∪〉 are semi-
lattices and ∩ and ∪ are “inverse” in the sense that

(∀x)(∀y)(x ∩ y = x↔ x ∪ y = y).

3

Definition 8.5.3 (Lattice: definition 2) A L2-lattice is a set L together
with operations ∩ and ∪ s.t. both 〈L,∩〉 and 〈L,∪〉 are semi-lattices and
the absorption laws

(∀x)(∀y) (x ∩ y) ∪ x = x and (∀x)(∀y) (x ∪ y) ∩ x = x

hold. 3

Definition 8.5.4 (Partial Order) A binary relation ≤ on a set S is called
a partial order if it is

• reflexive (R): (∀x) x ≤ x,

• anti-symmetric (AS): (∀x)(∀y) ((x ≤ y ∧ y ≤ x)→ x = y) and

• transitive (T): (∀x)(∀y)(∀z) ((x ≤ y ∧ y ≤ z)→ x ≤ z).

3

Definition 8.5.5 (Lattice: definition 3) A L3-lattice is a partially or-
dered set 〈S,≤〉 s.t. for each two elements x, y of S there exist

• a greatest lower bound (GLB) glb(x, y), i.e.

(∀x)(∀y)(glb(x, y) ≤ x∧glb(x, y) ≤ y∧(∀z)((z ≤ x∧z ≤ y)→ z ≤ glb(x, y)),

• and a least upper bound (LUB) lub(x, y) i.e.

(∀x)(∀y)(x ≤ lub(x, y)∧y ≤ lub(x, y)∧(∀z)((x ≤ z∧y ≤ z)→ lub(x, y) ≤ z)).

3
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The above three definitions of lattice are equivalent. We will formalize the
following proofs of L1→ L3 and L3→ L2 in order to extract a direct proof
of L1→ L2, i.e. a proof which does not use the notion of partial order.

Proposition 8.5.1 L1-lattices are L3-lattices.

Proof: Let 〈L,∩,∪〉 be an L1-lattice. We define a relation ≤ by

x ≤ y ↔ x ∩ y = x.

By idempotence of ∩, ≤ is reflexive.
Anti-symmetry of ≤ follows from commutativity of ∩ as (x∩y = x∧y∩x =
y)→ x = y.
To see that ≤ is transitive, assume (a) x∩ y = x and (b) y ∩ z = y to derive

x ∩ z =(a) (x ∩ y) ∩ z =(assoc.) x ∩ (y ∩ z) =(b) x ∩ y =(a) x

So ≤ is a partial order on L.
Now we prove that, for all elements x, y ∈ L, x∩ y is a greatest lower bound
w.r.t. ≤.
By associativity, commutativity and idempotence of ∩, we have (x∩y)∩x =
x∩ y, i.e. x∩ y ≤ x and similarly x∩ y ≤ y, so ∩ is a lower bound for ≤. To
see that ∩ is also the greatest lower bound, assume there is a z with z ≤ x
and z ≤ y, i.e. z ∩ x = z and z ∩ y = z. Then, by combining these two
equations, (z ∩ y) ∩ x = z, and by associativity and commutativity of ∩,
z ≤ x ∩ y.
Finally we prove that, for all elements x, y ∈ L, x∪ y is a least upper bound
of x, y w.r.t. ≤.
To see that x∪ y is an upper bound, derive from the axioms of semi-lattices
that

x ∪ (x ∪ y) = x ∪ y

which, by the “inverse” condition of L1 gives x ∩ (x ∪ y) = x, i.e. x ≤ x ∪ y
and similarly for y ≤ x ∪ y.
Now assume there is a z with x ≤ z and y ≤ z, i.e. x ∩ z = x and y ∩ z = z
and by the “inverse” condition of L1: x ∪ z = z and y ∪ z = z. From these
two equations and the axioms of semi-lattices, derive (x∪ y)∪ z = z which,
by the “inverse” condition of L1, gives (x∪ y)∩ z = x∪ y, i.e. x∪ y ≤ z. So
x ∪ y is a least upper bound of x, y. 2

Proposition 8.5.2 L3-lattices are L2-lattices.
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Proof: Assume that 〈L,≤〉 is an L3-lattice. For any two elements x, y ∈ L
we select a greatest lower bound glb(x, y) of x, y and define x∩y = glb(x, y);
similarly we define x ∪ y = lub(x, y).
We have to prove the absorbtion laws for ∩, ∪.
The first law is (x ∩ y) ∪ x = x. That x ≤ (x ∩ y) ∪ x follows immediately
from ∪ being an upper bound. But x ∩ y ≤ x because ∩ is a lower bound.
Furthermore also x ≤ x, so x is an upper bound of x∩ y and x. But as ∪ is
the lowest upper bound, we have (x∩ y)∪x ≤ x which by anti-symmetry of
≤ proves (x∩y)∪x = x. The proof of the other absorption law (x∪y)∩x = x
is completely symmetric. 2

By concatenation, the above two proofs show that all L1-lattices are L2-
lattices. However, this proof is not a direct one, it uses the notion of partially
ordered set which occurs neither in L1 nor in L2. By cut-elimination we
obtain a direct formal proof automatically.
The analysis of the lattice proof, performed in CERES, followed the steps
below (see also [47]):

1. Formalization of the lattice proof in the sequent calculus LKDe: semi-
automated by HLK5. Firstly the proof was written in the language
HandyLK, which can be considered as an intermediary language be-
tween informal mathematics and LKDe. Subsequently, HLK compiled
it to an LKDe-proof ψ.

2. Cut-Elimination of the formalized lattice proof : fully automated by
CERES, by applying the cut-elimination procedure based on resolution,
sketched in Section 6.4, to ψ. First we obtain a characteristic clause set
CL(ϕ), then a refutation of CL(ϕ) by resolution and paramodulation
and, finally, a LKDe-proof ϕ in CERES normal form.

3. Extraction of the Herbrand sequent of the ACNF : fully automated by
ceres, employing the algorithm described in Section 4.2.

4. Use of the Herbrand sequent to interpret and understand the proof ϕ∗,
in order to obtain a new direct informal proof.

The full formal proof ψ has 260 rules (214 rules, if structural rules (except
cut) are not counted). It is too large to be displayed here. Below we show
only a part of it, which is close to the end-sequent and depicts the main
structure of the proof, based on the cut-rule with L3 as the cut-formula.

5HLK Website: http://www.logic.at/hlk/
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This cut divides the proof into two subproofs corresponding to Propositions
8.5.1 and 8.5.2. The full proofs, conveniently viewable with ProofTool,6 are
available in the website of CERES.

[pR]
` R

[pAS ]
` AS

[pT ]
` T

` AS ∧ T ∧: r

` R ∧ (AS ∧ T )
∧: r

` POSET d: r
[pGLB] [pLUB ]
L1 ` GLB ∧ LUB ∧: r

L1 ` POSET ∧ (GLB ∧ LUB)
∧: r

L1 ` L3 d: r [p2
3]

L3 ` L2
L1 ` L2 cut

• L1 ≡ (∀x)(∀y)(((x∩y) = x ⊃ (x∪y) = y)∧((x∪y) = y ⊃ (x∩y) = x)).

• L2 ≡ (∀x)(∀y)((x ∩ y) ∪ x = x ∧ (x ∪ y) ∩ x = x).

• L3 ≡ POSET ∧ (GLB ∧ LUB)

• pAS , pT , pR are proofs of, respectively, anti-symmetry (AS), transitiv-
ity (T) and reflexivity (R) of ≤ from the axioms of semi-lattices.

• p2
3 is a proof that L3-lattices are L2-lattices, from the axioms of semi-

lattices.

Remark: We formulated L2 in prenex form s.t. we can apply the algorithm
for Herbrand sequent extraction defined in Section 4.2. In [47] L2 has been
defined in the following non-prenex form:

(∀x)(∀y)((x ∩ y) ∪ x = x ∧ (∀x)(∀y)(x ∪ y) ∩ x = x).

The skolemized proof of our prenex version (obtained by applying quantifier
distribution backwards) contains only two Skolem constants s1, s2, while
in [47] four Skolem constants s1, . . . , s4 have to be introduced. The algorithm
for Herbrand extraction applied in [47] is more general than this presented
in Section 4.2, but it coincides with our’s in case of prenex end-sequents. 3

Prior to cut-elimination, the formalized proof is skolemized by ceres, re-
sulting in a proof of the skolemized end-sequent L1 ` (s1 ∩ s2) ∪ s1 =
s1∧(s1∪s2)∩s1 = s1, where s1 and s2 are skolem constants for the strongly
quantified variables of L2. Then ceres eliminates cuts, producing a proof
in atomic-cut normal (also available for visualization with ProofTool in the
website of CERES).

6ProofTool Website: http://www.logic.at/prooftool/
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The CERES normal form ϕ is still quite large (214 rules; 72 rules not counting
structural rules (except cut)). It is interesting to note, however, that ϕ is
smaller than the original proof ψ in this case, even though in the worst case
cut-elimination can produce a non-elementary increase in the size of proofs
as we have shown in Section 4.3.
Although ϕ itself is rather large, the extracted Herbrand sequent contains
only 6 formulas. Therefore, the Herbrand sequent significantly reduces the
amount of information that has to be analyzed in order to extract the direct
mathematical argument contained in ϕ.
The Herbrand sequent of the CERES normal form , after set-normalization
and removal of remaining sub-formulas introduced by weakening (or as the
non-auxiliary formula of ∨ and ∧ rules) in the ACNF, is:

(A1) s1 ∪ (s1 ∪ (s1 ∩ s2)) = s1 ∪ (s1 ∩ s2)→ s1 ∩ (s1 ∪ (s1 ∩ s2)) = s1,
(A2) s1 ∩ s1 = s1 → s1 ∪ s1 = s1,
(A3) (s1 ∩ s2) ∩ s1 = s1 ∩ s2︸ ︷︷ ︸

(A3i)

→ (s1 ∩ s2) ∪ s1 = s1,

(A4) (s1 ∪ (s1 ∩ s2)) ∪ s1 = s1 → (s1 ∪ (s1 ∩ s2)) ∩ s1 = s1 ∪ (s1 ∩ s2),
(A5) s1 ∪ (s1 ∪ s2) = s1 ∪ s2︸ ︷︷ ︸

(A5i)

→ s1 ∩ (s1 ∪ s2) = s1

(C1) ` (s1 ∩ s2) ∪ s1 = s1︸ ︷︷ ︸
(C1i)

∧ (s1 ∪ s2) ∩ s1 = s1︸ ︷︷ ︸
(C1ii)

After extracting a Herbrand sequent from the ACNF, the next step is to
construct an informal, analytic proof of the theorem, based on the ACNF,
but using only the information about the variable instantiations contained
in its extracted Herbrand sequent. We want to stress that, in the analysis
below, we are not performing syntactic manipulations of formulas of first-
order logic, but instead we use the formulas from the Herbrand sequent of
the CERES normal form ϕ as a guide to construct an analytical mathematical
proof.

Theorem 8.5.1 All L1-lattices 〈L,∩,∪〉 are L2-lattices.

Proof: As both lattice definitions have associativity, commutativity and idem-
potence in common, it remains to show that the absorption laws hold for
〈L,∩,∪〉. We notice that, as expected, these properties coincide with the
conjunction (C1) for arbitrary s1, s2 on the right hand side of the Herbrand
sequent and so we proceed by proving each conjunct for arbitrary s1, s2 ∈ L:

1. We notice that (A3i)+(A3) imply (C1i). So we prove these properties:
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(a) First we prove (A3i):

s1 ∩ s2 =(idem.) (s1 ∩ s1) ∩ s2 =(assoc.) s1 ∩ (s1 ∩ s2) =(comm.)

s1 ∩ (s2 ∩ s1) =(assoc.) (s1 ∩ s2) ∩ s1

(b) Assume (s1 ∩ s2) ∩ s1 = s1 ∩ s2. By definition of L1-lattices,
(s1 ∩ s2) ∪ s1 = s1. Thus, we have proved (A3).

2. Again, we notice that (A5i)+ (A5)+ commutativity imply (C1ii) and
use this fact:

(a) s1 ∪ s2 =(idem.) (s1 ∪ s1) ∪ s2 =(assoc.) s1 ∪ (s1 ∪ s2). We have
proved (A5i).

(b) Assume s1 ∪ (s1 ∪ s2) = s1 ∪ s2. By definition of L1-lattices,
s1 ∩ (s1 ∪ s2) = s1. This proves (A5).

So we have shown that for arbitrary s1, s2 ∈ L, we have (s1 ∩ s2) ∪ s1 = s1
and (s1 ∪ s2) ∩ s1 = s1, which completes the proof.

Contrary to the proof in Section 8.5.4, we can now directly see the algebraic
construction used to prove the theorem. This information was hidden in the
synthetic argument that used the notion of partially ordered sets and was
revealed by cut-elimination.
This example shows that the Herbrand sequent indeed contains the essential
information of the ACNF, since an informal direct proof corresponding to the
ACNF could be constructed by analyzing the extracted Herbrand sequent
only.





Chapter 9

CERES in Nonclassical
Logics

There are two main strategies to extend CERES to nonclassical logics: Non-
classical logics can sometimes be embedded into classical logics, i.e. their
semantics can be classically formalized. Nonclassical proofs can thereby be
translated into classical ones and CERES can be applied. This, however,
changes the meaning of the information obtained from cut-free proofs (Her-
brand disjuncts, interpolants, etc.). The second possibility is to adapt CERES
to the logic in question. In this way CERES has been extended to a wide class
of finitely-valued logics [19].
Considering the intended applications, intuitionistic logic and intermediate
logics, i.e., logics over the standard language that are stronger than intuition-
istic logic, but weaker than classical logic, are even more important targets
for similar extensions. However, there are a number formidable obstacles to
a straightforward generalization of CERES to this realm of logics:

• It is unclear whether and how classical resolution can be generalized,
for the intended purpose, to intermediate logics.

• Gentzen’s sequent format is too restrictive to obtain appropriate ana-
lytic calculi for many important intermediate logics.

• Skolemization, or rather the inverse de-Skolemization of proofs – an
essential prerequisite for CERES – is not possible in general.

M. Baaz, A. Leitsch, Methods of Cut-Elimination, Trends in Logic 34, 229
DOI 10.1007/978-94-007-0320-9 9, c© Springer Science+Business Media B.V. 2011
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9.1 CERES in Finitely Valued Logics

The core of classical cut-elimination methods in the style of Gentzen [38]
consists of the permutation of inferences and of the reduction of cuts to cuts
on the immediate subformulas of the cut formulas. If we switch from two-
valued to many-valued logic, the reduction steps become intrinsically tedious
and opaque [10] in contrast to the extension of CERES to the many-valued
case, which is straightforward.
We introduce CERES-m for correct (possible partial) calculi for m-valued
first order logics based on m-valued connectives, distributive quantifiers [30]
and arbitrary atomic initial sequents closed under substitution. We do not
touch the completeness issue of these calculi, instead we derive clause terms
from the proof representing the formulas which are ancestor formulas of the
cut formulas, just as in Section 6.4. Like in the classical case the evaluation
of these clause terms guarantees the existence of a resolution refutation as
core of a proof with atomic cuts only. This resolution refutation is extended
to a proof of the original end-sequent by adjoining cut-free parts of the
original proof. Therefore, it is sufficient to refute the suitably assembled
components of the initial sequents using a m-valued theorem prover [9]

9.1.1 Definitions

Definition 9.1.1 (language) The alphabet Σ consists of an infinite supply
of variables, of infinite sets of n-ary function symbols and predicate symbols.
Moreover, Σ contains a set W of truth symbols denoting the truth values of
the logic, a finite number of connectives ◦1, . . . , ◦m of arity n1, . . . , nm, and
a finite number of quantifiers Q1, . . . , Qk. 3

Definition 9.1.2 (formula) An atomic formula is an expression of the
form P (t1, . . . , tn) where P is an n-ary predicate symbol in Σ and t1, . . . , tn
are terms over Σ. Atomic formulas are formulas.
If ◦ is an n-ary connective and A1, . . . , An are formulas then ◦(A1, . . . , An)
is a formula.
If Q is quantifier in Σ and x is a variable then (Qx)A is a formula. 3

Definition 9.1.3 (signed formula) Let w ∈W andA be a formula. Then
w:A is called a signed formula. 3

Definition 9.1.4 (sequent) A sequent is a finite sequence of signed for-
mulas. The number of signed formulas occurring in a sequent S is called
the length of S and is denoted by l(S). Ŝ is called the unsigned version of S
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if every signed formula w:A in S is replaced by A. The length of unsigned
versions is defined in the same way. A sequent S is called atomic if Ŝ is a
sequence of atomic formulas. 3

Remark: Note that the classical sequent (∀x)P (x) ` Q(a) can be written
as f : (∀x)P (x), t:Q(a). 3

m-valued sequents are sometimes written as m-sided sequents. We refrain
from this notation, because it denotes a preferred order of truth values,
which even in the two-valued case might induce unjustified conclusions.

Definition 9.1.5 (axiom set) A set A of atomic sequents is called an ax-
iom set if A is closed under substitution. The definition is the same as for
classical sequents (see Definition 3.2.1). 3

The calculus we are defining below is capable of formalizing any finitely
valued logic. Concerning the quantifiers we assume them to be of distributive
type [30]. Distribution quantifiers are functions from the non-empty sets of
truth values to the set of truth values, where the domain represents the
situation in the structure, i.e. the truth values actually taken.

Definition 9.1.6 Let A(x) be a formula with free variable x. The distri-
bution Distr(A(x)) of A(x) is the set of all truth values in W to which A(x)
evaluates (for arbitrary assignments of domain elements to x). 3

Definition 9.1.7 Let q be a mapping 2W → W . In interpreting the for-
mula (Qx)A(x) via q we first compute Distr(A(x)) and then q(Distr(A(x))),
which is the truth value of (Qx)A(x) under the interpretation. 3

In the calculus defined below the distinction between quantifier introductions
with (strong) and without eigenvariable conditions (weak) are vital.

Definition 9.1.8 A strong quantifier is a triple (V,w,w′) (for V ⊆ W )
s.t. (Qx)A(x) evaluates to w if Distr(A(x)) ⊆ V and to w′ otherwise. A
weak quantifier is a triple (u,w,w′) s.t. (Qx)A(x) evaluates to w if u ∈
Distr(A(x)), and to w′ otherwise. 3

Remark: Strong and weak quantifiers are dual w.r.t. to set complemen-
tation. In fact to any strong quantifier there corresponds a weak one and
vice versa. Like in classical logic we may speak about weak and strong
occurrences of quantifiers in sequents and formulas. 3
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Note that strong and weak quantifiers define merely a subclass of distribu-
tion quantifiers. Nevertheless the following property holds:

Proposition 9.1.1 Any distributive quantifier can be expressed by strong
and weak quantifiers and many valued associative, commutative and idem-
potent connectives (which are variants of conjunction and disjunction).

Proof: In [9]. 2

Definition 9.1.9 (LM-type calculi) We define an LM-type calculus K.
The initial sequents are (arbitrary) atomic sequents of an axiom set A. In
the rules of K we always mark the auxiliary formulas (i.e. the formulas in
the premise (premises) used for the inference) and the principal (i.e. the
inferred) formula using different marking symbols. Thus, in our definition,
classical ∧-introduction to the right takes the form

Γ, t:A+ Γ, t:B+

Γ, t:A ∧B∗

If Γ,∆ is a sequent then Γ,∆+ indicates that all signed formulas in ∆ are
auxiliary formulas of the defined inference. Γ,∆, w:A∗ indicates that w:A
is the principal formula (i.e. the inferred formula) of the inference.
Auxiliary formulas and the principal formula of an inference are always
supposed to be rightmost. Therefore we usually avoid markings as the status
of the formulas is clear from the notation.

Logical Rules:

Let ◦ be an n-nary connective. For any w ∈W we have an introduction rule
◦:w of the form

Γ,∆+
1 ... Γ,∆+

m

Γ, w: ◦(π(∆̂1, . . . , ∆̂m, ∆̂))∗
◦:w

where l(∆1, . . . ,∆m,∆) = n (the ∆i are sequences of signed formulas which
are all auxiliary signed formulas of the inference) and π(S) denotes a per-
mutation of a sequent S.
Note that, for simplicity, we chose the additive version of all logical intro-
duction rules.

In the introduction rules for quantifiers we distinguish strong and weak in-
troduction rules. Any strong quantifier rule Q:w (for a strong quantifier
(V,w,w′)) is of the form

Γ, u1:A(α1)
+, . . . , um:A(αm)+

Γ, w: (Qx)A(x)∗
Q:w
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where the αi are eigenvariables not occurring in Γ, and V = {u1, . . . , um}.
Any weak quantifier rule (for a weak quantifier (u,w,w′)) is of the form

Γ, u:A(t)+

Γ, w: (Qx)A(x)∗
Q:w

where t is a term containing no variables which are bound in A(x). We say
that t is eliminated by Q:w.

We have to define a special n-ary connective for every strong quantifier
in order to carry out Skolemization. Indeed if we skip the introduction
of a strong quantifier the m (possibly m > 1) auxiliary formulas must be
contracted into a single one after the removal of the strong quantifier (see
definition of Skolemization below). Thus for every rule

Γ, u1:A(α1)+, . . . , um:A(αm)+

Γ, w: (Qx)A(x)∗
Q:w

we define a propositional rule

Γ, u1:A(t)+, . . . , um:A(t)+

Γ, w:A(t)∗
cQ:w

This new operator cQ can be eliminated by the de-Skolemization procedure
(to be defined below) afterwards.

Structural Rules:

The structural rule of weakening is defined like in LK (but we need only
one weakening rule and may add more then one formula).

Γ
Γ,∆

w

for sequents Γ and ∆.
To put the auxiliary formulas on the right positions we need permutation
rules of the form

F1, . . . , Fn
Fπ(1), . . . , Fπ(n)

π

where π is a permutation of {1, . . . , n} and the Fi are signed formulas .
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Instead of the usual contraction rules we define an n-contraction rule for
any n ≥ 2 and F1 = . . . = Fn = F :

Γ, F1, . . . , Fn
Γ, F

c : n

In contrast to LK we do not have a single cut rule, but instead rules cutww′
for any w,w′ ∈W with w 6= w′. Any such rule is of the form

Γ, w:A Γ′, w′:A
Γ,Γ′

cutww′

3

Definition 9.1.10 (proof) A proof of a sequent S from an axiom set A is
a directed labeled tree. The root is labeled by S, the leaves are labeled by
elements of A. The edges are defined according to the inference rules (in an
n-ary rule the children of a node are labeled by the antecedents, the parent
node is labeled by the consequent). Let N be a node in the proof ϕ then we
write ϕ.N for the corresponding subproof ending in N . For the number of
nodes in ϕ we write ‖ϕ‖l (compare to Definition 6.2.3). 3

Definition 9.1.11 Let K be an LM-type calculus. We define Φ[K] as the
set of all K-proofs. Φi[K] is the subset of Φ[K] consisting of all proofs with
cut-complexity ≤ i (Φ0[K] is the set of proofs with at most atomic cuts).
Φ∅[K] is the subset of all cut-free proofs. 3

Example 9.1.1 We define W = {0, u, 1} and the connectives as in the 3-
valued Kleene logic, but introduce a new quantifier D (“D” for determined)
which gives true iff all truth values are in {0, 1}. We only define the rules
for ∨ and for D, as no other operators occur in the proof below.

0:A, 1:A 0:B, 1:B 1:A, 1:B
1:A ∨B ∨: 1

u:A, u:B
u:A ∨B ∨:u 0:A 0:B

0:A ∨B ∨: 0

0:A(α), 1:A(α)
1: (Dx)A(x) D: 1

u:A(t)
0: (Dx)A(x) D: 0

where α is an eigenvariable and t is a term containig no variables bound in
A(x). Note that D: 1 is a strong, and D: 0 a weak quantifier introduction.
The formula u: (Dx)A(x) can only be introduced via weakening.
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For the notation of proofs we frequently abbreviate sequences of structural
rules by ∗; thus π∗ + ∨:u means that ∨:u is performed and permutations
before and/or afterwards. This makes the proofs more legible and allows to
focus on the logically relevant inferences. As in the definition of LM-type
calculi we mark the auxiliary formulas of logical inferences and cut by +,
the principle ones by ∗.
Let ϕ be the following proof

ϕ1 ϕ2

0: (Dx)((P (x) ∨Q(x)) ∨R(x)), 1: (Dx)P (x)
cut

where ϕ1 =

(ψ′)
0:P (α) ∨Q(α), u:P (α) ∨Q(α), 1:P (α) ∨Q(α)

0:P (α) ∨Q(α), u:P (α) ∨Q(α), u:R(α)∗, 1:P (α) ∨Q(α)
π∗ + w

0:A(α) ∨Q(α), u: (P (α) ∨Q(α)) ∨R(α)+∗
, 1:P (α) ∨Q(α)

π∗ + ∨:u

0: (Dx)((P (x) ∨Q(x)) ∨R(x))∗, 0:P (α) ∨Q(α)+, 1:P (α) ∨Q(α)+
π∗ +D: 0

0: (Dx)((P (x) ∨Q(x)) ∨R(x)), 1: (Dx)(P (x) ∨Q(x))∗
D: 1

and ϕ2 =

0:P (β), u:P (β), 1:P (β)

0:P (β), 1:P (β), u:P (β)+, u:Q(β)∗+
π∗ + w

0:P (β), u:P (β) ∨Q(β)∗+, 1:P (β)
π∗ + ∨:u

0: (Dx)(P (x) ∨Q(x))∗, 0:P (β)+, 1:P (β)+
π∗ +D: 0

0: (Dx)(P (x) ∨Q(x)), 1: (Dx)P (x)∗
D: 1

we have to define ψ′ as our axiom set must be atomic. We set

ψ′ = ψ(A,B){A← P (α), A← Q(α)}

and define
ψ(A,B) =

ψ1(A,B) ψ2(A,B)
0:A ∨B, u:A, u:B, 1:A ∨B π∗ + ∨: 0

0:A ∨B, u:A ∨B, 1:A ∨B π∗ + ∨:u

and
ψ1(A,B) =

0:A, u:A, u:B, 0:A, 1:A 0:A, u:A, u:B, 0:B, 1:B 0:A, u:A, u:B, 1:A, 1:B
0:A, u:A, u:B, 1:A ∨B ∨: 1
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ψ2(A,B) =

0:B, u:A, u:B, 0:A, 1:A 0:B, u:A, u:B, 0:B, 1:B 0:B, u:A, u:B, 1:A, 1:B
0:B, u:A, u:B, 1:A ∨B ∨: 1

It is easy to see that the end sequent is valid as the axioms contain

0:A, u:A, 1:A and 0:B, u:B, 1:B

as subsequents. 3

Definition 9.1.12 (W-clause) A W -clause is an atomic sequent (where
W is the set of truth symbols). The empty sequent is called empty clause
and is denoted by 2 . 3

Let S be an W -clause. S ′ is called a renamed variant of S if S′ = Sη for a
variable permutation η.

Definition 9.1.13 (W -resolution) We define a resolution calculus RW
which only depends on the set W (but not on the logical rules of K). RW
operates on W -clauses; its rules are:

1. resww′ for all w,w′ ∈W and w 6= w′,

2. w-factoring for w ∈W ,

3. permutations.

Let S: Γ, w:A and S′: Γ′, w′:A′ (where w 6= w′) be two W -clauses and
S′′: Γ′′, w′:A′′ be a variant of S ′ s.t. S and S′ are variable disjoint. Assume
that {A,B′} are unifiable by a most general unifier σ. Then the rule resww′
on S, S′ generates a resolvent R for

R = Γσ,Γ′′σ.

Let S: Γ, w:A1, . . . , w:Am be a clause and σ be a most general unifier of
{A1, . . . , Am}. Then the clause

S′: Γσ,w:A1σ

is called a w-factor of S.

A W -resolution proof of a clause S from a set of clauses S is a directed
labeled tree s.t. the root is labeled by S and the leaves are labeled by
elements of S. The edges correspond to the applications of w-factoring
(unary), permutation (unary) and resww′ (binary). 3
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It is proved in [8] that W -resolution is complete. For the LM-type calculus
we only require soundness w.r.t. the underlying logic. So from now on we
assume that K is sound.

Note that we did not define clauses as sets of signed literals; therefore we
need the permutation rule in order to “prepare” the clauses for resolution
and factoring.

Definition 9.1.14 (ground projection) Let γ be a W -resolution proof
and {x1, . . . , xn} be the variables occurring in the indexed clauses of γ.
Then, for all ground terms t1, . . . , tn, γ{x1 ← t1, . . . , x1 ← tn} is called a
ground projection of γ (compare to Definition 3.3.14). 3

Remark: Ground projections of resolution proofs are ordinary proofs in K;
indeed factoring becomes n-contraction and resolution becomes cut. 3

Definition 9.1.15 (ancestor relation) Let

S1: Γ,∆+
1 ... Sm: Γ,∆+

m

S: Γ, w:A∗
x

be an inference in a proof ϕ; let µ be the occurrence of the principal signed
formula w:A in S and νij be the occurrence of the j-th auxiliary formula in
Si. Then all νij are ancestors of µ.
The ancestor relation in ϕ is defined as the reflexive and transitive closure
of the above relation.
By S(N,Ω) (S̄(N,Ω)) we denote the subsequent of S at the node N of ϕ
consisting of all formulas which are (not) ancestors of a formula occurrence
in Ω.

3

Example 9.1.2 Let ψ(A,B) as in Example 9.1.1:
ψ(A,B) =

ψ1(A,B) ψ2(A,B)

0:A ∨B†, u:A, u:B, 1:A ∨B
π∗ + ∨: 0

0:A ∨B†, u:A ∨B, 1:A ∨B
π∗ + ∨:u

ψ1(A,B) =

0:A†, u:A, u:B, 0:A, 1:A 0:A†, u:A, u:B, 0:B, 1:B 0:A†, u:A, u:B, 1:A, 1:B

0:A†, u:A, u:B, 1:A ∨B
∨: 1



238 9 CERES IN NONCLASSICAL LOGICS

ψ2(A,B) =

0:B†, u:A, u:B, 0:A, 1:A 0:B†, u:A, u:B, 0:B, 1:B 0:B†, u:A, u:B, 1:A, 1:B

0:B†, u:A, u:B, 1:A ∨B
∨: 1

Let N0 be the root of ψ(A,B) and µ be the occurrence of the first formula
(0:A ∨B) in N . The formula occurrences which are ancestors of µ are
labeled with †. In the premises N1, N2 of the binary inference ∨: 0 we have
S(N1, {µ}) = 0:A and S(N2, {µ}) = 0:B.

3

9.1.2 Skolemization

As CERES-m (like CERES as defined in Section 6.4) augments a ground
resolution proof with cut-free parts of the original proof related only to
the end-sequent, eigenvariable conditions in these proof parts might be vi-
olated. To get rid of this problem, the endsequent of the proof and the
formulas, which are ancestors of the end-sequent have to be Skolemized, i.e
eigenvariables have to be replaced by suitable Skolem terms. To obtain a
skolemization of the end-sequent, we have to represent (analyze) distributive
quantifiers in terms of strong quantifiers (covering exclusively eigenvariables)
and weak quantifiers (covering exclusively terms). This was the main mo-
tivation for the choice of our definition of quantifiers in Definition 9.1.9.
The strong quantifiers are replaced by Skolem functions depending on the
weakly quantified variables determined by the scope. Note that distributive
quantifiers are in general mixed, i.e. they are neither weak nor strong, even
in the two-valued case.

9.1.3 Skolemization of Proofs

Definition 9.1.16 (Skolemization) Let ∆: Γ, w:A be a sequent and
(Qx)B be a subformula of A at the position λ where Qx is a maximal strong
quantifier in w:A. Let y1, . . . , ym be free variables occurring in (Qx)B, then
we define

sk(∆) = Γ, w:A[B{x← f(y1, . . . , ym)}]λ

where f is a function symbol not occurring in ∆.
If w:A contains no strong quantifier then we define sk(∆) = ∆.
A sequent S is in Skolem form if there exists no permutation S′ of S s.t.
sk(S′) 6= S′. S′ is called a Skolem form of S if S′ is in Skolem form and can
be obtained from S by permutations and the operator sk . 3
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The Skolemization of proofs can be defined in a way quite similar to the
classical case (compare to Section 6.2).

Definition 9.1.17 (Skolemization of K-proofs) Let K be an LM-type
calculus. We define a transformation of proofs which maps a proof ϕ of S
from A into a proof sk(ϕ) of S′ from A′ where S ′ is the Skolem form of S
and A′ is an instance of A.
Locate an uppermost logical inference which introduces a signed formula
w:A which is not an ancestor of a cut and contains a strong quantifier.

(a) The formula is introduced by a strong quantifier inference:

ψ[α1, . . . , αm]
S′: Γ, u1:A(α1)

+, . . . , um:A(αm)+

S: Γ, w: (Qx)A(x)∗
Q:w

in ϕ and N ′, N be the nodes in ϕ labeled by S′, S. Let P be the
path from the root to N ′, locate all weak quantifier inferences ξi (i =
1, . . . , n) on P and all terms ti eliminated by ξi. Then we delete the
inference node N and replace the derivation ψ of N ′ by

ψ[f(t1, . . . , tn), . . . , f(t1, . . . , tn)]
S′: Γ, u1:A(f(t1, . . . , tn))

+, . . . , um:A(f(t1, . . . , tn))
+

S0: Γ, w:A(f(t1, . . . , tn))∗
cQ : w

where f is a function symbol not occurring in ϕ and cQ is the connec-
tive corresponding to Q. The sequents on P are adapted according to
the inferences on P .

(b) The formula is inferred by a propositional inference or by weakening
(within the principal formula w:A) then we replace w:A by the Skolem
form of w:A where the Skolem function symbol does not occur in ϕ.

Furthermore the Skolemization works exactly as in Section 6.2: Let ϕ′ be
the proof after such a Skolemization step. We iterate the procedure until
no occurrence of a strong quantifier is an ancestor of an occurrence in the
end sequent. The resulting proof is called sk(ϕ). Note that sk(ϕ) is a proof
from the same axiom set A as A is closed under substitution. 3

Definition 9.1.18 A proof ϕ is called Skolemized if sk(ϕ) = ϕ. 3

Note that Skolemized proofs may contain strong quantifiers, but these are
ancestors of cut, in the end-sequent there are none.
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Example 9.1.3 Let ϕ be the proof from Example 9.1.1:

ϕ1 ϕ2

0: (Dx)((P (x) ∨Q(x)) ∨R(x)), 1: (Dx)P (x)
cut

where ϕ1 =

(ψ′)
0:P (α) ∨Q(α), u:P (α) ∨Q(α), 1:P (α) ∨Q(α)

0:P (α) ∨Q(α), u:P (α) ∨Q(α), u:R(α)∗, 1:P (α) ∨Q(α)
π∗ + w

0:P (α) ∨Q(α), u: (P (α) ∨Q(α)) ∨R(α)+∗
, 1:P (α) ∨Q(α)

π∗ + ∨:u

0: (Dx)((P (x) ∨Q(x)) ∨R(x))∗, 0:P (α) ∨Q(α)+, 1:P (α) ∨Q(α)+
π∗ +D: 0

0: (Dx)((P (x) ∨Q(x)) ∨R(x)), 1: (Dx)(P (x) ∨Q(x))∗
D: 1

and ϕ2 =

0:P (β), u:P (β), 1:P (β)

0:P (β), 1:P (β), u:P (β)+, u:Q(β)∗+
π∗ + w

0:P (β), u:P (β) ∨Q(β)∗+, 1:P (β)
π∗ + ∨:u

0: (Dx)(P (x) ∨Q(x))∗, 0:P (β)+, 1:P (β)+
π∗ +D: 0

0: (Dx)(P (x) ∨Q(x)), 1: (Dx)P (x)∗
D: 1

The proof is not Skolemized as the endsequent contains a strong quantifier
occurrence in the formula 1: (Dx)P (x). This formula comes from the proof
ϕ2. Thus we must Skolemize ϕ2 and adapt the end sequent of ϕ. It is easy
to verify that sk(ϕ2) =

0:P (c), u:P (c), 1:P (c)

0:P (c), 1:P (c), u:P (c)+, u:Q(c)∗+
π∗ + w

0:P (c), u:P (c) ∨Q(c)∗+, 1:P (c)
π∗ + ∨:u

0: (Dx)(P (x) ∨Q(x))∗, 0:P (c)+, 1:P (c)+
π∗ +D: 0

0: (Dx)(P (x) ∨Q(x)), 1:P (c)∗
cD−1

Then sk(ϕ) =

ϕ1 sk(ϕ2)
0: (Dx)((P (x) ∨Q(x)) ∨R(x)), 1:P (c)

cut

Note that ϕ1 cannot be Skolemized as the strong quantifiers in ϕ1 are an-
cestors of the cut in ϕ. 3
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Skolem functions can be replaced by the original structure of (strong and
weak) quantifiers by the following straightforward algorithm at most expo-
nential in the maximal size of the original proof and of the CERES-m proof
of the Skolemized end sequent: Order the Skolem terms (terms, whose out-
ermost function symbol is a Skolem function) by inclusion. The size of the
proof resulting from CERES-m together with the number of inferences in the
original proof limits the number of relevant Skolem terms. Always replace
a maximal Skolem term by a fresh variable, and determine the formula F
in the proof, for which the corresponding strong quantifier should be intro-
duced. In re-introducing the quantifier we eliminate the newly introduced
connectives cQ. As the eigenvariable condition might be violated at the
lowest possible position, where the quantifier can be introduced (because
e.g. the quantified formula has to become part of a larger formula by an
inference) suppress all inferences on F such that F occurs as side formula
besides the original end-sequent. Then perform all inferences on F. This at
most triples the size of the proof (a copy of the proof together with suitable
contractions might be necessary).

The distributive quantifiers are by now represented by a combination of
strong quantifiers, weak quantifiers and connectives. A simple permutation
of inferences in the proof leads to the immediate derivation in several steps
of the representation of the distributive quantifier from the premises of the
distributive quantifier inference. The replacement of the representation by
the distributive quantifier is then simple.

9.1.4 CERES-m

As in the classical case (see Chapter 6) we restrict cut-elimination to Skolem-
ized proofs. After cut-elimination the obtained proof can be de-Skolemized,
i.e. it can be transformed into a derivation of the original (un-Skolemized)
end-sequent.

Definition 9.1.19 Let K be an LM-type calculus. We define Φs[K] as the
set of all Skolemized proofs in K. Φs

∅[K] is the set of all cut-free proofs in
Φs[K] and, for all i ≥ 0, Φs

i [K] is the subset of Φs[K] containing all proofs
with cut-formulas of formula complexity ≤ i. 3

Our goal is to transform a derivation in Φs[K] into a derivation in Φs
0[K]

(i.e. we reduce all cuts to atomic ones). Like in the classical case, the first
step in the corresponding procedure consists in the definition of a clause
term corresponding to the sub-derivations of an K-proof ending in a cut. In
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particular we focus on derivations of the cut formulas themselves, i.e. on
the derivation of formulas having no successors in the end-sequent. Below
we will see that this analysis of proofs, first defined for LK, is quite general
and can easily be generalized to LM-type calculi. The definition of clause
terms by binary operators ⊕ and ⊗ and their semantics is the same as in
Definitions 7.1.1 and 7.1.2. Also the concepts of characteristic clause term
and characteristic clause set can be defined exactly as in the Definitions 7.1.3
and 7.1.4

Example 9.1.4 Let ϕ′ be the Skolemized proof defined in Example 9.1.3.
It is easy to verify that the characteristic clause set CL(ϕ′) is

{u:P (c),
0:P (α), 0:P (α), 1:P (α)

0:P (α), 0:Q(α), 1:Q(α)

0:P (α), 1:P (α), 1:Q(α)

0:Q(α), 0:P (α), 1:P (α)

0:Q(α), 0:Q(α), 1:Q(α)

0:Q(α), 1:P (α), 1:Q(α)}.

The set CL(ϕ′) can be refuted via W -resolution for W = {0, u, 1}. A W -
resolution refutation is (0f stands for 0-factoring) γ =

0:P (α), 0:P (α), 1:P (α) u:P (c)
0:P (c), 0:P (c)

res1u

0:P (c)
0f

u:P (c)
2

res0u

A ground projection of γ (even the only one) is γ′ = γ{α← c} =

0:P (c), 0:P (c), 1:P (c) u:P (c)
0:P (c), 0:P (c)

cut1u

0:P (c)
c

u:P (c)
2 cut0u

Obviously γ′ is a proof in K.
3

In Example 9.1.4 we have seen that the characteristic clause set of a proof
is refutable by W -resolution. Like in the classical case this is a general
principle as will be shown below.



9.1. CERES IN FINITELY VALUED LOGICS 243

Definition 9.1.20 From now on we write Ω for the set of all occurrences
of cut-formulas in ϕ. So, for any node N in ϕ S(N,Ω) is the subsequent of
S containing the ancestors of a cut. S̄(N,Ω) denotes the subsequent of S
containing all non-ancestors of a cut. 3

Remark: Note that for any sequent S occurring at a node N of ϕ, S is a
permutation variant of S(N,Ω), S̄(N,Ω). 3

Theorem 9.1.1 Let ϕ be a proof in an LM-calculus K. Then there exists
a W -resolution refutation of CL(ϕ).

Proof: According to Definition 7.1.3 we have to show that

(∗) for all nodes N in ϕ there exists a proof of S(N,Ω) from SN ,

where SN is defined as |Θ(ϕ)/N | (i.e. the set of clauses corresponding to
N , see Definition 7.1.3). If N0 is the root node of ϕ labeled by S then,
clearly, no ancestor of a cut exists in S and so S(N0,Ω) = 2. But by
definition SN0 = CL(ϕ). So we obtain a proof of 2 from CL(ϕ) in K. By
the completeness of W -resolution there exists a W -resolution refutation of
CL(ϕ).

It remains to prove (∗):
Let N be a leaf node in ϕ. Then by definition of CL(ϕ) SN = {S(N,Ω)}.
So S(N,Ω) itself is the required proof of S(N,Ω) from SN .

(IH):
Now assume inductively that for all nodes N of depth ≤ n in ϕ there exists
a proof ψN of S(N,Ω) from SN .

So let N be a node of depth n+ 1 in ϕ. We distinguish the following cases:

(a) N is the consequent of M , i.e. N is the result of a unary inference in
ϕ. That means ϕ.N =

ϕ.M

S(N)
x

By (IH) there exists a proof ψM of S(M,Ω) from SM . By Defini-
tion 7.1.3 SN = SM . If the auxiliary formula of the last inference is in
S(M,Ω) we define ψN =

ψM
S′

x

Obviously S′ is just S(N,Ω).
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If the auxiliary formula of the last inference in ϕ.N is not in S(M,Ω)
we simply drop the inference and define ψN = ψ.M . As the ancestors
of cut did not change ψN is just a proof of S(N,Ω) from SN .

(b) N is the consequent of an n-ary inference for n ≥ 2, i.e. ϕ.N =

ϕ.M1 . . . ϕ.Mn

S(N)
x

By (IH) there exist proofs ψMi of S(Mi,Ω) from SMi .

(b1) The auxiliary formulas of the last inference in ϕ.N are in S(Mi,Ω),
i.e. the inference yields an ancestor of a cut. Then, by Defini-
tion 7.1.3

SN = SM1 ∪ . . . ∪ SMn .

Then clearly the proof ψN :

ψM1 . . . ψMn

S′
x

is a proof of S ′ from SN and S′ = S(N,Ω).

(b2) The auxiliary formulas of the last inference in ϕ.N are not in
S(Mi,Ω), i.e. the principal formula of the inference is not an
ancestor of a cut. Then, by Definition 7.1.3

SN = �(SM1 , . . . ,SMn).

We write Si for SMi and ψi for ψMi , Γi for S(Mi,Ω) and define

Di = �(S1, . . . ,Si),
∆i = Γ1, . . . ,Γi,

for i = 1, . . . , n. Our aim is to define a proof ψN of S(N,Ω) from
SN where SN = Dn.
We proceed inductively and define proofs χi of ∆i from Di. Note
that for i = n we obtain a proof χn of S(M1,Ω), . . . , S(Mn,Ω)
from SN , and S(N,Ω) = S(M1,Ω), . . . , S(Mn,Ω). This is just
what we want.

For i = 1 we define χ1 = ψ1.
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Assume that i < n and we already have a proof χi of ∆i from
Di. For every D ∈ Si+1 we define a proof χi[D]:

Replace all axioms C in χi by the derivation

C,D

D,C
π

and simulate χi on the extended axioms (the clause D remains
passive). The result is a proof χ′[D] of the sequent

D, . . . ,D,∆i.

Note that the propagation of D through the proof is possible as
no eigenvariable conditions can be violated, as we assume the
original proof to be regular (if not then we may transform the ψi
into proofs with mutually disjoint sets of eigenvariables). Then
we define χi[D] as

χ′[D]
∆i, D

c∗ + π

Next we replace every axiom D in the derivation ψi+1 by the
proof χi[D] and (again) simulate ψi+1 on the end-sequents of the
χi[D] where the ∆i remain passive. Again we can be sure that
no eigenvariable condition is violated and we obtain a proof ρ of

∆i, . . . ,∆i,Γi+1.

from the clause set �(Di,Si+1) which is Di+1. Finally we define
χi+1 =

ρ

∆i,Γi+1
π∗ + c∗

Indeed, χi+1 is a proof of ∆i+1 from Di+1. 2

Like in the classical case we define projections of the proof ϕ relative to
clauses C in CL(ϕ). We drop all inferences which infer ancestors of a cut
formula; the result is a cut-free proof of the end sequent extended by the
clause C.

Lemma 9.1.1 Let ϕ be a deduction in Φs[K] of a sequent S. Let C be a
clause in CL(ϕ). Then there exists a deduction ϕ[C] of C,S s.t. ϕ[C] is
cut-free (in particular ϕ(C) ∈ Φs

∅[K]) and ‖ϕ[C]‖l ≤ 2 ∗ ‖ϕ‖l.
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Proof: Let SN be |Θ(ϕ)/N | (like in the proof of Theorem 9.1.1). We prove
that

(?) for every node N in ϕ and for every C ∈ SN there exists a proof
T (ϕ,N,C) of C, S̄(N,Ω) s.t.

‖T (ϕ,N,C)‖l ≤ 2‖ϕ.N‖l.

Indeed, it is sufficient to prove (?): for the root node N0 we have S =
S̄(N0,Ω) (no signed formula of the end sequent is an ancestor of Ω), ϕ.N0 =
ϕ and CL(ϕ) = SN0 ; so at the end we just define ϕ[C] = T (ϕ,N0, C) for
every C ∈ CL(ϕ).

We prove ? by induction on the depth of a node N in ϕ.

(IB) N is a leaf in ϕ.

Then, by definition of SN we have S = {S(N,Ω)} and C:S(N,Ω) is the
only clause in SN . Let Γ = S̄(N,Ω). Then S(N) (the sequent labeling the
node N) is a permutation variant of C,Γ and we define T (ϕ,N,C) =

S(N)
C,Γ

π

If no permutation is necessary we just define T (ϕ,N,C) = S(N). In both
cases

‖T (ϕ,N,C)‖l ≤ 2 = 2‖ϕ.N‖l.

(IH) Assume (?) holds for all nodes of depth ≤ k.

Let N be a node of depth k + 1. We distinguish the following cases:

(1) N is inferred from M via a unary inference x. By Definition of the
clause term we have SN = SM . So any clause in SN is already in SM .

(1a) The auxiliary formula of x is an ancestor of Ω. Then clearly
S̄(N,Ω) = S̄(M,Ω) and we define T (ϕ,N,C) = T (ϕ,M,C).
Clearly

‖T (ϕ,N,C)‖l = ‖T (ϕ,M,C)‖l ≤(IH) 2‖ϕ.M‖l < 2‖ϕ.N‖l.

(1b) The auxiliary formula of x is not an ancestor of Ω. Let Γ =
S̄(M,Ω),Γ′ = S̄(N,Ω); thus the auxiliary formula of x is in Γ.
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By (IH) there exists a proof ψ:T (ϕ,M,C) of C,Γ and ‖ψ‖l ≤
2‖ϕ.M‖l. We define T (ϕ,N,C) =

(ψ)
C,Γ
C,Γ′

x

Note that x cannot be a strong quantifier inference as the proof
ϕ is Skolemized and there are no strong quantifiers in the end
sequent. Thus T (ϕ,N,C) is well-defined. Moreover

‖T (ϕ,N,C)‖l = ‖T (ϕ,M,C)‖l+1 ≤(IH) 2‖ϕ.M‖l+1 < 2‖ϕ.N‖l.

(2) N is inferred from M1, . . . ,Mn via the inference x for n ≥ 2. By
(IH) there are proofs T (ϕ,Mi, Ci) for i = 1, . . . , n and Ci ∈ SMi . Let
S̄(Mi,Ω) = Γi and S̄(N,Ω) = Γ′1, . . . ,Γ

′
n. We abbreviate T (ϕ,Mi, Ci)

by ψi.

(2a) The auxiliary formulas of x are in Γ1, . . . ,Γn. Let C be a clause
in SN . Then, by definition of the characteristic clause set, C =
C1, . . . , Cn for Ci ∈ SMi (SN is defined by merge). We define
T (ϕ,N,C) as

(ψ1)
C1,Γ1 . . .

(ψn)
Cn,Γn

C1, . . . , Cn,Γ′1, . . . ,Γ
′
n

x

By definition of ‖ ‖l we have

‖ϕ.N‖l = 1 +
n∑
i=1

‖ϕ.Mi‖l,

‖ψi‖l ≤ 2‖ϕ.Mi‖l by (IH)

Therefore

‖T (ϕ,N,C)‖l = 1 +
n∑
i=1

‖ψi‖l ≤ 1 + 2
n∑
i=1

‖ϕ.Mi‖l < 2‖ϕ.N‖l.

(2b) The auxiliary formulas of x are not in Γ1, . . . ,Γn. Let C by a
clause in SN . Then x operates on ancestors of cuts and SN =⋃n
i=1 SMi , thus C ∈ SMi for some i ∈ {1, . . . , n}. Moreover Γ′i =

Γi for i = 1, . . . , n. We define T (ϕ,N,C) as

(ψi)
C,Γi

C,Γi,Γ1, . . . ,Γi−1,Γi+1, . . . ,Γn
w

C,Γ1, . . . ,Γn
π
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Then
‖T (ϕ,N,C)‖l ≤ ‖ψi‖l + 2 < 2‖ϕ.N‖l.

This concludes the induction proof. 2

Example 9.1.5 Let ϕ′ be the proof from Example 9.1.3. We have com-
puted the set CL(ϕ′) in Example 9.1.4. We select the clause

C: 0:P (α), 0:P (α), 1:P (α)

and compute the projection ϕ′[C]:

0:P (α), u:P (α), u:Q(α), 0:P (α), 1:P (α)
0:P (α), 0:P (α), 1:P (α), u:P (α), u:Q(α)

π

0:P (α), 0:P (α), 1:P (α), u:P (α) ∨Q(α)
∨:u

0:P (α), 0:P (α), 1:P (α), u:P (α) ∨Q(α), u:R(α)
w

0:P (α), 0:P (α), 1:P (α), u: (P (α) ∨Q(α)) ∨R(α)
∨:u

0:P (α), 0:P (α), 1:P (α), 0: (Dx)((P (x) ∨Q(x)) ∨R(x)) D: 0

0:P (α), 0:P (α), 1:P (α), 0: (Dx)((P (x) ∨Q(x)) ∨R(x)), 1:P (c)
w

3

Let ϕ be a proof of S s.t. ϕ ∈ Φs[K] and let γ be a W -resolution refutation
of CL(ϕ). We define a ground projection γ′ of γ which is a K-proof of 2

from instances of CL(ϕ). This proof γ′ can be transformed into a proof γ′[ϕ]
of S from the axiom set A s.t. γ′[ϕ] ∈ Φs

0[K] (γ′[ϕ] is a proof with atomic
cuts). Indeed, γ′ is the skeleton of the proof of S with atomic cuts and the
real core of the end result; γ′[ϕ] can be considered as an application of γ′ to
(the projections of) ϕ.

Theorem 9.1.2 Let ϕ be a proof of S from A in Φs[K] and let γ′ be a
ground projection of a W -refutation of CL(ϕ). Then there exists a proof
γ′[ϕ] of S with γ′[ϕ] ∈ Φs

0[K] and

‖γ′[ϕ]‖l ≤ ‖γ′‖l(2 ∗ ‖ϕ‖l + l(S) + 2).

Proof: We construct γ′[ϕ]:

(1) Replace every axiom C in γ′ by the projection ϕ[C]. Then instead of
C we obtain the proof ϕ[C] of C,S. For every occurrence of an axiom
C in γ we obtain a proof of length ≤ 2 ∗ ‖ϕ‖l (by Lemma 9.1.1).
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(2) Apply the permutation rule to all end sequents of the ϕ[C] and infer
S,C. The result is a proof ψ[C] with ‖ψ[C]‖l ≤ 2 ∗ ‖ϕ‖l + 1.

(3) Simulate γ′ on the extended sequents S,C, where the left part S re-
mains passive (note that, according to our definition, inferences take
place on the right). The result is a proof χ of a sequent S, . . . , S from
A s.t.

‖χ‖l ≤ ‖γ′‖l ∗ (2 ∗ ‖ϕ‖l + 1) + ‖γ‖l.

Note that χ is indeed a K-proof as all inferences in γ′ are also inferences
of K.

(4) Apply one permutation and contractions to the end sequent of χ for
obtaining the end sequent S. The resulting proof is γ′[ϕ], the proof we
are searching for. As the number of occurrences of S in the end sequent
is ≤ ‖γ′‖l the additional number of inferences is ≤ 1+ l(S) ∗ ‖γ′‖l. By
putting things together we obtain

‖γ′[ϕ]‖l ≤ ‖γ′‖l(2 ∗ ‖ϕ‖l + l(S) + 2).

2

Looking at the estimation in Theorem 9.1.2 we see that the main source of
complexity is the length of theW -resolution proof γ′. Indeed, γ (and thus γ′)
can be considered as the characteristic part of γ′[ϕ] representing the essence
of cut-elimination. To sum up the procedure CERES-m for cut-elimination
in any LM-type logic K can be defined as:

Definition 9.1.21 (CERES-m)

input :ϕ ∈ Φ[K].
construct a Skolem form ϕ′ of ϕ.
compute CL(ϕ′).
construct a W -refutation γ of CL(ϕ′).
compute a ground projection γ′ of γ.
compute γ′[ϕ′] (γ′[ϕ′] ∈ Φs

0[K]).
de-Skolemize γ′[ϕ′] to ϕ′′ (ϕ′′ ∈ Φ0[K]).

3

Example 9.1.6 The proof ϕ from Example 9.1.1 has been Skolemized to a
proof ϕ′ in Example 9.1.3. In Example 9.1.4 we computed the characteristic
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clause set CL(ϕ′) and gave a refutation γ of CL(ϕ′) and a ground projection
γ′: γ{α← c}. Recall γ′:

0:P (c), 0:P (c), 1:P (c) u:P (c)
0:P (c), 0:P (c)

cut1u

0:P (c)
c

u:P (c)
2 cut0u

and the instances C ′1 = u:P (c) and C ′2 = 0:P (c), 0:P (c), 1:P (c) of two
signed clauses in CL(ϕ′) which defined the axioms of γ′. We obtain γ′[ϕ′]
by substituting the axioms C ′1, C

′
2 by the projections ϕ[C ′1], ϕ[C ′2] (ϕ[C ′2] is

an instance of the projection computed in Example 9.1.5). The end sequent
of ϕ′ is

S: 0: (Dx)((P (x) ∨Q(x)) ∨R(x)), 1:P (c)

So we obtain γ′[ϕ′] =

(ϕ′[C ′2])
0:P (c), 0:P (c), 1:P (c), S
S, 0:P (c), 0:P (c), 1:P (c)

π

(ϕ[C ′1])
u:P (c), S
S, u:P (c)

π

S, S, 0:P (c), 0:P (c)
cut1u

S, S, 0:P (c)
c

(ϕ[C ′1])
u:P (c), S
S, u:P (c)

π

S, S, S
cut0u

S
c∗

3

9.2 CERES in Gödel Logic

Following [7] we single out a prominent intermediate logic, namely Gödel
logic G (also called Gödel–Dummett logic), which is also one of the main
formalizations of fuzzy logic (see, e.g., [42]) and therefore sometimes called
intuitionistic fuzzy logic [75]. We show that essential features of CERES can
be adapted to the calculus HG [3, 25] for G that uses hypersequents, a gener-
alization of Gentzen’s sequents to multisets of sequents. This adaption is far
from trivial and, among other novel features, entails a new concept of “res-
olution”: hyperclause resolution, which combines most general unification
and cuts on atomic hypersequents. It also provides clues to a better under-
standing of resolution based cut elimination for sequent and hypersequent
calculi, in general.
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Due to the incorrectness of general de-Skolemization we will deal with HG-
proofs with (arbitrary cut-formulas, but) end-hypersequents that contain ei-
ther only weak quantifier occurrences or only prenex formulas. For the latter
case we show that the corresponding class of proofs admits de-Skolemization.
For simplicity we refrain in this chapter from the development of an ana-
logue of clause terms and derive characteristic hyper-clause sets parallel to
projections. In addition we restrict to atomic logical axioms. For symmetry
we consider in this chapter both sequents and hyper-sequents as multisets.
Our results can also be seen as a first step towards automatizing cut-
elimination and proof analysis for intuitionistic and other intermediate log-
ics.

9.2.1 First Order Gödel Logic and Hypersequents

Definition 9.2.1 (Semantics of Gödel logic) An interpretation I into
[0, 1] consists of

1. a nonempty set U = UI , the “universe” of I,

2. for each k-ary predicate symbol P , a function P I : Uk → [0, 1],

3. for each k-ary function symbol f , a function fI : Uk → U .

4. for each variable v, a value vI ∈ U .

Given an interpretation I, we can naturally define a value tI for any term
t and a truth value I(A) for any formula A of LU . For a terms t =
f(u1, . . . , uk) we define I(t) = fI(uI1 , . . . , u

I
k ). For atomic formulas A ≡

P (t1, . . . , tn), we define I(A) = P I(tI1 , . . . , t
I
n). For composite formulas A

we define I(A) by:

I(⊥) = 0
I(A ∧B) = min(I(A),I(B))
I(A ∨B) = max(I(A), I(B))
I(A→ B) = 1 if I(A) ≤ I(B)

= I(B) otherwise

Let Ixu be the interpretation which differs from I at most on x and xI
x
u = u.

Then we define the semantics of quantifiers in the following way:

I(∀xA(x)) = inf{Ixu(A(x)) | u ∈ U}
I(∃xA(x)) = sup{Ixu(A(x)) | u ∈ U}



252 9 CERES IN NONCLASSICAL LOGICS

If I(A) = 1, we say that I satisfies A, and write I |= A.
We define G as the set of all formulas of L such that I |= A for all interpre-
tations I. 3

Syntactically, G arises from intuitionistic logic by adding the axiom of linear-
ity (A→ B) ∨ (B → A) and the quantifier shifting axiom ∀x(A(x)∨C)→
[(∀xA(x)) ∨ C], where the x does not occur free in C [22].
The importance of the logic is also indicated by the fact that it can alter-
natively be seen as a fuzzy logic, the logic characterized semantically by
the class of all rooted linearly ordered Kripke frames with constant domains
[26], but also as a temporal logic [21].
Hypersequent calculi [4] are simple and natural generalizations of Gentzen’s
sequent calculi. In our context, a hypersequent is a finite multiset of single-
conclusioned (‘intuitionistic’) sequents, called components, written as

Γ1 ` ∆1 | · · · | Γn ` ∆n

where, for i ∈ {1, . . . , n}, Γi is a multiset of formulas, and ∆i is either
empty or a single formula. The intended interpretation of the symbol “|” is
disjunction at the meta-level.
A hypersequent calculus for propositional Gödel logic has been introduced by
Avron [3, 4] and extended to first-order in [25]. The logical rules and internal
structural rules of this calculus are essentially the same as those in Gentzen’s
sequent calculus LJ for intuitionistic logic; the only difference being the
presence of contexts H representing (possibly empty) side hypersequents.
In addition we have external contraction and weakening, and the so-called
communication rule. We present an equivalent version HG of the calculi in
[3, 25] with multiplicative logical rules (see, e.g., [77] for this terminology).

Definition 9.2.2 (HG)
Axioms: ⊥ `, A ` A, for atomic formulas A.

In the following rules, ∆ is either empty or a single formula.

Internal Structural Rules:

H | Γ ` ∆
H | A,Γ ` ∆

(iw-l)
H | Γ `
H | Γ ` A (iw-r)

H | A,A,Γ ` ∆
H | A,Γ ` ∆

(ic-l)
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External Structural Rules:

H
H | Γ ` ∆

(ew)
H | Γ ` ∆ | Γ ` ∆
H | Γ ` ∆

(ec)

Logical Rules:

H | A1,Γ1 ` ∆ H′ | A2,Γ2 ` ∆
H | H′ | A1 ∨A2,Γ1,Γ2 ` ∆

(∨-l)
H | Γ ` Ai

H | Γ ` A1 ∨A2
(∨i-r)i∈{1,2}

H | Ai,Γ ` ∆
H | A1 ∧A2,Γ ` ∆

(∧i-l)i∈{1,2}
H | Γ1 ` A H′ | Γ2 ` B
H | H′ | Γ1,Γ2 ` A ∧B

(∧-r)

H | Γ1 ` A H′ | B,Γ2 ` ∆
H | H′ | A→ B,Γ1,Γ2 ` ∆

(→-l)
H | A,Γ ` B
H | Γ ` A→ B

(→-r)

In the following quantifier rules t denotes an arbitrary term, and y denotes
an eigenvariable, i.e., y does not occur in the lower hypersequent:

H | A(t),Γ ` ∆
H | (∀x)A(x),Γ ` ∆

(∀-l)
H | Γ ` A(y)
H | Γ ` (∀x)A(x)

(∀-r)

H | A(y),Γ ` ∆
H | (∃x)A(x),Γ ` ∆

(∃-l)
H | Γ ` A(t)

H | Γ ` (∃x)A(x)
(∃-r)

Like in [77] we call the exhibited formula in the lower hypersequent of each of
these rules the main formula, and the corresponding subformulas exhibited
in the upper hypersequents the active formulas of the inference.
The following communication rule of HG is specific to the logic G:

H | Γ1,Γ2 ` ∆1 H′ | Γ1,Γ2 ` ∆2

H | H′ | Γ1 ` ∆1 | Γ2 ` ∆2
(com)

This version of the communication is equivalent to the one introduced in [3]
(see [4]).
Finally we have cut, where A is called the cut-formula of the inference:

H | Γ1 ` A H′ | A,Γ2 ` ∆
H | H′ | Γ1,Γ2 ` ∆

(cut)

If A is atomic we speak of an atomic cut.
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Remark: Note the absence of negation from our calculus: ¬A is just an
abbreviation of A → ⊥. (See, e.g., [77] for similar sytems for intuitionistic
logic.)
Communication allows us to derive the following additional “distribution
rule” which we will use in Section 9.2.5:

H | Γ ` A ∨B
H | Γ ` A | Γ ` B

(distr)
3

A derivation ρ using the rules of HG is viewed as an upward rooted tree.
The root of ρ is called its end-hypersequent, which we will denote by Hρ.
The leaf nodes are called initial hypersequents. A proof σ of a hypersequent
H is a derivation with Hσ = H, where all initial hypersequents are axioms.
The ancestors paths of a formula occurrence in a derivation is traced as for
LK upwards to the initial hypersequents in the obvious way. That is, active
formulas are immediate ancestors of the main formula of an inference. The
other formula occurrences in the premises (i.e., upper hypersequents) are
immediate ancestors of the corresponding formula occurrences in the lower
hypersequent. (This includes also internal and external contraction: here, a
formula in the lower hypersequent may have two corresponding occurrences,
i.e. immediate ancestors, in the premises.)
The sub-hypersequent consisting of all ancestors of cut-formulas of an hy-
persequent H in a derivation is called the cut-relevant part of H. The com-
plementary sub-hypersequent of H consisting of all formula occurrences that
are not ancestors of cut-formulas is the cut-irrelevant part of H. An infer-
ence is called cut-relevant if its main formula is an ancestor of a cut-formula,
and is called cut-irrelevant otherwise.
The hypersequent Γ1 ` ∆1 | . . . | Γn ` ∆n is called valid if its translation∨

1≤i≤n(
∧
A∈Γi

A → [∆i]) is valid in G, where [∆i] is ⊥ if ∆i is empty,
and the indicated implications collapse to ∆i whenever Γi is empty. A set
of hypersequents is called unsatisfiable if their translations entail ⊥ in G.
(Different but equivalent ways of defining validity and entailment in G have
been indicated at the beginning of this section.)

Theorem 9.2.1 A hypersequent H is provable in HG without cuts iff H is
valid.

Proof: In [5, 25]. 2

Remark: It might surprise the reader that we rely on the cut-free com-
pleteness of HG in a paper dealing with cut elimination. However, this just
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emphasizes the fact that we are interested in a particular transformation of
proofs with cuts (i.e., “lemmas”) into cut-free proofs, that is adequate for
automatization and proof analysis (compare [13, 20]).

9.2.2 The Method hyperCERES

Before presenting the details of our transformation of appropriate HG-proofs
into cut-free proofs, which we call hyperCERES, we will assist the orientation
of the reader and describe the overall procedure on a more abstract level
using keywords that will be explained in the following sections.
The end-hypersequent Hσ of the HG-proof σ that forms the input of hy-
perCERES can be of two forms: either it contains only weak quantifier
occurrences or it consists of prenex formulas only. (While in classical logic
all formulas can be translated into equivalent prenex formulas, this does not
hold for G.) In the latter case we have to Skolemize the proof first (step 1)
and de-Skolemize it after cut elimination (step 7):

1. if necessary, construct a Skolemized form σ̂ of σ, otherwise σ̂ = σ
(Section 9.2.3)

2. compute a characteristic set of pairs {〈R1(σ̂), D1〉, . . . 〈Rn(σ̂), Dn〉},
where Σd(σ̂) = {D1, . . . , Dn} is the characteristic set of d-hyperclauses
– coding the cut formulas of σ̂ – and each reduced proof Ri(σ̂) is a cut-
free proof of a cut-irrelevant sub-hypersequent of Hσ̂ augmented by Di

(Section 9.2.4)

3. translate Σd(σ̂) into an equivalent set of hyperclauses Σ(σ̂) and con-
struct a (hyperclause) resolution refutation γ of Σ(σ̂) (Section 9.2.5)

4. compute a ground instantiation γ′ of γ using a ground substitution θ
(Section 9.2.5)

5. apply θ to the reduced proofs R1(σ̂), . . . , Rn(σ̂), and assemble them
into a single proof γ′[σ̂] using the atomic cuts and contractions that
come from γ (Section 9.2.6)

6. eliminate the atomic cuts in γ′[σ̂] in the usual way (As is known, atomic
cuts in HG-proofs can be moved upwards to the axioms, where they
become redundant (see, e.g., [3, 5]).)

7. if necessary, de-Skolemize the proof γ′[σ̂] and apply final contractions
and weakenings to obtain a cut-free proof of Hσ (Section 9.2.3)
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It is well known (see, e.g., [67, 72]) that there is no elementary bound on
the size of shortest cut-free proofs relative to the size of proofs with cuts of
the same end-(hyper)sequent. While the non-elementary upper bound on
the complexity of cut elimination obviously also applies to hyperCERES
it should be pointed out that the global (hyperclause) resolution based
method presented here is considerably faster in general, and never essentially
slower, than traditional Gentzen- or Schütte–Tait-style cut elimination pro-
cedures [3, 5]. Moreover, the reliance on most general unification and atomic
cuts, i.e., on resolution for the computational kernel of the procedure implies
that hyperCERES is a potentially essential ingredient of (semi-)automated
analysis of appropriately formalized proofs.

9.2.3 Skolemization and de-Skolemization

Like in the original CERES-method [18, 20], step 5 of hyperCERES is sound
only if end-(hyper)sequents do not contain strong quantifier occurrences.
The reason for this is that, in general, the eigenvariable condition might
be violated when the reduced proofs (constructed in step 2) are combined
with the resolution refutation (constructed in step 3) to replace the origi-
nal cuts with atomic cuts. Consequently, like in CERES, we first Skolemize
the proof; i.e., we replace all strong quantifier occurrences with appropriate
Skolem terms. (Obviously this is necessary only if there are strong quanti-
fier occurrences at all.) While this transformation is always sound (in fact
also for LJ-proofs), the inverse de-Skolemization, i.e., the re-introduction
of strong quantifier occurrences according to the information coded in the
Skolem terms, is unsound in general. (For example, ∀x(A(x)∨B) ` A(c)∨B
is provable in LJ while its de-Skolemized version ∀x(A(x)∨B) ` ∀xA(x)∨B
is not.) However, as we will show below, de-Skolemization is possible for
HG-proofs of prenex hypersequents (step 7).
By a prenex hypersequent we mean a hypersequent in which all formulas
are in prenex form, i.e., all formulas begin with a (possibly empty) prefix
of quantifier occurrences, followed by a quantifier-free formula. If Γ ` ∆
is a component of a prenex hypersequent, then all existential quantifiers
occurring in Γ and all universal quantifiers occurring in ∆ are called strong.
The other quantifier occurrences are called weak.
The Skolemization HS of a prenex hypersequent H is obtained as follows.
In every component Γ ` ∆ of H, delete each strong quantifier occurrence
Qx and replace all corresponding occurrences of x by the Skolem term f(y),
where f is a new function symbol and y are the variables of the weak quan-
tifier occurrences in the scope of which Qx occurs. (If Qx is not the scope
of any weak quantifier then f is a constant symbol.)
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Given an HG-proof σ of H its Skolemization σ̂ is constructed in stages:

1. Replace the end-hypersequent H of σ by HS . Recall that this means
that every occurrence of a strongly quantified variable x in H is re-
placed by a corresponding Skolem term f(y).

2. Trace the indicated occurrences of x and of the eigenvariable y corre-
sponding to its introduction throughout σ and replace all these occur-
rences by f(y), too.

3. Delete the (now) spurious strong quantifiers and remove the corre-
sponding inferences that introduce these quantifiers in σ.

4. For any inference in σ introducing a weakly quantified variable y by
replacing A(t) with QyA(y), replace all corresponding occurrences of
y in Skolem terms f(y) by t.

It is straightforward to check that σ̂ is an HG-proof of HS . (Note that
strong quantifier occurrences in ancestors of cut formulas remain untouched
by our Skolemization.)
It is shown in [6] that prenex formulas of G allow for de-Skolemization. We
generalize this result to proofs of prenex hypersequents. Our main tool is
the following result from [25].

Theorem 9.2.2 (mid-hypersequent theorem) Any cut-free HG-proof σ
of a prenex hypersequent H can be stepwise transformed into one in which
no propositional rule is applied below any application of a quantifier rule.

We call a hypersequent HS a linked Skolem instance of H if each formula A
in HS is an instance of a Skolemized formula AS that occurs in HS on the
same side (left or right) of a component as A. Moreover we link A to AS .
As we will see in Section 9.2.6, we obtain (cut-free proofs of) linked Skolem
instances from step 5 (and 6) of hyperCERES.

Theorem 9.2.3 (De-Skolemization) Given a cut-free HG-proof ρ̂ of a
linked Skolem instance HS of a prenex hypersequent H, we can find a HG-
proof ρ of H.

Proof: We construct ρ in stages as follows:

1. By applying Theorem 9.2.2 to ρ̂ we obtain a proof ρ′ of the following
form:
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ρp1 · · · ρpi · · · ρpn
G1 Gi Gn. . . ρQ . .

.

HS

where the mid-hypersequents G1, . . . , Gn separate ρ′ into a part ρQ

containing only (weak) quantifier introductions and applications of
structural rules and parts ρp1, . . . , ρ

p
n containing only propositional and

structural inferences.

2. Applications of the weakening rules, (iw-l) and (ew), can be shifted up-
wards to the axioms in the usual manner, while applications of (iw-r)
can be safely deleted by replacing each axiom ⊥ ` in the proof by
⊥ ` ∆ for suitable ∆.

Consequently, ρQ does not contain weakenings after this transforma-
tion step.

3. Note that – in contrast to LK – Theorem 9.2.2 induces many and
not just one mid-hypersequents, in general. The reason for this is
the possible presence of the binary structural rule (com) in ρQ. To
obtain a proof ρ′′ with a single mid-hypersequent, we have to move
‘communications’ upwards in ρQ; i.e., we have to permute applications
of (com) with applications of (ic), (ec), (∀-l), and (∃-r), respectively.
The only non-trivial case is (∀-l). Disregarding side-hypersequents,
the corresponding transformation consists in replacing

Γ, P (x),Σ ` ∆
(∀-l)

Γ,∀xP (x),Σ ` ∆ Γ,∀xP (x),Σ ` ∆′

(com)

Γ, ∀xP (x) ` ∆ | Σ ` ∆′

by

Γ, P (x),Σ ` ∆
==================== (iw)∗

Γ, P (x),Σ,Γ, ∀xP (x) ` ∆

Γ, ∀xP (x),Σ ` ∆′

==================== (iw)∗

Γ, P (x),Σ,Γ,∀xP (x) ` ∆′

(com)

Γ, P (x),Σ ` ∆′ | Γ, ∀xP (x) ` ∆ Γ, P (x),Σ ` ∆
(com)

Γ, P (x) ` ∆ | Σ ` ∆′ | Γ, ∀xP (x) ` ∆
(∀-l)

Γ, ∀xP (x) ` ∆ | Σ ` ∆′ | Γ, ∀xP (x) ` ∆
(ec)

Γ, ∀xP (x) ` ∆ | Σ ` ∆′
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4. For the final step we proceed like in [6], where the soundness of re-
introducing strong quantifier occurrences for corresponding Skolem
terms is shown: we ignore ρ′′ and, givenH and the links to its formulas,
apply appropriate inferences to the mid-hypersequent as follows.

(a) Infer all weak quantifier occurrences, which can be introduced at
this stage according to the quantifier prefixes in H.

(b) Apply all possible internal and external contractions.

(c) Among the strong quantifiers that immediately precede the al-
ready introduced quantifiers we pick one linked to an instance
of a Skolem term, that is maximal with respect to the subterm
ordering. This term is replaced everywhere by the eigenvariable
of the corresponding strong quantifier inference.

These three steps are iterated until the original hypersequent H is
restored. 2

9.2.4 Characteristic Hyperclauses and Reduced Proofs

All information of the original HG-proof σ that goes into the cut-formulas
is collected in a set Σd(σ̂), consisting of hypersequents whose components
only contain atomic formulas on the left hand sides and a (possibly empty)
disjunction of atomic formulas, on the right hand side. We will call hyperse-
quents of this latter form d-hyperclauses. In the proof of Theorem 9.2.4 we
will construct characteristic d-hyperclauses Di together with corresponding
reduced proofs Ri(σ̂) which combine the cut-irrelevant part of the Skolem-
ized proof σ̂ with Di. The pairs 〈Ri(σ̂), Di〉 provide the information needed
to construct corresponding proofs containing only atomic cuts.
To assist concise argumentation we assume that the components of all hyper-
sequents in a proof are labeled with unique sets of identifiers. More precisely,
a derivation σ is labeled if there is a function from all components of hyper-
sequents occurring in σ into the powerset of a set of identifiers, satisfying
the following conditions: (We will put the label above the corresponding
sequent arrow.)

• All components occurring in initial hypersequents of σ are assigned
pairwise different singleton sets of identifiers.

• In all unary inferences the labels are transferred from the upper hy-
persequent to the lower hypersequent in the obvious way. In external
weakening (ew) a fresh singleton set is assigned to the new component
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in the lower hypersequent. In external contraction (ec), if Γ
M

`∆ and

Γ
N

`∆ are the two contracted components of the upper hypersequent,

then Γ
M ∪ N

` ∆ is the corresponding component in the lower hyperse-
quent.

• In all binary logical inferences the labels in the side-hypersequents are
transferred in the obvious way, and the label of the component con-
taining the main formula is the union of the labels of the components
containing the active formulas.

• In (cut) the labels of the components containing the cut formulas are
merged, like above, to obtain the label of the exhibited component of
the lower hypersequent.

• In (com) the labels of all components are transferred from the premises
to the lower hypersequent simply in the same sequence as exhibited in
the statement of the rule.

Let H and G denote the labeled hypersequents

Γ1

K1

` ∆1 | · · · | Γk
Kk

` ∆k | H′ and Γ′1
K1

` ∆′
1 | · · · | Γ′k

Kk

` ∆′
k | G′

respectively, where the labels in H′ and G′ are pairwise different and also
different from the labels K1, . . . ,Kk. Then H � G denotes the merged hy-
persequent

Γ1,Γ′1
K1

` ∆1 ∨∆′
1 | · · · | Γk,Γ′k

Kk

` ∆k ∨∆′
k | H′ | G′

where ∆i∨∆′
i is ∆i if ∆′

i is empty and is ∆′
i if ∆i is empty (and thus ∆i∨∆′

i

is empty if both are empty).

Theorem 9.2.4 Given a Skolemized and labeled HG-proof σ̂ of Hσ̂ one can
construct a characteristic set of pairs {〈R1(σ̂), D1〉, . . . 〈Rn(σ̂), Dn〉}, where,
for all i ∈ {1, . . . , n}, Di is a labeled d-hyperclause and Ri(σ̂) is a labeled
“(reduced)” cut-free HG-proof with the following properties:

(1) the end-hypersequent of Ri(σ̂) is H′σ̂ �Di, for some sub-hypersequent
H′σ̂ of Hσ̂,

(2) the characteristic d-hyperclause set Σd(σ̂) = {D1, . . . , Dn} is unsatis-
fiable.
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Proof: To show (1) and (2) we use the following induction hypotheses:

(1′) A characteristic set of pairs 〈Ri(σ̂′), D′
i〉 exists for every sub-proof σ̂′

of σ̂, where Ri(σ̂′) proves H′σ̂′ � D′
i for some sub-hypersequent H′σ̂′

of Hσ̂′ which is cut-irrelevant with respect to the original cuts in σ̂.
Moreover, the right hand sides in H′σ̂′ �D′

i are formulas in either H′σ̂′
or in D′

i.

(2′) There is a derivation of the cut-relevant part of Hσ̂′ from the set
{D′

1, . . . , D
′
m} of d-hyperclauses constructed for σ̂′.

Note that (2) follows from (2′) as the cut-relevant part of Hσ̂ is an empty
hypersequent by definition. The proof proceeds by induction on the length
of σ̂′.
If σ̂′ consists just of an axiom A

M

`A then there is only one pair 〈R(σ̂′), D〉 in
the corresponding characteristic set. R(σ̂′) is the axiom itself and D is the

cut-relevant part of A
M

`A (which might be the empty hypersequent). (1′)
and (2′) trivially hold. Axioms of the form ⊥ ` are handled in the same
way.
If σ̂′ is not an axiom we distinguish cases according to the last inference
in σ̂′.
(∨-l): σ̂′ ends with the inference

... ρ̂

H | A1,Γ1

M
` ∆

... τ̂

H′ | A2,Γ2

N
` ∆

H | H′ | A1 ∨A2,Γ1,Γ2

M∪N
` ∆

(∨-l)

By induction hypothesis (1′) there are characteristic sets of pairs S1 =
{〈R1(ρ̂), E1〉, . . . , 〈Rm(ρ̂), Em〉} and S2 = {〈R1(τ̂), F1〉, . . . , 〈Rn(τ̂), Fn〉},
where the reduced proofs Ri(ρ̂) and Rj(τ̂) end in HRi(ρ̂) = Gi � Ei and in
HRi(τ̂) = G′j � Fj , respectively, where Gi and G′j are sub-hypersequents of

the cut-irrelevant parts of H | A1,Γ1

M

`∆ and H′ | A2,Γ2

N

`∆, respectively.
Moreover, by (2′), there are derivations ρC and τC of the cut-relevant parts
of the just mentioned hypersequents from {E1, . . . , Em} and {F1, . . . , Fn},
respectively.
Two cases can occur:

(a) If the inference is cut-relevant, then the characteristic set S of pairs
corresponding to σ̂′ is just S1 ∪ S2. Condition (1′) trivially remains
satisfied. Also (2′) is maintained because we obtain a derivation of the
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cut-relevant part of H | H′ | A1 ∨ A2,Γ1,Γ2

M ∪ N

` ∆ by joining ρC and
τC with the indicated application of (∨-l).

(b) If the inference is cut-irrelevant, then we obtain the set S correspond-
ing to σ̂′ by

S = {〈Rij(ρ̂ 1∨-l τ̂), Ei 1ij Fj〉 : 1 ≤ i ≤ m, 1 ≤ j ≤ n},

where Rij(ρ̂ 1∨-l τ̂) and Ei 1ij FJ are defined as follows.

1. If A1 does not occur at the indicated position in HRi(ρ̂) then
Rij(ρ̂ 1∨-l τ̂) is Ri(ρ̂) and Ei 1ij Fj is Ei.

2. If A2 does not occur at the indicated position in HRj(τ̂) then
Rij(ρ̂ 1∨-l τ̂) is Rj(τ̂) and Ei 1ij Fj is Fj .

3. If neither A1 nor A2 occur as indicated in the reduced proofs, then
Rij(ρ̂ 1∨-l τ̂) can be non-deterministically chosen to be either
Ri(ρ̂) or Rj(τ̂) and Ei 1ij Fj is either Ei or Fj, accordingly.

4. If both A1 and A2 occur at the indicated positions, then Ei 1ij Fj
is E′

i � F ′j , where E′i (F ′j) is like Ei (Fj), except for changing the
label M (N) to M ∪N .
Note that our labeling mechanism guarantees that the appropri-
ate components are identified in merging hypersequents.
The corresponding reduced proof Rij(ρ̂ 1∨-l τ̂) is constructed
as follows. Since A1 and A2 occur as exhibited in the end-
hypersequents Gi�Ei and G′j�Fj of Ri(ρ̂) and Rj(τ̂), respectively,
we want to join them by introducing A1∨A2 using (∨-l) like in σ̂′.
However, (∨-l) is only applicable if the right hand sides of the two
relevant components in the premises are identical. To achieve
this, we might first have to apply (∨-r) or (iw-r) to the men-
tioned end-hypersequents. The resulting new end-hypersequent
might still contain different components transferred from Ei and
Fj , respectively, that need to be merged with other components.
This can be achieved by first applying internal weakenings to
make the relevant components identical, and then applying ex-
ternal contraction (ec) to remove redundant copies of identical
components.

Note that in all four cases (1′) remains satisfied by definition of
Rij(ρ̂ 1∨-l τ̂) and of Ei 1ij Fj. For cases 1, 2, and 3 also (2′) trivially
still holds. To obtain (2′) for case 4, we proceed in two steps. First we
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merge the occurrences of clauses E1, . . . , Em in the derivation ρC of
the cut-relevant part Hρ̂c of Hρ̂ with clauses in {F1, . . . , Fn} to obtain
a derivation ρC(Fi) of Hρ̂c � Fi for each i ∈ {1, . . . , n}. In a second
step, each initial hypersequent Fi in the derivation τC of the cut-
relevant part of Hτ̂ is replaced by ρC(Fi). By merging also the inner
nodes of τC with Hρ̂c we arrive at a derivation of the cut-relevant part
of Hσ̂′ . (Actually, as the rules of HG are multiplicative, redundant
copies of identical formulas might arise, that are to be removed by
finally applying corresponding contractions.)

(∧i-l), (→ -r), (∨-r), (∀-l), (∀-r), (∃-l), (∃-r), (ic-l): If the indicated last
(unary) inference is cut-relevant, then the characteristic set of pairs remains
the same as for the sub-proof ending with the premise of this inference.
If the inference is cut-irrelevant, then the hyperclauses E1, . . . , Em of the
pairs in characteristic set {〈R1(ρ̂), E1〉, . . . 〈Rm(ρ̂), Em〉} for ρ̂ remain un-
changed. Each reduced proof Ri(ρ̂) is augmented by the corresponding
inference if its active formula occurs in the end-hypersequent HRi(ρ̂). If this
is not the case then also Ri(ρ̂) remains unchanged.
In any of these cases, (1′) and (2′) clearly remain satisfied.
(ew), (iw-l), (iw-r): The characteristic set of pairs remains unchanged and
consequently (1′) still holds. Also (2′) trivially remains valid if the inference
is cut-irrelevant. If a cut-relevant formula is introduced by weakening, then
the derivation required for (2′) is obtained from the induction hypothesis by
adding a corresponding application of a weakening rule.
(∧-r), (→-l), (cut), (com): These cases are analogous to the one for (∨-l).

2

Example 9.2.1 Consider the labeled proof σ in Figure 9.1.
The cut-relevant parts of σ and the names of all corresponding cut-relevant
inferences are underlined. The initial pair for the {1}-labeled axiom is

〈ρ1,
{1}
`Q〉, where ρ1 is Q

{1}
`Q. Since the succeeding inference (∨-r) is unary

and cut-relevant, the pair remains unchanged in that step.
For the middle part of the proof let us look at the subproof σ′ ending with

an application of (com) yielding Q
{2}
` ∃yP (y) | P (c)

{3}
`Q. Since there are no

cut-ancestors in the {2}-labeled axiom, the corresponding d-hyperclause is

the empty
{2}
` . This is retained for the right premise of (com). The corre-

sponding reduced derivation consists only of the first inference (∃-r) as the
succeeding application of (iw-l) is cut-relevant. For the left premise of the

communication we obtain the d-hyperclause Q
{3}
` , which is then merged and
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Q
{1}
` Q

(∨-r)

Q
{1}
` P (x)∨Q

P (c)
{2}
` P (c)

(∃-r)

P (c)
{2}
` ∃yP (y)

(iw-l)

Q,P (c)
{2}
` ∃yP (y)

Q
{3}
` Q

(iw-l)

Q,P (c)
{3}
` Q

(com)

Q
{2}
` ∃yP (y) | P (c)

{3}
` Q

P (x)
{4}
` P (x)

(∃-r)

P (x)
{4}
` ∃yP (y)

(∨-l)

P (x)∨Q
{2,4}
` ∃yP (y) | P (c)

{3}
` Q Q

{5}
` Q

(∨-l)

P (x)∨Q
{2,4}
` ∃yP (y) | P (c)∨Q

{3,5}
` Q

(cut)

Q
{1,2,4}
` ∃yP (y) | P (c)∨Q

{3,5}
` Q

Figure 9.1: Labelled proof σ with underlined cut-relevant part.

“communicated” with
{2}
` to obtain for σ′ the d-hyperclause Q

{2}
` |

{3}
` . This

forms a pair with the reduced derivation R(σ′), which, in this case, is iden-
tical with σ′. (Note that neither the cut-relevant application of (iw-l) nor

Q appears in the reduced proof corresponding to Q,P (c)
{2}
` ∃yP (y). (Still,

the missing Q is added by (iw-l) in R(σ′) to make the application of (com)
possible.)
From the cut-relevant (and therefore underlined) (∨-l)-inference one obtains

an additional pair 〈ρ2, P (x)
{4}
` 〉 from its right premise, where ρ2 is the deriva-

tion of P (x)
{4}
` ∃yP (y) from the axiom.

For the succeeding cut-irrelevant application of (∨-l), the pair 〈ρ2, P (x)
{4}
` 〉

remains unchanged, as the left disjunct P (x) does not occur at the left side

in the end-hypersequent
{4}
` ∃yP (y) of ρ2. (This is case (∨-l)/(b)/2 in the

proof of Theorem 9.2.4.) The reduced proof ρ3 of the final pair is formed by

applying (∨-l) as indicated to the end-hypersequent of R(σ′) and to Q
{5}
`Q

as right and left premises, respectively. The corresponding d-hyperclause

arises from merging Q
{2}
` |

{3}
` and

{5}
` into Q

{2}
` |

{3, 5}
` .

For the final application of cut we have to take the union of the sets of pairs
constructed for its two premises. Therefore the characteristic set of pairs for
σ is

{〈ρ1,
{1}
`Q〉, 〈ρ2, P (x)

{4}
` 〉, 〈ρ3, Q

{2}
` |

{3, 5}
` 〉} .

It is easy to check that conditions (1) and (2) of Theorem 9.2.4 are
satisfied. 3
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9.2.5 Hyperclause Resolution

By a hyperclause we mean a hypersequent in which only atomic formulas
occur. Remember that, from the proof of Theorem 9.2.4, we obtain d-
hyperclauses, which are like hyperclauses, except for allowing disjunctions
of atomic formulas at the right hand sides of their components. However,
using the derivable rule (distr) (see Section 9.2.1) it is easy to see that an
HG-derivation of, e.g., the d-hyperclause

A ` B ∨ C |` D ∨ E ∨ F

can be replaced by an HG-derivation of the hyperclause

A ` B | A ` C |` D |` E |` F.

Also the converse holds: using the rules (∨i-r), and (ec) we can derive the
mentioned d-hyperclause from the latter hyperclause. Therefore we can refer
to hyperclauses instead of d-hyperclauses in the following.
We also want to get rid of occurrences of ⊥ in hyperclauses. Since ⊥ ` is an
axiom, any hyperclause which contains an occurrence of ⊥ at the left hand
side of some component is valid. But such hyperclauses are redundant, as
our aim is to construct refutations for unsatisfiable sets of hyperclauses. On
the other hand, any occurrence of ⊥ at the right hand side of a component is
also redundant and can be deleted. In other words: we can assume without
loss of generality that ⊥ does not occur in hyperclauses. (Note that this
does not imply that occurrences of ⊥ are removed from HG-proofs.)
In direct analogy to classical resolution, the combination of a cut-inference
and most general unification is called a resolution step. The lower hyper-
clause in

H | Γ1 ` A H′ | A′,Γ2 ` ∆
θ(H | H′ | Γ1,Γ2 ` ∆)

(res)

where θ is the most general unifier of the atoms A and A′, is called re-
solvent of the premises, that have to be variable disjoint. If no variables
occur, and thus θ is empty, (res) turns into (cut) and we speak of ground
resolution. The soundness of this inference step is obvious. We show that
hyperclause resolution is also refutationally complete. It is convenient to
view hyperclauses as sets of atomic sequents. This is equivalent to requir-
ing that external contraction is applied whenever possible. Consequently,
there is a unique unsatisfiable hyperclause, namely the empty hyperclause.
A derivation of the empty hyperclause by resolution from initial hyperse-
quents contained in a set Σ of hyperclauses is called a resolution refutation
of Σ.
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As usual for resolution, we focus on inferences on ground hyperclauses and
later transfer completeness to the general level using a corresponding lifting
lemma.

Theorem 9.2.5 For every unsatisfiable set of ground hyperclauses Ψ there
is a ground resolution refutation of Ψ.

Proof: We proceed by induction on e(Ψ) = ‖Ψ‖ − |Ψ|, where ‖Ψ‖ is the
total number of occurrences of atoms in Ψ, and |Ψ| is the cardinality of Ψ.
If e(Ψ) ≤ 0 then either Ψ already contains the empty hyperclause, or else
Ψ contains exactly one atom per hyperclause. In the latter case, as Ψ is
unsatisfiable, there must be hyperclauses C1 = (` A) and C2 = (A `) in Ψ.
Obviously the empty clause is a ground resolvent of C1 and C2.
e(Ψ) ≥ 1: Ψ must contain a hyperclause C that has more than one atom
occurrence. Without loss of generality let C = (H | Γ ` A), where Γ
may be empty. (The case where all atoms in C occur only on the left
hand side of sequents is analogous.) Since Ψ is unsatisfiable also the sets
Ψ′ = (Ψ − {C}) ∪ {H | Γ `} and Ψ′′ = (Ψ − {C}) ∪ {` A} must be
unsatisfiable. Since e(Ψ′) < e(Ψ) and e(Ψ′′) < e(Ψ) we obtain ground
resolution refutations ρ′ of Ψ′ and ρ′′ of Ψ′′, respectively. By adding in ρ′

an occurrence of A to the right side of the derived empty hyperclause and
likewise to all other hyperclauses in ρ′ that are on a branch ending in the
initial hyperclause H | Γ `, we obtain a resolution derivation ρ′A of ` A from
Ψ. By replacing each occurrence of ` A as initial hyperclauses in ρ′′ by a
copy of ρ′A we obtain the required ground resolution refutation of Ψ. 2

Remark: Note that our completeness proof does not use any special prop-
erties of G. Only the polarity between left and right hand side of sequent
and the disjunctive interpretation of “|” at the meta-level are used. For any
logic L: whenever we can reduce L-validity (or L-unsatisfiability) of a for-
mula F to L-unsatisfiability of a corresponding set of atomic hyperclauses,
we may use hyperclause resolution to solve the problem.

To lift Theorem 9.2.5 to general hyperclauses, one needs to add (the hyper-
sequent version of) factorization:

H | Γ ` ∆
θ(H | Γ′ ` ∆)

(factor)

where θ is the most general unifier (see, e.g., [61]) of some atoms in Γ and
where θΓ′(θ) is θ(Γ) after removal of copies of unified atoms. The lower
hyperclause is called a factor of the upper one.
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Lemma 9.2.1 Let C ′1 and C ′2 be ground instances of the variable disjoint
hyperclauses C1 and C2, respectively. For every ground resolvent C ′ of C ′1
and C ′2 there is a resolvent C of factors of C1 and C2.

The proof of Lemma 9.2.1 is exactly as for classical resolution (see, e.g., [61])
and thus is omitted here. Combining Theorem 9.2.5 and Lemma 9.2.1 we
obtain the refutational completeness of general resolution.

Corollary 9.2.1 For every unsatisfiable set of hyperclauses Σ there is a
resolution refutation of Σ.

We will make use of the observation that any general resolution refutation
of Σ can be instantiated into (essentially) a ground resolution refutation of a
set Σ′ of instances of hyperclauses in Σ, whereby resolution steps turn into
cuts and factorization turns into additional contraction steps. (Note that
additional contractions do not essentially change the structure of a ground
resolution refutation.)

9.2.6 Projection of Hyperclauses into HG-Proofs

Remember that from Theorem 9.2.4 (in Section 9.2.4) we obtain a char-
acteristic set of pairs {〈R1(σ̂), D1〉, . . . 〈Rn(σ̂), Dn〉} for the proof σ̂ of HS .
As described in Section 9.2.5, we can construct a resolution refutation γ
of the hyperclause set {C1, . . . , Cn} corresponding to the d-hyperclauses
{D1, . . . , Dn} (this is step 3 of hyperCERES). Forming a ground instan-
tiation γ′ of γ yields a derivation of the empty hypersequent that consists
only of atomic cuts and contractions. (Step 4 of hyperCERES.) Each leaf
node of γ′ is a ground instance θ(Ci) of a hyperclause in {C1, . . . , Cn}. From
Theorem 9.2.4 we also obtain, for each i ∈ {1, . . . , n} a cut-free proof Ri(σ̂)
of Gi �Di, where Gi is a sub-hypersequent of the cut-irrelevant part of Hσ̂
and Di is the d-hyperclause corresponding to Ci. We instantiate Ri(σ̂) us-
ing θ and finally apply (distr), as indicated in Section 9.2.5, to obtain a
cut-free proof σ̂θi of θ(Gi)� θ(Ci).
To get a proof γ′[σ̂] of a linked Skolem instance of the original hypersequent
H (cf. Section 9.2.3) we replace each leaf node θ(Ci) of γ′ with the proof
σ̂θi of θ(Gi) � θ(Ci), described above, and transfer the instances θ(Gi) of
cut-irrelevant formulas in H also to the inner nodes of γ′ in the obvious
way, That is, to regain correct applications of atomic cuts. As mentioned
in Section 9.2.2, the remaining atomic cuts can easily be removed from
γ′[σ̂]. The resulting proof is subjected to de-Skolemization as described in
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Theorem 9.2.3. This final step 7 of hyperCERES yields the desired cut-free
proof of H.

Example 9.2.2 We continue Example 9.2.1, where we have obtained the

characteristic set of pairs {〈ρ1,
{1}
`Q〉, 〈ρ2, P (x)

{4}
` 〉, 〈ρ3, Q

{2}
` |

{3, 5}
` 〉} for the

proof σ of the (trivially) Skolemized prenex hypersequent Q
{1, 2, 4}
` ∃yP (y) |

P (c)∨Q
{3, 5}
` Q.

The obtained d-hyperclauses are in fact already hyperclauses. Moreover,

one can immediately see that the hyperclauses
{1}
`Q and Q

{2}
` |

{3, 5}
` can be

refuted by a one-step resolution derivation γ:

{1}
` Q Q

{2}
` |

{3, 5}
`

(res)
{1, 2}
` |

{1, 3, 5}
`

Note that P (x)
{4}
` and the corresponding reduced proof ρ2 are redundant. In

our case, γ is already ground. Therefore no substitution has to be applied to
the reduced proofs ρ1 and ρ3. By replacing the two upper (d-)hyperclauses
in γ with ρ1 and ρ3, respectively we obtain the desired proof γ[σ] that only
contains an atomic cut:

Q
{1}
` Q

Q,P (c)
{2}
` P (c) |

{3, 5}
`

(∃-r)

Q,P (c)
{2}
` ∃yP (y) |

{3, 5}
`

Q
{2}
` |

{3,5}
` Q

(iw)-l

Q
{2}
` | P (c)

{3,5}
` Q

(com)

Q
{2}
` ∃yP (y) | P (c)

{3,5}
` Q Q

{5}
` Q

(∨-l)

Q
{2,4}
` ∃yP (y) | P (c)∨Q

{3,5}
` Q

(cut)

Q
{1,2,4}
` ∃yP (y) | P (c)∨Q

{3,5}
` Q

3

The results of this chapter are easily extendable to larger fragments G:
(de-)Skolemization is sound already for intuitionistic logic I without positive
occurrences of universal quantifiers, if an additional existence predicate is
added [14]. Therefore hyperCERES applies after incorporation of the men-
tioned existence predicate. Other classes where Skolemization is sound for I
are described by Mints [64].
The most interesting question however is whether hyperCERES can be ex-
tended to intuitionistic logic itself. Note that we obtain a calculus for I by
dropping the communication rule from HG. It turns out that hyperCERES
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is applicable to the class of (intuitionistic) hypersequents not containing
negative occurrences of ∨ or positive occurrences of ∀, as the distribution
rule (distr) is still sound for this fragment of I. This fragment actually is an
extension of the Harrop class [43] with weak quantifiers.
The extendability of hyperCERES to full intuitionistic logic depends on the
development of an adequate (de-)Skolemization technique, together with a
concept of parallelized resolution refutations, that takes into account the
disjunctions of atoms at the right hand side of clauses without using (distr).
From a more methodological viewpoint, it should be mentioned that hyper-
CERES uses the fact that “negative information” can be treated classically
in intermediate logics like G, and that cuts amount to entirely negative
information in our approach. In this sense, global cut elimination, as pre-
sented in this paper, is more adequate for intermediate logics than stepwise
reductions, which treat cuts as positive information.





Chapter 10

Related Research

10.1 Logical Analysis of Mathematical Proofs

Proof transformations for the analysis of proofs can roughly be classified
according to the degree to which they eliminate the structure of the given
proof.
Functional interpretations extract the desired information without changing
the proof structure. At the moment they are the most widespread tool for
analyzing proofs and truly deserve the description “proof mining” – if we
think of mining in the sense of Agricola, where it is not intended to remove
the mountain to obtain the ore. A concise overview can be found in [54].
Methods of proof analysis based on the first epsilon theorem or the ep-
silon substitution method dismiss the propositional structure in terms of
the quantificational kernel of the proof [56–58].
The method of Herbrand analysis frees the proof from its quantificational
aspects [63]. This holds to a lesser degree also for methods based on the no-
counterexample-interpretation, the generalization of Herbrand’s theorem.
Cut-elimination, the focus of this book, deletes both propositional and quan-
tificational information when it is not related to the result of the proof.
Of course there is the proviso that the methods mentioned above can be
combined: The no-counterexample-interpretation has been established orig-
inally in connection with epsilon calculus, and Herbrand disjunctions can be
obtained from a proof using functional interpretations [39]. The final results
of the application of the mentioned methods respect however more or less
the classification above.
Another perimeter for a classification is the flexibility of the methods usually
connected to the degree of formalization necessary. Very flexible methods

M. Baaz, A. Leitsch, Methods of Cut-Elimination, Trends in Logic 34, 271
DOI 10.1007/978-94-007-0320-9 10, c© Springer Science+Business Media B.V. 2011
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such as the functional interpretation allow a greater range of proof improve-
ments. On the other hand, less flexible methods such as cut elimination
allows better comparisons of proofs, especially in the sense of negative state-
ments, e.g. that a certain Herbrand disjunction cannot be obtained by any
reasonable transformation from a given proof.

10.2 New Developments in CERES

During our work on this book the CERES-method was extended, modified
and improved in several ways. The computation of the characteristic clause
set from the characteristic clause term as defined in via the semantics of
clause terms Section 6.3 is simple but inefficient. Another refined model,
the profile, was defined by Stefan Hetzl [45] (see also [46]) and used for
an improved analysis of cut-elimination via subsumption as defined in Sec-
tion 6.8. Several different methods of computing clause sets from charac-
teristic terms were developed by Bruno Woltzenlogel Paleo [80]. The clause
sets obtained by these methods are smaller and much less redundant and
pave the way for an improved complexity analysis of CERES. In this thesis
the computation of canonic refutations (see Definition 6.7.2) and (therefore)
the complexity results in Section 6.3 were substantially improved. The new
form of clause computation made it also possible to modify CERES to a cut-
introduction method. By application of this method exponential compres-
sions of LK-proof sequences can be obtained by cut-introduction (see [80]).
In the CERES method as described in Chapter 6 the resolution refutation
can be any refutation obtained either by unrestricted or refined resolution
(for the standard refinements of automated deduction see [61]). But more is
possible: the characteristic clause sets encode structural properties of cuts
and are always unsatisfiable. In [80] structural information from the cuts is
encoded into resolution refinements, leading to a substantial restriction of
the search space. These refinements, which are incomplete in general – but
complete for characteristic clause sets, can contribute to a substantial im-
provement of the performance of CERES. Proof theoretically they yield a tool
to encode reductive methods via resolution demonstrating the generality of
the CERES approach.
The CERES-method presented in this book was defined for first-order logic
(classical, finitely-valued and Gödel logic). Though first-order language is
capable of expressing important mathematical concepts in a natural way, an
extension of CERES to higher-order logic is essential to the analysis of more
rewarding mathematical proofs which require complex types (like function-
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als and operators) and induction. An extension to a weak second-order logic
with quantifier-free comprehension was defined in [49]. Due to quantifier-
free comprehension it was possible to Skolemize the proofs and extend the
resolution calculus to an Andrews-type resolution calculus for higher-order
logic (see [2]). An extension to full type theory is work in progress and is
documented on the CERES-web page http://www.logic.at/ceres. The method
CERESω substantially differs from CERES in first-order logic. In CERESω the
proofs are no longer Skolemized (indeed Skolemization of formulas intro-
duced by weak quantifier-rules is impossible in general). Proof projections
and the construction of an atomic cut normal form are more involved than
in the first-order case. The relative completeness of the clausal calculus
of CERESω to Andrew’s resolution in type theory is still an open problem.
An example of a higher-order proof analysis by CERESω, the transforma-
tion of an induction proof to a proof using the least number principle, is
shown on http://www.logic.at/ceres. As a full automation of proof search
in higher-order resolution is unrealistic, a semi-automated theorem prov-
ing enviroment is currently under development. Intgrating methods from
Isabelle [52] and Coq [32] might be fruitful in future investigations.
For nonclassical (especially intermediate) logics the problem of Skolemiza-
tion can be solved by choosing unusual concepts of Skolemization (see,
e.g. [14]). The main problem here lies in the development of an adequate
resolution calculus. For intermediary first-order logics we expect to over-
come this problem because the cut-relevant information is negative and is
therefore expected to behave, in some way, classically.
For the analysis of more advanced mathematical proofs the representation
of induction is vital. As a first step we suggest to investigate schematic
representations of proofs being closest to first-order formalisms. Using these
intended improvements we will try to analyze Witt’s proof of the theorem
of Wedderburn [1] which is one of the most surprising examples of a com-
position of two elementary proofs; here the aim would be to eliminate the
arguments concerning complex numbers and to check whether Euler’s trun-
cated argumentation can be obtained as suggested by André Weil.
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Journal of Symbolic Logic, 71(1), pp. 26–44, 2007.
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[70] K. Schütte: Beweistheorie. Springer, Berlin, 1960.

[71] H. Schwichtenberg: Proof Theory: Some Applications of Cutelimina-
tion. In: J. Barwise (ed.), Handbook of Mathematical Logic, North
Holland, Amsterdam, 1977.

[72] R. Statman: Lower Bounds on Herbrand’s Theorem. Proceedings of the
American Mathematical Society 75, pp. 104–107, 1979.

[73] W.W. Tait: Normal Derivability in Classical Logic. In: J. Barwise (ed.),
The Syntax and Semantics of Infinitary Languages, Springer, Berlin,
pp. 204–236, 1968.



REFERENCES 281

[74] G. Takeuti: Proof Theory. North-Holland, Amsterdam, 2nd edition,
1987.

[75] G. Takeuti, T. Titani: Intuitionistic Fuzzy Logic and Intuitionistic
Fuzzy Set Theory. Journal of Symbolic Logic, 49, pp. 851–866, 1984.

[76] T. Tao: Soft Analysis, Hard Analysis, and the Finite Con-
vergence Principle. http://terrytao.wordpress.com/2007/05/23/soft-
analysis-hardanalysis-and-the-finite-convergence-principle/

[77] A.S. Troelstra, H. Schwichtenberg: Basic Proof Theory. Cambridge
University Press, Cambridge, 2nd edition, 2000.

[78] C. Urban: Classical Logic and Computation. PhD Thesis, University
of Cambridge Computer Laboratory, 2000.

[79] B. Woltzenlogel Paleo: Herbrand Sequent Extraction. VDM Verlag
Dr.Müller e.K., Saarbrücken, , ISBN-10: 3836461528, February 7, 2008.

[80] B. Woltzenlogel Paleo: A General Analysis of Cut-Elimination by
CERes. PhD Thesis, Vienna University of Technology, 2009.





Index

| |, 111
‖X‖, 26
∧3, 167
∧n, 164
A>⊥, 190
◦, 13
CL( ), 115
comp, 11
≤cp, 133
cutcomp, 19, 86
def (P ): l, 172
def (P ): r, 172
depth(ν), 21
DIFF(t1, t2), 29
dm: r, 167
�, 73, 113
Ae, 41
e, 51
γ ·D, 139
Hi, 55
HCA(), 50
H?(), 46
≤s, 11, 112
LKDe, 173
LKe, 170
LK’, 167
ΦA, 19
Φs, 110
Φs
i , 110

Φs
∅, 110

l(ϕ), 23
<d, 183

Nc, 178
nmc, 87
‖ ‖l, 107
| t |, 165
=: l, 170
=: r, 170
PCA , 50
PES(ϕ), 125, 207
ϕ[C], 123
Φ[K], 234
π(), 39
⊕n, 165
⊕, 111
q(, ), 46
rc, 175
>R, 71
RES(ψ), 144
>G, 72
RH , 179
ρ<d

, 183
ρH , 179
RH ∗, 179
RH ∗

+, 179
R<d

, 183
R∗<d

, 183
>T , 86
R, 65
S?(), 46
s, 51
S̄(ν,Ω), 120
∼p, 190
sk , 106

283



284 INDEX

S(ν,Ω), 22
≤ss, 133
v, 13, 112
T, 52
τ , 183
τmax(x,A), 183
AxT , 55
Θ( ), 114
⊗n, 165
⊗, 111
×, 111
Vb, 9
Vf , 9
ϕ(γ), 126
Abstraction, 200
ACNF, 64
Ancestor, 21
{∧,∨}-combination, 206

immediate, 22
path, 22

A-valid, 45
AXDC, 182
Axiom set, 14

atomic, 14
standard, 15

C
Calculus

hypersequent, 252
LM-type, 232

CERES
fast on K, 176

CERES normal form, 126
Characteristic clause set, 115, 166
Characteristic hyperclauses, 259
Characteristic term, 114, 165
Clause, 35

hyper, 265
W-, 236

Clause term, 111, 165

Complexity
Herbrand, 50
logical, 11
proof, 50

Composition
of sequents, 13

Condensation, 178
normal form, 178

Condensed, 178
Context product, 117
Contraction normalization, 35
CORR(t1, t2), 28
Corresponding pairs, 28
Cut

essential, 23
Cut complexity, 19
Cut derivation, 23
Cut rule, 17
Cut-complexity, 86
Cut-derivation

simple, 72
strict, 86
uppermost, 72

Cut-elimination
relation, 64
sequence, 64

D
Definition rule, 172
Depth, 21
Depth ordering, 183
De-Skolemization, 256
DIFF(, ) difference set, 29
Difference set, 29
Distribution, 231

E
Elementary in, 60

F
Factor, 36, 266



INDEX 285

Formula, 11
{>,⊥}, 190
monotone, 178

Function
elementary, 51

G
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Hyperresolution, 179
Hyperresolvent, 179
Hypersequent, 252

I
Instantiation sequent, 45
Interpolant, 190

weak, 190
Interpolation, 190

derivation, 190
Interpolation theorem, 203

K
Kmon, 185

L
Lattice, 222
Lattice proof, 224
Lifting theorem, 136
LK, 15

derivation, 18

proof, 19
LM-type calculus, 232

M
m.g.u.

total, 128
MC, 184
m.g.u., 24
Mid-hypersequent, 257
Minimal ground projection, 130
Mix rule, 17

N
NE-improvement, 93, 160
Nonelementary in, 60

P
Pair

corresponding, 28
irreducible, 28
unifiable, 29

Partition
of a sequent, 190

Permutation
of sequents, 13

Polarity, 14
Position, 10
Preproof, 209
Pre-resolution

derivation, 128
Pre-resolvent, 128
p-resolvent, 36
PRF-resolvent, 36
Projection, 123
Projection derivation, 206
Proof

generalized, 209
length, 23
LK, 19
path, 20
pre-, 209
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regular, 21
Skolemized, 107

Proof complexity, 50
Pseudo-cut, 164

Q
QMON , 189
QM-sequent, 189
Quantifier

strong, 14, 231
weak, 14, 231

Quasi-monotone, 188

R
Rank, 23
Reduction

relation, 64
sequence, 64

Regularity, 21
Resolution

complexity, 175
hyperclause-, 265
ordered, 183
W-, 236

Resolution deduction, 36
Resolution refutation, 36

canonic, 142
Resolved atom, 36
Resolvent, 36

ordered, 183
pre-, 128
PRF-, 36

Rule
logical, 15
structural, 16

S
Semi-formula, 11
Semi-lattice, 221
Semi-term, 9
Seq, 18

Sequent, 12
atomic, 12
Herbrand, 45
prenex, 46
weakly quantified, 14

Skolemization, 238
of formulas, 106
of hypersequent, 256
of proofs, 107
of sequents, 107

Statman’s sequence, 54
Subderivation, 20
Subsequent, 13
Substitution, 10

more general, 11
Subsumption, 133

of clause terms, 133
of proofs, 138

T
Tape proof, 216
Term, 9

critical, 200
Term basis, 212
Total m.g.u., 128

U
UAL, 31
UIE, 176
UILM, 178
UIRM, 181
Unification

algorithm, 31
theorem, 31

Unifier, 24
most general, 24
simultaneous, 24

V
Variant

of a clause, 36
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W
W-clause, 236
Weight , 87
W-resolution, 236
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